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PREFACE 


In preparing a work to replace the Wentworth Trigonometry, 
which has dominated the teaching of the subject in America for a 
whole generation, some words of explanation are necessary as to the 
desirability of the changes that have been made. Although the great 
truths of mathematics are permanent, educational policy changes from 
generation to generation, and the time has now arrived when some 
rearrangement of matter is necessary to meet the legitimate demands 
of the schools. 

The principal changes from the general plan of the standard texts 
in use in America relate to the sequence of material and to the 
number and nature of the practical applications. With respect to 
sequence the rule has been followed that the practical use of every 
new feature should be clearly set forth before the abstract theory is 
developed. For example, it will be noticed that the definite uses of 
each of the natural functions are given as soon as possible, that the 
need for logarithmic computation follows, that thereafter the secant 
and cosecant assume a minor place, and that a wide range of prac- 
tical applications of the right triangle awakens an early interest in 
the subject. The study of the functions of larger angles, and of the 
sum and difference of two angles, now becomes necessary to further 
progress in trigonometry, after which the oblique triangle is con- 
sidered, together with a large number of practical, nontechnical 
applications. 

The decimal division of the degree is explained and is used enough 
to show its value, but it is recognized that this topic has, as yet, 
only a subordinate place. It seems probable that the decimal frac- 
tion will in due time supplant the sexagesimal here as it has in other 
fields of science, and hence the student should be familiar with its 
advantages. 

Such topics as the radian, graphs of the various functions, the 
applications of trigonometry to higher algebra, and the theory of 
trigonometric equations properly find place at the end of the course 
in plane trigonometry. They are important, but their value 1s best 
appreciated after a good course in the practical uses of the subject. 
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They may be considered briefly or at length as the circumstances 
may warrant. 

The authors have sought to give teachers and students all the 
material needed for a thorough study of plane trigonometry, with 
more problems than any one class will use, thus offering opportunity 
for a new selection of examples from year to year, and allowing for 
the omission of the more theoretical portions of Chapters IX—XII 
if desired. 

The tables have been arranged with great care, every practical 
device having been adopted to save eye strain, all tabular material 
being furnished that the student will need, and an opportunity being 
afforded to use angles divided either sexagesimally or decimally, as 
the occasion demands. 

It is hoped that the care that has been taken to arrange all matter 
in the order of difficulty and of actual need, to place the practical 
before the theoretical, to eliminate all that is not necessary to a clear 
understanding of the subject, and to present a page that is at the 
same time pleasing to the eye and inviting to the mind will com- 
mend itself to and will meet with the approval of the many friends 
of the series of which this work is a part. 

GEORGE WENTWORTH 
DAVID EUGENE SMITH 
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PLANE TRIGONOMETRY 


CHAPTER I 


TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES 


1. The Nature of Arithmetic. In arithmetic we study computation, 
- the working with numbers. We may have a formula expressed 
in algebraic symbols, such as a = dA, but the actual computation 
involved in applying such a formula to a particular case is part 
of arithmetic. 


Arithmetic enters into all subsequent branches of mathematics. It plays 
such an important part in trigonometry that it becomes necessary to introduce 
another method of computation, the method which makes use of logarithms. 

2. The Nature of Algebra. In algebra we generalize arithmetic. 
Thus, instead of saying that the area of a rectangle with base 4 in. 
and height 2 in. is 4 x 2sq.in., we express a general law by saying 
that a = bh. Algebra, therefore, is a generalized arithmetic, and the 
equation is the chief object of attention. 

Algebra also enters into all subsequent branches of mathematics, and its 
relation to trigonometry will be found to be very close. 

3. The Nature of Geometry. In geometry we study the forms and 
relations of figures, proving many properties and effecting numerous 
constructions concerning them. 

Geometry, like algebra and arithmetic, enters into the work in trigonometry. 
Indeed, trigonometry may almost be said to unite arithmetic, algebra, and 
geometry in one subject. 

4. The Nature of Trigonometry. We are now about to begin another 
branch of mathematics, one not chiefly relating to numbers although 
it uses numbers, not primarily devoted to equations although using 
equations, and not concerned principally with the study of geometric 
forms although freely drawing upon the facts of geometry. 

Trigonometry is concerned chiefly with the relation of certain 
lines in a triangle (trigon, “a triangle,” + metrein, “to measure”) and 
forms the basis of the mensuration used in surveying, engineering. 


mechanics, geodesy, and astronomy- 
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5. How Angles are Measured. For ordinary purposes angles can be 
measured with a protractor to a degree of accuracy of about 30’. 


The student will find it advantageous to use the convenient protractor fur- 
nished with this book and shown in the illustration below. 





For work out of doors it is customary to use a transit, an instru- 
ment by means of which angles can be measured to minutes. By 
turning the top of the transit to the 
right or left, horizontal angles can be 
measured on the horizontal plate. By 
turning the telescope up or down, ver- 
tical angles can be measured on the 
vertical circle seen in the illustration. 

For astronomical purposes, where great 
care is necessary in measuring angles, 
large circles are used. 


The degree of accuracy required in meas- 
uring an angle depends upon the nature of 
the problem. We shall now assume that we 
can measure angles in degrees, minutes, and 
seconds, or in degrees and decimal parts of a degree. Thus 15° 30’ is the same 
as 15.5°, and 15° 30’ 36” is the.same as 155° + =3, of 1°, or 15.51°. 

The ancient Greek astronomers had no good symbols for fractions. The best 
system they could devise for close approximations was the so-called sexagesimal 
one, in which there appear only the numerators of fractions whose denomi- 
nators are powers of 60. This system seems to have been first suggested by the 
Babylonians, but to have been developed by the Greeks. It is much inferior to 
the decimal system that was perfected about 1600, but the world still continues 
to use it for the measure of angles and time. The decimal division of the angle 
is, however, gaining ground, and in due time will probably replace the more 
cumbersome one with which we are familiar. 

In this book we shall use both the ancient and modern systems, but with the 
chief attention to the former, since this is still the more common. 
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6. Functions of an Angle. In the annexed figure, if the line AR 
moves about the point A in the sense indicated by the arrow, from 
the position AX as an initial position, it generates the angle A. 

If from the points B, B', B",..., on AR, we let fall the perpen- 
diculars BC, B'C', B'C",..., on AX, we form a series of similar 
triangles ACB, AC'B', AC"B", and so on. The corresponding sides 
of these triangles are proportional. That is, 


BC Bic' Blo 


seers ART: 
Poa Hols AON” 
and similarly for the ratios 


AB) AC) AC 
EC’ BC AB’ 

each of which has a series of other ratios equal to it. 
AB_ AB’ AB’ 
BC i BC “ B’C” 

That is, these ratios remain unchanged so long as the angle remains 
unchanged, but they change as the angle changes. 

Each of the above ratios is therefore a function of the angle A. 








For example, 


As already learned in algebra and geometry, a magnitude which depends 
upon another magnitude for its value is called a function of the latter mag- 
nitude. Thus a circle is a function of the radius, the area of a square is a 
function of the side, the surface of a sphere is a function of the diameter, and 
the volume of a pyramid is a function of the base and altitude. 


We indicate a function of x by such symbols as f(x), F(a), f'(x), 
and (a), and we read these “f of x, f-major of x, f-prime of x, and 
phi of «” respectively. 

For example, if we are repeatedly using some long expression like 
x'+ 32% — 207+7x —4, we may speak of it briefly as f(x). If we 
are using some function of angle A, we may designate this as f(A). 
If we wish to speak of some other function of A, we may write it 
F(A), F(A), or $(A). 

In trigonometry we shall make much use of various functions of an angle, but 
we shall give to them special names and symbols. On this account the ordinary 
function symbols of algebra, mentioned above, will not be used frequently in 


trigonometry, but they will be used often enough to make it necessary that the 
student should understand their significance. 
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7. The Six Functions. Since with a given angle A we may take 
any one of the triangles described in § 6, we shall consider the 
triangle ACB, lettered as here shown. B 


It has long been the custom to letter in this way the 
hypotenuse, sides, and angles of the first triangle con- Cc 


sidered in trigonometry, C being the right angle, and the e 

hypotenuse and sides bearing the small letters corre- 

sponding to the opposite capitals. By the sides of the A 4 
6 


triangle is meant the sides a and 0, c being called the 
hypotenuse. The sides a and 6 are also called the legs of the triangle, par- 
ticularly by early writers, since it was formerly the custom to represent the 
triangle as standing on the hypotenuse. 


The ratios =; 2 a ES <, and ~ have the following names: 
G GW tO a 


= is called the sine of A , written sin A; 
c 
* is called the cosine of A, written cos A; 


' is called the tangent of A, written tan A; 


“ is called the cotangent of A, written cot A; 


: is called the secant of A, written sec A; 


is called the cosecant of A, written csc A. 


That is, 

ej ene opposite side | ae 6 _ adjacent side | 
e hypotenuse e hypotenuse 

Po eee Spy oiie side i eee ok adjacent side | 
6 adjacent side a opposite side 

h , 

secA=<= See » escd=i= poe aaa poses A 

b adjacent side a opposite side 


These definitions must be thoroughly learned, since they are the foundation 
upon which the whole science is built. The student should practice upon them, 
with the figure before him, until he can tell instantly what ratio is meant by 
sec A, cot A, sin A, and so on, in whatever order these functions are given. 

There are also two other functions, rarely used at present. These are the 
versed sine A = 1— cosA, and the coversed sine A =1—sin A. These defini- 
tions need not be learned at this time, since they will be given again when the 
functions are met later in the work. 
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Exercise 1. The Six Functions 


1. In the figure of § 7, sinB = Ze Write the other five functions 
C 
of the angle B. 


2. Show that in the right triangle ACB (§7) the following 
relations exist: 


snA=cosB, cosA=sinB, tanA= cotB, 
ecotA=tanB, secA=cscB, csc A=secB. 


State which of the following is the greater : 
3. sin A or tan A. 5. secA or tan A. 
4. cosA or cot A. 6. csc A or cot A. 


Find the values of the six functions of A, if a, b, ¢ respectively 
have the following values : 
7. 8, 4,5. 9. 8, 15, 17. 11, 3.9, 8, 8.9. 
8. 5, 12, 13. 10. 9, 40, 41. 12. 1.19, 1.20, 1.69. 
13. What condition must be fulfilled by the lengths of the three 


lines a, 6, ¢ (§ 7) to make them the sides of a right triangle? Show — 
that this condition is fulfilled in Exs. 7-12. 


Find the values of the six functions of A, if a, 6, ¢ respectively 
have the following values : 











14, 2n, n*? —1, n? +1. 16. 2mn, m? — n?, m* + n’. 
ee 2mn m? + n? 
Myer af : 17. m+ N, es : 
2 2 m—n m—n 


1s. As in Ex. 13, show that the condition for a right triangle is ee 
fulfilled in Exs. 14-17. ye 


Given a+ 6? = ec’, find the six functions of A when: 


ORE —=20. 20. a= 206. 21. a=2¢. 

Given 2+ 0’ = ec’, find the six functions of B when: AN 
22. a = 24, b = 143. 24. a = 0.264, ¢ = 0.265. 

23.20 = 9.5,¢ = 119.3; 25. b=2\/pg,c=pty. 


Given a? +0? =’, find the six functions of A and also the siz 
functions of B when: 


26.a=V/p?+97,b=V2 p9q. 27.a=V/p?'+p,c=ptl1. 
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In the right triangle ACB, as shown in $7: 

28. Find the length of side a if sinA = 3, and ¢ = 20.5. 

29. Find the length of side 6 if cos A = 0.44, and ¢ = 3.5. 

30. Find the length of side a if tanA = 32, and 6 = 2,4. 

31. Find the length of side 6 if cot A = 4, and a = 1700. 

32. Find the length of the hypotenuse if sec A=2, and b= 2000. 
33. Find the length of the hypotenuse if csc A4=6.4, and a= 35.6. 


Find the hypotenuse and other side of a right triangle, given : 

34, 6b = 6, tan A = 3. 36. 6 = 4, escA = 12. 

35. a = 3.5, cos A= 0.5. 37. b= 2, sind = 0.6. 

38. The hypotenuse of a right triangle is 2.5 mi., sin A = 0.6, and 
cos A= 0.8. Compute the sides of the triangle. 

39. Construct with a protractor the angles 20°, 40°, and 70°; 
determine their functions by measuring the necessary lines and 
compare the values obtained in this way with the more nearly 
correct values given in the following table: 


20° 0.342 0.940 0.364 2.747 1.064 2.924 


40° 0.648 0.766 0.839 1.192 1.305 1.556 
70° 0.940 0.342 2.747 0.364 2.924 1.064 





Find, by means of the above table, the sides and hypotenuse of a 
right triangle, given: 
40. A= 20°, c=1. 45. A= 40°, c=1. 50. A=70°, c= 2. 
41. A= 20°, c=4. 46. A= 40°, c= 38. 51. A=iO" a=. 
42. A= 20°,c=3.5. 47. A= 40°, c=7. 52, A= (0° b = 2. 
43. A= 20°,c= 48. 48. 4=40°,¢=10.7. 53. 4A=70°,a= 25. 
44. A=20°,c=7}. 49. A=40°,c= 250. 54. A=70°,6=150. 
55. By dividing the length of a vertical rod by the length of its 
horizontal shadow, the tangent of the angle of elevation of the sun 


at that time was found to be 0.82. How high is a tower, if the 
length of its horizontal shadow at the same time is 174.3 yd.? 

56. A pin is stuck upright on a table top and extends upward 
1in. above the surface. When its shadow is Zin. long, what is the 
tangent of the angle of elevation of the sun? How high is a tele- 
graph pole whose horizontal shadow at that instant is 21 ft. ? 
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8. Functions of Complementary Angles. In the annexed figure we 
see that B is the complement of A; that is, B = 90° — A. Hence, 


sin A = = cos B = cos (90° — A), 


~ 


cos A =~ = sin B = sin (90° — A), 

Cc B 
tan A = . = cot B= cot (90° — A), 

b 7 a 
cot A = ee tan B = tan (90° — A), 
sec A = ; = ese B = ese (90° — A), A b C 
esc A = - = sec B = sec (90° — A). 


That is, each function of an acute angle is equal to the co-named 
function of the complementary angle. 

Co-sine means complement’s sine, and similarly for the other co-functions. 

It is therefore seen that sin 75° = cos(90° — 75°) = cos 15°, sec 82° 30’ = 
osc (90° — 82°30’) = csc 7°80’, and so on. 

Therefore, any function of an angle between 45° and 90° may be 
found by taking the co-named function of the complementary angle, 
which is between 0° and 45°. 


Hence, we need never have a direct table of functions beyond 45°. We shall 
presently see (§ 12) that this is of great advantage. 


Exercise 2. Functions of Complementary Angles 


Express as functions of the complementary angle : 


1. sin 30°. 5. sin 50°. 9. sin 60°. 13. sin 75° 30’. 
2. cos 20°. 6. tan 60°. 10. cos 60°. 14. tan 82° 45’. 
3. tan 40°. . 7. sec 75°, 11. tan 45°. 15. sec 68° 15'. 
4. sec 25°. 8. esc 85°. 12. sec 45°. 16. cos 88° 10’. 


Express as functions of an angle less than 45° : 


17. sin 65°. 20. cos 52°. 23. sin 89°. 26. sin 774°. 
18. tan80°. 21. cot. 61°. 24. cos 86°. 27. cos 82}°. 
19. sec 77°. 22. ese 78°. 25. sec 88°. 28. tan 88.6°. 


Find A, given the following relations : 
29. 90° —A=A. 31. 90° —A= 2A. 
30. cos A= sind. 32. cosA=sin2A. 
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9. Functions of 45°. The functions of certain angles, among them 
45°, are easily found. In the isosceles right triangle ACB we have 
A=B= 465°, and a=0d. Furthermore, since a?+6?=c’, we have 
2@=c,aV2=c¢,anda= tovV2. Hence, 


sin 45° = cos 45° = pass = 52; 


tan 45° = cot 45° = ee 
av2 


aS 


sec 45° = esc 45° = = V2. 








We have therefore found all six functions of 45°. For purposes of computa- 
tion these are commonly expressed as decimal fractions. Since V2 = 1.4142 +, 
we have the following values : 


sin 45° = 0.7071, cos 45° = 0.7071, 


tan 45° = 1, 
sec 45° = 1.4142, 


10. Functions of 30° and 60°. 


cot 45° = 1, 
esc 45° = 1.4142. 


In the equilateral triangle AA'B 


here shown, BC is the perpendicular bisector of the base. Also, 


b=he, and a=VE—-P=VE—12=1¢eV3. Hence, 








in 30° poe ee 
sin 30° = cos 60° = - = 53 
Ges 80° Sain CO 
: c. 2 
B eo 1 1 
tan 30° = cot 60 Fea 
cot 30° = tan 60° = © = V3; 
°o ° c € 2 i 
sec 30° = ese 60° = - = ae : 
@ tev3 ane 
eae 30° = sec 60° = 5 = 2 


The sine and cosine of 30°, 45°, and 60° are easily remembered, thus: 
sin 45° = 3 V2, 
cos 45° = } v2 2, 


sin 30° = 3 V1, 


cos 80° = 3 V3, 


sin 60° = $V38; 
cos 60° = 3 V1. 


The functions of other angles are not so easily computed. The computation 
requires a study of series and is explained in more advanced works on mathe- 
matics. For the present we assume that the functions of all angles have been 
computed and are available, as is really the case. 
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Exercise 3. Functions of 30°, 45°, and 60° 


Given V3 = 1.7320, express as decimal fractions the following : 


ie 
2. 
3. 


sin 30°. 4. cot 30°. 
cos 30°. 5. sec 30°. 
tan 30°. 6. ese 30°. 


7. sin 60°. 10. cot 60°. 
8. cos 60°. -11. see 60°. 
9. tan 60°. 12. ese 60°. 


Write the ratios of the following, simplifying the results : 


13, 
14. 
15. 
16. 
17. 
18. 


sin 45° to sin 30°. 
cos 45° to cos 30°. 
tan 45° to tan 30°. 
cot 45° to cot 30°. 
sec 45° to sec 30°. 
esc 45° to ese 30°. 


ale) 
20. 
21. 
22. 
. sec 30° to sec 60°. 
24. esi 


23 


sin 30° to sin 60°. 
cos 30° to cos 60°. 
tan 30° to tan 60°. 
cot 30° to cot 60°. 


ese 30° to ese 60°. 


Express as functions of angles less than 45°: 


25. 
26. 
27. 
28. 


Find A, given the following relations: 
33. 90° — A= 45°14. 
34. 
35. 
36. 
37. 
43. 
44, 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 


sin 62° 17' 40". 
tan 75° 28' 35". 
sec 87° 32! 51". 
cos 88° 0! 27". 


90° 7 
45° +A = 90° —A. 
90° — 4A=A. 

90° —A= nA. 


29. 
30, 
31. 
32. 


38. 
39. 
40. 
41. 
42. 


sin 75.8°. 

cos 82.75°. 
tan 68.82°. 
sec 85.95°. 


cos A = sin (45° — 3,4). 
cot}A= tan. 

tan (45° + A) = cotA. 
cos4.A4 = sind. 

cotA = tan nA. 


By what must sin 45° be multiplied to equal tan 30° ? 


By what must sec 45° be multiplied to equal ese 30° ? 


By what must cos 45° be multiplied to equal tan 60° ? 
By what must esc 60° be divided to equal tan 45° ? 

By what must ese 30° be divided to equal tan 30°? 
What is the ratio of sin 45° sec 45° to cos 60° ? 

What is the ratio of cos 45° ese 45° to cos 30° ese 30° ? 
What is the ratio of sin 45° sin 30° to cos 45° cos 30° ? 
What is the ratio of tan 30° cot 30° to tan 60° cot 60° ? 
From the statement tan 30° = 3 -V3 find cot 60°. 


he 
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11. Values of the Functions. The values of the functions have 
been computed and tables constructed giving these values. One 
of these tables is shown on page 11 and will suffice for the work 
required on the next few pages. 


This table gives the values of the functions to four decimal places for every 
degree from 0° to 90°. All such values are only approximate, the values of the 
functions being, in general, incommensurable with unity and not being ex- 
pressible by means of common fractions or by means of decimal fractions with 
a finite number of decimal places. 


'o 


12. Arrangement of the Table. As explained in § 8, cos 45° = sin 45°, 
eos 46° = sin 44°, cos 47° = sin 48°, and so on. Hence the column 
of sines from 0° to 45° is the same as the column of cosines from 
45° to 90°. Therefore 

In finding the functions of angles from 0° to 45° read from the top 
down ; in finding the functions of angles from 45° to 90° read from 
the bottom up. 


Exercise 4. Use of the Table 


From the table on page 11 find the values of the following : 


1. sin 5°. 9. cos 6°. 17. cot 5°. 25. sec 0°. 

2. sin14°. 10. sin 84°. 18. tan 85°. 26. esc 90°. 
3. sin 21°. 11. cos14°. 19. cot 11°. 27. sec15°. 
4. sin 30°. 12. sin 76°. 20. tan 79°. 28. esc 75°. 
5. cos 85°. 13. cos 24°. 21. tan 21°. 29. csc12°. 
6. cos 76°. 14, sin 66°. 22. cot 69°. 80. sec78° 
7. cos 69°. 15. cos 35°. 23. tan 45°. 31. ese 44° 
8. cos 60°. 16. sin 55°. 24. cot 45°. 32. sec 46°. 


33. Find the difference between 2 sin 9° and sin(2 x 9°). 

34. Find the difference between 3 tan 5° and tan (3 x 5°). 

35. Which is the larger, 2 sec 10° or sec(2 x 10°)? 

36. Which is the larger, 2 csc 10° or csc (2 x 10°)? 

37. Which is the larger, 2 cos15° or cos (2 x 15°)? 

38. Compare 3sin 20° with sin(3 x 20°); with sin (2 x 20°). 

39. Compare 3 tan 10° with tan(3 x 10°); with tan (2 x 10°). 

40. Compare 3 cos 10° with cos(3 x 10°); with cos (2 x 10°). 

41. Is sin(10° + 20°) equal to sin10° + sin 20°? 

42. When the angle is increased from 0° to 90° which of the six 
functions are increased and which are decreased ? 
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TABLE OF TRIGONOMETRIC FUNCTIONS FOR EVERY DEGREE 
FROM 0° To 90° 


57.2900 : 

28.6363 : 28.6537 
19.0811 : 19.1073 
14.3007 d 14.3356 


11.4301 \ 11.4737 
9.5144 : 9.5668 
8.1443 : 8.2055 
7.1154 : 7.1853 
6.3138 : 6.3925 


5-6713 : 5.7588 
5.1446 : 5.2408 
4.7046 : 4.8097 
4:39.15 Alle el, 4.4454 
4.0108 : 4.1336 


3.7321 : 3.8637 
3.4874 : .| 3.6280 
3.2709 : 3.4203 
3.0777 : 3.2361 
2.9042 5 3.0716 


2.7475 J 2.9238 
2.6051 : 2.7904 
2A fol ; 2.6695 





2.3559 : 2.5593 
2.2460 A. 2.4586 


2.1445 : 2.3662 
2.0503 3 2.2812 
1.9626 : 2.2027 
1.8807 : 2.1301 
1.8040 : 2.0627 


ao2 : 2.0000 
1.6643 : 1.9416 
1.6003 : 1.8871 
125309) ; 1.8361 
1.4826 : 1.7883 


1.4281 : oa 
1.3764 : 1.7013 
1.3270 : 1.6616 
1.2799 : 1.6243 
1.2349 ‘ 1.5890 


1.1918 ; Soi 
1.1504 : S245 
1.1106 : 1.4945 
1.0724 : 1.4663 
1.0355 ; 1.4396 
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13. Reciprocal Functions. Considering the definitions of the six 
functions, we see that, since 


sin A = 25 cos A = es tan A = 2 

c € b 

a Cc Cc b 
-  escA=-> secA=-) cot A=-—» 
a b a 


The sine is the reciprocal of the cosecant, the cosine is the reciprocal 
of the secant, and the tangent is the reciprocal of the cotangent. 
That is, 














1 1 
eee esc” ae secA’ ar cot A’ 
1 
osc = 7? BOCA ag? cot A = 


Hence sinA csc A =1, cosA secA =1, and tanAcotA=1. For example, 
from the table on page 11 we find sin 27° esc 27° thus : 
sin 27° = 0.4540. 
csc 27° = 2.2027. 


Therefore sin 27° csc 27° = 0.4540 x 2.2027 
= 1.00002580, or approximately 1. 


We have shown that sin A csc A = 1 exactly, but the numbers given in the 
table are, as before stated, correct only to four decimal places. 
Exercise 5. Use of the Table 


Using the values given in the table on page 11, show as above that 
the following are reciprocals : 


1. sin 30°, ese 30°. 4. sin 10°, csc10°. 7. sin7 5°, ese T5°. 
2. sin 25°, ese 25°. 5. tan10°, cot 10°. 8. cos 75°, sec 75°. 
3. cos 35°, sec 35°. 6. cos10°, sec 10°. 9. tan 75°, cot 75°. 


10. From the table show that the ratio of sin 20° ese 20° to tan 50° 
cot 50° is 1. 
11. Similarly, show that cos 40° sec 40° : tan 70° cot 70° =1. 


In the right triangle ACB, as shown in $7: 

12. Find the length of side a if A = 30°, and ¢ = 75.2. 
‘13. Find the length of side a if A = 45°, and e =1.414. 
14, Find the length of side 6 if A = 30°, and ¢ =115.47. 
_* (15. Find the length of side a if A = 60°, and b = 34.64. 
\16. Find the length of side d if A = 60°, and ¢ = 25.72. 
\17. Find the length of side a if A = 30°, and e = 45.28. 
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14. Other Relations of Functions. Since, from the figure in § 7, 


a? + 6? = c*, we have Ge Bt 
Goat” 
or sin?A + cos*A = 1. 


It is customary to write sin?4d for (sin A)?, and similarly for the other 
functions. 


This formula is one of the most important in trigonometry and 
should be memorized. From it we see that 


sin A = V1 —-cos?A, cos A = V1 — sin? A. 


Furthermore, since tan A = - sinA = : » and cosA = °, it follows 


that sinA 


tan A = a 
" cosA 





This is also an important formula to be memorized. From it we see that 
tan A cosA = sin A, and, in general, that we can find any one of the functions, 
sine, cosine, or tangent, given-the other two. 


Furthermore, from the same equation a?+ 0? =c? we see that 


Gee, 
1+ a Hence we see that 
1 + tan2A = sec?A. 
Be 
In a similar manner we may prove that 1+ Bae whence we 


have the formula 14+ cot?A = cacA. 
These two formulas should be memorized. 


From these formulas the following relations can easily be deduced : 


sin x = cos x tanz = cos x/cot x = tanx/sec a. 
i x = cot x sin x = cot x/ese « = sin a /tan a. 
_tanx = sin x sec x = sin x/cos « = sec «/ese . 
cot « = esc x cos x = ese x/sec x = cos a/sin x. 
\sec « = tan x csc x = tana/sin « = cse x/cot x. 
esc 2 = sec x cot x = sec x/tanax = cot x/cos 2. 
It is often convenient to recall these relations, and this can be done by the 


aid of a simple mnemonic: Pence 


sin x sec x 
COs £ csc & 
cot xr 


In the above diagram, any function is equal to the product of the two adjacent 
functions, or to the quotient of either adjacent function divided by the one beyond t. 
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rs & 
15. Practical Use of the Sine. Since by definition we have 
“= sind ; 
c 


we see that a@=csina. 


We might also derive the equation 
a 
c= —— 
sin A 
: Saag A (§ 18), it is easier at present to use 
sin A 





But since 
c=acscA, 
‘and this will be considered when we come to study the cosecant. 


1. Given c = 38 and A= 40°, find a. 


As above, a=csinA. 
From the table, sin40°= 0.6428 
and Cr 38 
5 1424 

19 284 





esin A= 24.4264 


But since the table on page 11 gives only the first four figures of sin 40°, we 
can expect only the first four figures of the result to be correct. We therefore 
say that a = 24.48 —. If the third decimal place were less than 5, the value 
of a would be written 24.42 +. 

Some check should always be applied to the result. In this case we may 
proceed as follows: 24.4264 + 88 = 0.6428, which is sin 40°. 


2. Given c=10 and a = 6.293, find A. 
Since : = sin A, 


we have st = 0.6293 = sin A. 


Looking in the table we see that 
0.6293 = sin 39°; 
whence — : Am 39°. 


3. Given a = 4.68} and A = 22°, find c. 


As stated above, c may be found from the formula a=csin A by 
using a and sin A, although we shall later use the cosecant for this 
purpose. Substituting the given values, we have 


4.681 = c sin 22°, 
or 4.6825 = 0.3746 e. 
Dividing by 0.3746, 12.0 = ¢, 
What check should be applied here and in Ex, 2? 
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Exercise 6. Use of the Sine 


Find a to four figures, given the following : 


Mea 16 rat 0". Bi o= 86, AGAAB? 
2. 6@ = 1 by As 15", 4. ¢=75, A= 50°, 
> 
Find A, given the following : 
5. c= 10, a= 2.079. 7. c=2, a=1.2586. 
6. c= 20, a = 6.840. 8. ¢ = 50; @ = old. 


9. A 50-foot ladder resting against the 
side of a house reaches a point 25 ft. from © 
' the ground. What angle does it make with 
the ground ? a 


In all such cases the ground should be considered level and the side of the 
building should be considered vertical unless-the contrary is expressly stated. 


10. From the top of a rock a cord is 
stretched to a point on the ground, making 
an angle of 40° with the horizontal plane. 
The cord is 84 ft. long. Assuming the cord 
to be straight, how high is the rock? 





AN 


11. Find the side of a regular decagon in- 
scribed iv. a circle of radius 7 ft. 
es 


What is the central angle? What is half of this 
-angle? Find BC and double it. By this plan we can 
find the perimeter of any inscribed regular polygon, 
given the radius of the circle. In this way we could 
approximate the value of 7. For example, we see that the semiperimeter of a 
polygon of 90 sides in a unit circle is 90 x sin 2°, or 90 x 0.0349, or 3.141. 


W 


12. The edge of the Great Pyramid is 


609 ft. and makes an angle of 52° with the € 
horizontal plane. What is the height of the 
pyramid ? Us 


13. Wishing to measure BC, the length of a 
pond, a surveyor ran a line CA at right angles 
to BC. He measured AB and 24, finding 
that AB= 928 ft., and A= 29°. Find the 
length of BC. 


In practical surveying we would probably use an oblique triangle, although 
the work as given here is correct. The oblique triangle is considered later. 
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& 
16. Practical Use of the Cosine. Since by definition we have 





: = cos A, B 

we see that b= ccosA. 
1. Given ¢ = 28 and A= 46°, find 8. 7 ia 

From the table, cos 46° = 0.6947 
and Oe 28 oA b C 

5 5576 

13 894 
19.4516 


Hence, to four figures, 6 = 19.45. 
2. Given c= 2 and 6 = 1.9022, find A. 


Since ° = cos A, 

we have 1.9022 + 2 = 0.9511 = cos A. 
From the table, 0.9511 = cos 18°. 
Hence A=18° 


What check should be applied here and in Ex. 1? 


Exercise 7. Use of the Cosine 


Find 6 to four figures, given the following : 


eh S10" 6.cio4 2:8) > Aes 
2. 6e= 14> A= 16°. 7, C= 91, Azzo2. 
3.°¢ = 28, A= 24". 8.652 11:2, Arad 
4.-¢ = 41, A= 39. OF = 125, ore 
bes, ds 10. c= 28.25, A=T75°. 


Find A, given the following : 


Ti. ¢e= 10, b= Ocoee 16. c= 600, b= 205.2. 
12. ¢=20, 6=19,126. 17. ¢= 200, b= 117.56. 
13. ¢= 40, b= 35.952. 18. c= 187, b= 934. 
14% 6:17.60 88. 19. c= 300, b= 1023. 
15. 6 = 500, 6 = 227. 20. c= 1000, d = 1044. 


21. A flagstaff breaks off 22 ft. from the top and, the parts still 
holding together, the top of the staff reaches the earth 11 ft. from 
the foot. What angle does it make with the ground ? 
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22. Wishing to measure the length of a pond, 
a class constructed a right triangle as shown in 
the figure. If 4B = 640 ft. and A= 50°, required 
the distance AC. 


—— 23. In the same figure what is the length of thE : | 
AC when AB = 500 ft. and 4 = 40°? SS 


—— 24. In the same figure, if AC= 731.4 ft. and AB= 1000 ft., what 
is the size of angle A? 





25. A regular hexagon is inscribed in a circle of 
radius 9in. How far is it from the center to a side? 
Having found this distance, the apothem, and knowing 
_ that a side of the regular hexagon equals the radius, we 
can find the area, as required in Ex. 26. 
26. What is the area of a regular hexagon inscribed in a circle of 
radius 8 in.? 
27. A ship sails northeast 8 mi. It is then how many miles to the 
east of the starting point ? ° 


Northeast is 45° east of north. In all such cases in plane trigonometry the 
figure is supposed to be a plane. For long distances it would be necessary to 
consider a spherical triangle. 


~ 28. Some 16-foot roof timbers make an angle of ‘. B 
30° with the horizontal in an A-shaped roof, as 5 Aw 
shown in the figure. Find 44’, the span of the roof. e 


“729. An equilateral triangle is inscribed in a circle of radius 12 in. 
How far is it from the center to a side? 
0. A crane AB, 30 ft. long, makes an angle 
x degrees with the horizontal line 4C. Find 
the distance 4C when # = 20; when x = 45; when 
y= 65; when « = 0; when x = 90. 





31. In Ex. 30 what angle does the crane make with the horizontal 
when AC=15 ft.? when AC=30 ft.? M 
— The square AN, of which the side is 200 ft., Pee 
is inscribed in the square CM. AC is 181.26 ft. 
Required the angles that the sides of the small 
square make with the large one. eet 
33. In Ex. 32 find the required angles when - y 
AB=15 in. and BC=74 in.; when AB=20 in. and BC=10.3 in, 


34. The edge of the Great Pyramid is 609 ft., and it makes an angle 
of 52° with the horizontal plane. What is the diagonal of the base? 
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17. Practical Use of the Tangent. Since by definition we have 


; = tan A, 5 
we see that a=6 tan. 
Given 6=12 and A= 365°, find a. ¢g a 
From the table, tan 35° = 0.7002 
bi 12 
1 4004 a b eC 
7 002 
8.4024 
Hence, to four figures, a = 8.402. 


The figures 1, 2,---, 9 are often spoken of as significant figures. In 8.402 the 
zero is, however, looked upon as a significant figure, but not in a case like 
12,550. The first four significant figures in 0.6705067 are 6705. 


18. Angles of Elevation and Depression. The angle of elevation, or 
the angle of depression, of an object is the angle which a line from 
the eye to the object makes 
with a horizontal line in the 
same vertical plane. 


Thus, if the observer is at O,x 
is the angle of elevation of B, and 
y is the angle of depression of C. 

In measuring angles with a 
transit the height of the instru- 
ment must always be taken into account. In seine problems, however, it is not 
convenient to consider this every time, and hence the angle is supposed to be 
taken from the level on which the instrument stands, unless otherwise stated. 





1. From a point 5 ft. above the ground and 150 ft. from the foot 
of a tree the angle of elevation of the top is observed to be 20° - 
How high is the tree ? 

We have a=btana 

= 150 tan 20° 
= 150 x 0.3640 
= 54.6. 
Hence the height of the tree is 54.6 ft. + 5ft., or 59.6 ft. 


2. From a point A on a cliff 60 ft. high, including the instrument, 
the angle of depression of a boat B on a lake is observed to be 25°. 
How far is the boat from C, the foot of the cliff ? : 


We have ZBAC=65°. Hence BC=60tan 6B. From the 
table, tan 65° = 2.1445. Hence BO = 60 x 2.1445 = 128.67. 
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Exercise 8. Use of the Tangent 


Find a to four significant figures, given the following : 


i, b= '37, A= 18°, 6. 6=48, A= 61° 
2. b = 26, A = 23°. 7.b6=9.6, A= 57°. 
8. 6248 A= 31° 8. b = 23.4, A = 62°. 
4. b = 62, A= 36°. 9. b = 28.7, A= 75°. 
5. b= 98, A= 45°, 10. 6 = 39.7, A= 85°. 


Find A, given the following : 


Was Gh 6, 6= 6. 14. a = 13.772, 6 = 40. 
12. a = 0.281, 6 =2. 16. DADA, sh dG: 
1S a 4.752, 6 = 380. : 16. a = 20.503, 6 =10. 


17. A man standing 120 ft. from the foot of a church spire finds 
that the angle of elevation of the top is 50°. If his eye is 5 ft. 8 in. 
from the ground, what is the height of the spire? _ 


18. When a flagstaff 55.43 ft. high casts a shadow 100 ft. long 
on a horizontal plane, what is the angle of elevation of the sun ? 


19. A ship S is observed at the same instant Ss 
from two lighthouses, Z and L', 3 mi. apart. 
ZL'LS is found to be 40° and ZZL'S is found to 
be 90°. What is the distance of the ship from L'? A 
What is its distance from L ? a 3 vy 


20. From the top of a rock which rises vertically, including the 
instrument, 134 ft. above a river bank the angle of depression of 
the opposite bank is found to be 40°. How wide is the river? 


— 


21. An A-shaped roof has aspan AA'of 24 ft. The R. 
ridgepole R is 12 ft. above the horizontal line AA’. basis 
What angle does AR make with AA'? with RA'? a 
with the perpendicular from R on 4 A'? 28 ak 


— 22. The foot of a ladder is 17 ft. 6 in. from a wall, and the ladder 
makes an angle of 42° with the horizontal when it leans against 
the wall. How far up the wall does it reach ? 


— 23. A post subtends an angle of 7° from a point on the ground 
50 ft. away. What is the height of the post ? 


— 24. The diameter of a one-cent piece is ¢# in. If the coin is held 
so that it subtends an angle of 40° at the eye, what is its distance 
from the eye ? 
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19. Practical Use of the Cotangent. Since by definition we have 


£ = cotA, 
a 
B 
we see that b6=a cota. 
For example, given a=71 and A= 28°, . 
find 8. ‘ 
From the table, cot 28° = 1.8807 
and = 71 
———— A C 
1 8807 ? 
131 649 
133.5297 | 
Hence, to four significant figures, 6 = 133.5. 
What check should be applied in this case ? 
Exercise 9. Use of the Cotangent 
Find b to four significant figures, given the following : 
1 @= 29, A= 48°. 5) Qa 425, A= 38". 
2. @ == 38, A= 12 6. @=191,. A= Sp. 
L Std, == 06, A == 19", 7. @= 24.8, A = 48°. 
4, @¢=— 72, A= 40°. 8. a= 256.8, A= 75°. 


Find A, given the following : 
Qa Te b= 72 10. a = 60, 6 =128.67. 


11. How far from a tree 50 ft. high must a person lie in order to 
see the top at an angle of elevation of 60°? 


12. From the top of a tower 300 ft. high, in- we 
cluding the instrument, a point on the ground 300 
is observed to have an angle of depression of 
35°. How far is the point from the tower ? mu 


13. From the extremity of the shadow cast by a church spire 
150 ft. high the angle of elevation of the top is 53°. What is the 
length of the shadow ? 


14. A tree known to be 50 ft. high, stand- 
ing on the bank of a stream, is observed 
from the opposite bank to have an angle of 
elevation of 20°. The angle is measured 
on a line 5 ft. above the foot of the tree. How wide is the stream ? 
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20. Practical Use of the Secant. Since by definition we have 


: = secA, 

we see that c=bsecA. 
For example, given 6 = 15 and A = 30°, find «. 

From the table, sec 30° = 1.1547 

and = 15 

5 7735 

11 547 

17.3208 


Hence, to four significant figures, c = 17.32. 


Exercise 10. Use of the Secant 


Find ¢ to four significant figures, given the following : 


io 36, Sih BIS 4°b6=22),° A= 48’, 
2. 0 == 48, 0A == 150". 5. b= 33.4, -A= 53°. 
3.6 = 74, A= 43". 6. b= 148.8, A= 64°. 
Find A, given the following : 

oOo) ce aes Lk S. 0 = 180 —oonG: 
9. A ladder rests against the side of a build- 

ing, and makes an angle of 28° with the ground. 

The foot of the ladder is 20 ft. from the building. 

as 


How long is the ladder ? oT} 


10. From a point 50 ft. from a house a wire is stretched to a 
window so as to make an angle of 30° with the horizontal. Find 
the length of the wire, assuming it to be straight. 


11. In measuring the distance AB a surveyor 
ran the line AC, making an angle of 50° with AB, 
and the line BC perpendicular to AC. He meas- 
ured AC and found that it was 880 ft. Required 
the distance AB. 


12. From the extremity of the shadow cast by a tree the angle of 
elevation of the top is 47°. The shadow is 62°ft- 6 in. long. How 
far is it from the top of the tree to the extremity of the shadow ? 


13. The span of this roof is 40 ft., and the roof 
timbers AB make an angle of 40° with the hori- 
A ” 


zontal. Find the length of AB. - 40ft. 
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21. Practical Use of the Cosecant. Since by definition we have 





= = escA i B 
a 
we see that c= acsced. 
For example, given a = 22 and A = 35°, 7 ie 
find c. 
From the table, ese 35° = 1.7434 “a 5 O 
and = 22 
ene 3 4868 
34 868 
38.3548 


Hence, to four significant figures, ¢c = 38.35. 


Check. Since % = sin A, 22 + 38.35 = 0.5736 = sin 85°. 
c 


Exercise 11. Use of the Cosecant 


Find ec to four significant figures, given the following : 


1. a4 Ae 290. 4. a= 564, A= 61°. 

2. a= 36, A=A4l°. 5. @ = 75.8, A= 605 

3. a = 56, A= 4A, 6. a= 146.9, A= TA. 
Find A, given the following : 

f. @ 2:10) cms 12M. 9. a= Bh, o = 6.0687. 

8. a = 138, ¢ = 27.6918. 10. a = 75, c = 106.065. 


11. Seen from a point on the ground the angle of elevation of an 
aeroplane is 64°. If the aeroplane is 1000 ft. above the ground, how 
far is it in a straight line from the observer ? 

12. A ship sailing 47° east of north changes its latitude 28 mi. in 
3hr. What is its rate of sailing per hour ? 

13. A ship sailing 63° east of south changes its latitude 45 mi. in 
5 hr. What is its rate of sailing per hour ? 

14, From the top of a lighthouse 100 ft., including the instrument, 
above the level of the sea a boat is observed under an angle of depres- 
sion of 22°, How far is the boat from the point of observation ? 

15. Seen from a point on the ground the angle of elevation of the 
top of a telegraph pole 27 ft. high is 28°. How far is it from the 
point of observation to the top of the pole ? 

16. What is the length of the hypotenuse of a right triangle of 
which one side is 112 in. and the opposite angle 43°? 
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22. Functions as Lines. The functions of an angle, being ratios, are 
numbers ; but we may represent them by lines if we first choose a unit 
of length, and then construct right tri- 
angles, such that the denominators of 
the ratios shall be equal to this unit. 

Thus in the annexed figure the 
radius is taken as 1, the circle then 
being spoken of as a wnit circle. Then 


0OA=O0P = 0B = 1. 


Drawing the four perpendiculars as . 
shown, we have: 





: MP O. 
sin % = OP = MP; cose = 5 = OM 


AT oi eS 
tana = ——- = AT cote = OB TE} 


OA 4 
OT Os 
pecan OT; esez = = OS. 


In each case we have arranged the fraction so that the denominator is 1. 


For example, instead of taking oui for tan « we have taken the equal ratio av 
because OA = 1. ve 


Similarly, instead of taking on for csc x we have taken the equal ratio we , 
because OB= 1. Me OB 

This explains the use of the names tangent and secant, AT being 
a tangent to the circle, and OT being a secant. 


Formerly the functions were considered as lines instead of ratios and received 
their names at that time. The word sine is from the Latin sinus, a translation 
of an Arabic term for this function. 


We see from the figure that the sine of the complement of x 
is NP, which equals 0M; also that the tangent of the complement 
of x is BS, and that the secant of the complement of a is OS. 


Exercise 12. Functions as Lines 


1. Represent by lines the functions of 45°. 


2. Represent by lines the functions of an acute angle greater 
than 45°. 


Using the above figure, determine which is the greater: 
3. sina or tana. 5. seca or tan a. 7. cos x or cota. 
4. sin x or seca. 6. ese x or cota. 8. COS & OF CSC &. 


24 


PLANE TRIGONOMETRY 


Construct the angle x, given the following : 


y 9 
, 10 


. tana = 3. laa, cos x =}. 
. escx = 2. /12. sin « = cosa. 


13. sinz = 2 cos. 
14. 4sing = tanz. 


15. Show that the sine of an angle is equal to one half the chord 
of twice the angle in a unit circle. 
16. Find a if sin a is equal to one half the side of a regular deca- 
gon inscribed in a unit circle. 


Given x and y, «+ y being less than 90°, construct a line equal to: 


17. 


18 


19. 


23 


sin(x + y)— sin @. 20. 
. tan(@ + y) — tan x. 21. 
sec (a + y) — sec x. 22. 


cos x — cos(x + ¥). 
cot x — cot(x + y). 
ese x — csc (% + y). 


. tan(a + y)— sin(# + y)+ tan # — sin x. 


Given an angle x, construct an angle y such that : 


24. 
25. 
26. 
27. 
32. 
33. 
34. 


that 


sin y = 2 sin @. 28. tany = 3tana. 

COS y = $ COS &. | 29. sec y = CSC. 

Sin y = COS &. 30. siny = 4 tana. 

tany = cot x. 31. siny = 3 tana. 

Show by construction that 2 sin A >sin 2.4, when 4< 45°. 

Show by construction that cos A< 2 cos2.4, when A< 30°. 

Given two angles A and B, A+ B being less than 90°; show 
sin(A +B) <sinA + sin B. 


35. Given sing in a unit circle; find the length of a line in a 
circle of radius r corresponding in position to sin z. 


36. In a right triangle, given the hypotenuse c, and smA=m; 
find the two sides. 
37. In a right triangle, given the side 6, and tan d=m; find the 
other side and the hypotenuse. 


Construct, or show that it is impossible to construct, the angle 2, 
given the following : 


38. 
39. 
40. 


47 


sine ==4. 41. cosa = 0, 
sin ¢ =1. 42. cos x = 4. 
sina = §. 43. cosx = }. 


44, tanz = 4. 
45. cot x = 4. 
46. seca = 4. 


. Using a protractor, draw the figure to show that sin 60° = 
cos (¢ of 60°), and sin 30° = cos (2 x 30°). 
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23. Changes in the Functions. If we suppose ZA OP; or #, to in- 
crease gradually to 90°, the sine MP increases to M'P', M' 'P", and so 
on to OB. 

That is, the sine increases from 0 for the 
angle 0°, to 1 for the angle 90°. Hence 0: and 
1 are called the limiting values of the sine. 

Similarly, AT and OT gradually in- 
crease in length, while OM, BS, and OS p 
gradually decrease. That is, 

As an acute angle increases to 90°, its 
sine, tangent, and secant also increase, while 
its cosine, cotangent, and cosecant decrease. 





If we suppose x to decrease to 0°, OP coin- 

- cides with OA and is parallel to BS. Therefore 

MP and AT vanish, OM becomes equal to OA, while BS and OS are each 

infinitely long and are represented in value by the symbol «. Similarly, we 
may consider the changes as x increases from 0° to 90°. 


MMM A 


Hence, as the angle x increases from 0° to 90°, we see that 
sin increases from 0 to 1, 
cos x decreases from 1 to 0, 
tan x increases from 0 to o, 
cot « decreases from o to 0, 
sec x increases from 1 to o, 


ese x decreases from o to 1. 
We also see that 


Sines and cosines are never greater than 1; 
secants and cosecants are never less than 1; 


tangents and cotangents may have any values from 0 to oo. 
In particular, for the angle 0°, we have the following values: 
sin 0° = 0, tan 0° = 0, sec 0° =1, 
cos 0° =1, cot 0° = o, esc 0° = o. 
For the angle 90° we have the following values : 
sin 90° =1, tan 90° = «, sec 90° = oo, 
cos 90° = 0, cot 90° = 0, esc 90° =1. 


By reference to the figure and the table it is apparent that the functions of 
45° are never equal to half of the corresponding functions of 90°. Thus, 


sin 45° = 0.7071, tan 45° = 1, sec 45° = 1.4142, 
cos 45° = 0.7071, cot 45° = 1, esc 45° = 1.4142, 
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aX 
Exercise 13. Functions as Lines 


. Draw a figure to show that sin 90° = 1. 
. What is the value of cos 90°? Draw a figure to show this. 
. What is the value of sec0°? Draw a figure to show this. 
.. What is the value of tan 90°? Draw a figure to show this. 
. What is the value of cot 90°? Draw a figure to show this. 
. As the angle increases, which increases the more rapidly, the 
sine or the tangent ? Show this by reference to the figure. 
7. If you double an angle, does this double the sine? Show this 
by reference to the figure. 
8. If you bisect an angle, does this bisect the tangent ? Prove it. 


on F wo DO 


9. State the angle for which these relations are true: 
sin x = COS a, tan x = cot x, sec & = csc x. 
Show this by reference to the figure. 
10. If you know that sin 40° 15'= 0.6461, and cos 40° 15'= 0.7632, 


and that the difference between each of these and the sine and cosine 
of 40° 15' 30" is 0.0001, what is sin 40° 15' 30"? cos 40° 15! 30"? 
11. If you know that tan 20° 12! is 0.3679, and that the difference 
between this and tan 20° 12’ 15” is 0.0001, what is tan 20° 12' 15"? 
12. If you know that cot 20° 12!' is 2.7179, and that the difference 
between this and cot 20° 12' 15” is 0.0006, what is cot 20° 12! 15"? 
13. If you know that tan 66.5° is 2.2998, and that the difference 
between this and tan 66.6° is 0.0111, what is tan 66.6° ? 
14, If you know that cos 57.4° is 0.5388, and that the difference 
between this and cos 57.5° is 0.0015, what is cos 57.5° ? 


Draw the angle x for which the functions have the following values 
and state (page 11) to the nearest degree the value of the angle: 


15. sing = 0.1. 21. tana = 0.1. 27. seca = 1.2. 
16. sing = 0.4. 22. tang = 0232 28. seca = 1.3. 
17. sn «x = 0.7. 23. tana = 0.4. 29. seca = 1.7. 
18. cosa = 0.9. 24. cota = 4.0. 30. csc a = 2.0. 
19. cos x = 0.8. 25. cotx = 2.9. 31. escxa = 38.6. 
20. cosa = 0.7. 26. cota = 0.9. 82, cscx = 1.66. 


33. Find the value of sin x in the equation sin 2 — — +15=0 
in 


Which root is admissible ? Why is the other root impossible ? 


CHAPTER II 
USE OF THE TABLE OF NATURAL FUNCTIONS 


24. Sexagesimal and Decimal Fractions. The ancients, not having 
developed the idea of the decimal fraction and not having any con- 
venient notation for even the common fraction, used a system based 
upon sixtieths. Thus they had units, sixtieths, thirty-six hun- 

_dredths, and so on, and they used this system in all kinds of theo- 
retical work requiring extensive fractions. 


For example, instead of 15 z they would use 1-28’, meaning 128 3 : ; and instead 


of 1.51 they would use 1 30" 36”, meaning 13° + 38 oo: Lhe symbols for de- 
grees, minutes, and seconds are modern. 


We to-day apply these sexagesimal (scale of sixty) fractions only 
to the measure of time, angles, and ares. Thus 


3 hr. 10 min. 15 sec. means (3 +e Ns SE SE 
and = 3°10'15" means (84+ 284+ 545, 


In medieval times the sexagesimal system was ee farther than eg For 


example, 3 10’ 20” 30’ 45'v was used for 3 +5 5+ eet eee Some 


602 " 608 604 
writers used sexagesimal fractions in which the eee extended to 60}2, 
Since about the year 1600 we have had decimal fractions with 
which to work, and these have gradually replaced sexagesimal frac- _ 
tions in most cases. At present there is a strong tendency towards 
using decimal instead of sexagesimal fractions in angle measure. On 
this account it is necessary to be familiar with tables which give 
the functions of angles not only to degrees and minutes, but also to 
degrees and hundredths, with provision for finding the functions also 
to seconds and to thousandths of a degree. Hence the tables which 
will be considered and the problems which will be proposed will in- 
volve both sexagesimal and decimal fractions, but with particular 
attention to the former because they are the ones still commonly used. 
_ The rise of the metric system in the nineteenth century gave an 
impetus to the movement to abandon the sexagesimal system. At the 
time the metric system was established in France, trigonometric tables 
were prepared on the decimal plan. It is only within recent years, 

however, that tables of this kind have begun to come into use. 
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25. Sexagesimal Table. The following is a portion of a page from - 


the Wentworth-Smith Trigonometric Tables : 
41° 


sin cos’ tan cot sin cos 





6561 7547 8693 1.1504 | 60 6691 7431 9004 1.1106 | 60 











0 0 

1 6563 7545 8698 1.1497 | 59 i 6693 7430 9009 1.1100 | 59 
2 | 6565 7543 8703 1.1490 | 58 2 | 6696 7428 9015 1.1093 | 58 
3 | 6567 7541 8708 1.1483 | 57 3 6698 7426 9020 1.1087 | 57 
4 | 6569 7539 8713 1.1477 | 56 4 700 7424 9025 1.1080 | 56 
5 6572 7538 8718 1.1470 | 55 5 | 6702 7422 9030 1.1074 | 55 
' cos sin cot tan ' ! cos sin cot tan | ! 

48° az° 


The functions of 41° and any number of minutes are found by 
reading down, under the abbreviations sin, cos, tan, cot. 


For example, sin 41° = 0.6561, sin 42° = 0.6691, 
cos 41° 2’ = 0.7548, cos 42° = 0.7431, 
tan 41° 4’ = 0.8713, tan 42° 3’ = 0.9020, 
cot 41° 5’ = 1.1470, cot 42° 5’ = 1.1074. 


Decimal points are usually omitted in the tables when it is obvious where 
they should be placed. 

The secant and cosecant are seldom given in tables, being reciprocals of 
the cosine and sine. We shall presently see that we rarely need them. 


Since sin 41°2' is the same as cos 48°58! (§ 8), we may use the 
same table for 48° and any number of minutes by reading up, above 
the abbreviations cos, sin, cot, tan. 


For example, cos 48° 55’ = 0.6572, cos 47° 55’ = 0.6702, 
sin 48° 56’ = 0.7539, sin 47° 56’ = 0.7424, 
cot 48° 58’ = 0.8703, cot 47° 57’ = 0.9020, 
tan 48° 59’ = 1.1497, tan 47° 59’ = 1.1100. 


Trigonometric tables are generally arranged with the degrees from 
0° to 44° at the top, the minutes being at the left; and with the 
degrees from 45° to 89° at the bottom, the minutes being at the right. 
Therefore, in looking for functions of an angle from 0° to 44° 59', 


look at the top of the page for the degrees and in the left column ~ 


for the minutes, reading the number below the proper abbreviation. 
For functions of an angle from 45° to 90° (89° 60’), look at the bot- 
tom of the page for the degrees and in the right-hand column for 
the minutes, reading the number above the proper abbreviation. 


$ 
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Exercise 14. Use of the Sexagesimal Table 
From the table on page 28 find the values of the following : 


1. cos 41°, 6. sin 48° 59’. 11. sin 42° 4/, 
2. tan 42°. 7. sin 47° 58’, 12. cos 47° 56, 
3. cos 41° 1'. 8. cos 48° 59!. 13. tan 41° 3!. 
4. tan 42° 2". 9. cos 47° 59), 14. cot 48° 57’. 
5. cos 41° 5’, 10. cos 48° 57°. 15. tan 48° 57’. 


In the right triangle ACB, in which C = 90°: 
16. Given ¢ = 27 and A= 41° 3’, find a. 
, - 17. Given ¢ = 48 and A= 42° 4’, find a. 
2 —18. Given c = 61 and A= 41° 2" find 6. 
~19. Given ¢ = 72 and A= 42° 3’, find 8. 
20. Given d = 24 and A= 41° 3/, find a. 
21. Given 6 = 28 and A = 42° 4', find a. 
\/ ==22. Givena = 42 and A= 41° Lh. find & _ 
23. Givena = 60 and A= 42° 4’, find 3. 
24. Given c = 86 and A= 48° 56’, find a. 
q —~ 25. Given c = 92 and A= 48° 57’, find a. 
—26. Given 6 = 45 and A = 47° 55’, find a. 
27. Given 6 = 85 and A= 47° 59/, find a. 
Y —_28. Given a = 86 and A= 48° 56’, find 4. 
29. Given a = 98 and A = 47° 58’, find 0. 
30. Given 6 = 67 and ¢ = 100, find A. 
31. A hoisting crane has an arm 30 ft. long. When the arm makes 


an angle of 41° 3' with x, what is the length of y ? 
what is the length of x? 

2. In Ex. 31 suppose the arm is raised until 
it makes an angle of 41° 5’ with x, what are then 
the lengths of y and x ? 


e 





733. From a point 128 ft. from a building the angle of ene 
‘of the top is observed, by aid of an instrument 5 ft. above the ground, 
‘to be 42° 4'. What is the height of the building ? 


M44. From the top of a building 62 ft. 6 in. high, including the 
instrument, the angle of depression of the foot of an electric-light pole 
is observed to be 41° 3’. How far is the pole from the building ? 
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26. Decimal Table. It would be possible to have a decimal table 
of natural functions arranged as follows: 





sin cos sin cos tan cot 
0.0 | 0000 1.0000 0000 ow 90.0 4.0 | 0698 9976 0699 14.30 | 86.0 
0.1 | 0017 1.0000 0017 573.0 | 89.9 4.1 | 0715 9974 0717 13.95 | 85.9 
0.2 | 0035 1.0000 0035 286.5 | 89.8 4.2 | 0732 9973 0734 13.62 | 85.8 
0.3 | 0052 1.0000 0052 191.0 | 89.7 4.3. | 0750 9972 0752 13.30 | 85.7 
0.4 | 0070 1.0000 143.2 | 89.6 4.4 | 0767 9971 0769 13.00 | 85.6 


0.5 | 0087 1.0000 114.6 | 89.5 4.5 | 0785 9969 0787 12.71 | 85.5 














° ° ° ° 


cos sin cot tan 














cos sin cot tan 


Since, however, the decimal divisions of the angle have not yet become com- 
mon, it is not necessary to have a special table of this kind. It is quite con- 
venient to use the ordinary sexagesimal table for this purpose by simply 
referring to the Table of Conversion of sexagesimals to decimals and vice versa. 
This table is given with the other Wentworth-Smith tables prepared for use 
with this book. Thus if we wish to find sin 27.75°, we see by the Table of 
Conversion that 0.75° = 45’, so we simply look for sin 27° 45’. 

For example, using either the above table or, after conversion to sexagesimals, 
the common table, we see that : 

sin 0.4° = 0.0070, sin 85.5° = 0.9969, 
cos 4.1° = 0.9974, cos 85.5° = 0.0785, 
tan 0.5° = 0.0087, tan 85.8° = 13.62, 
cot 4.8°= 13.30, cot 85.9° = 0.0717. 


Exercise 15. Use of the Decimal Table 


From the above table find the values of the following : 


1. sin 0.5°. _6. sin 4.1°. TAR SINS Dab: 16. sin 89.5°. 
2. tan'0.4°. - - %. eos.4.3°. 12. sin 85.9°. 17. cos 85.9% 
3. sin 4°. 8. tan 4.4°. 13. cos 85.6°. 18. tan89.6°. 
4. cos 4.2°. 9. cot 4.5°. 14, tan 85.9°. 19. cot 89.7°. 
5. tan 4.5°. 10. cot 4.2°. 15. cot 85.6°. 20. cot 85.8°. 


‘21. The hypotenuse of a right triangle is 12.7 in., and one acute 
angle is 85.5°. Find the two perpendicular sides. 
' 22. From a point on the top of a house the angle of depression of 
the foot of a tree is observed to be 4.4°. The house, including the 
instrument, is 30 ft. high. How far is the trée from the house ? 
23. A rectangle has a base 9.5 in. long, and the diagonal makes an 

angle of 4.5° with the base. Find the height of the rectangle and the 
length of the diagonal. 
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27. Interpolation. So long as we wish to find the functions of an 
acute angle expressed in degrees and minutes, or in degrees and 
tenths, the tables already explained are sufficient. But when the 
angle is expressed in degrees, minutes, and seconds, or in degrees 
and hundredths, we see that the tables do not give the values of the 
functions directly. It is then necessary to resort to a process called 
interpolation. 

Briefly expressed, in the process of interpolation we assume that 
sin 423° is found by adding to sin 42° half the difference between 
sin 42° and sin 48°. 

In general it is evident that this is not true. For example, in 
the annexed figure the line values of the functions of 30° and 60° 

_are shown. It is clear that sin 80° is more than half sin 60°, that 
tan 80° is less than half tan 60°, and that sec 30° is more than half LX 
sec 60°. This is also seen from the table on page 11, where LN 

sin 30° = 0.5000, tan 80° = 0.5774, "sec 30° = 1.1547, 

sin 60° = 0.8660, tan 60° = 1.7821, sec 60° = 2.0000. 


For angles in which the changes are very small, interpolation gives 
results which are correct to the number of decimal places given in 
the table. 


For example, from the table on page 11 we have 


sin 42° — 0.6691 
sin 41° = 0.6561 
Difference for 1°, or 60’, = 0.0130 


Difference for 1’ = 4, of 0.0180 = 0.0002. 
Adding this to sin 41°, we have 
sin 41° 1’ = 0.6563, 





a result given in the table on page 28. 

But if we wish to find tan 89.6° from tan 89.5° and tan 89.7°, we cannot 
use this method because here the changes are very great, as is always the case 
with the tangents and secants of angles near 90°, and with the cotangents and 
cosecants of angles near 0°. Thus, from the table on page 30, 

tan 89.7° = 191.0 
tan 89.5° = 114.6 
Difference for 0.2° = 76.4 


Difference for 0.1° = 38.2 


Adding this to tan 89.5°, tan 89.6° = 152.8, 
whereas the table shows the result to be 143.2. 

When cases arise in which interpolation cannot safely be used, we resort to 
the use of special tables that give the required values. These tables are 
explained later. Interpolation may safely be used in all examples given in 
the early part of the work. 
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28. Interpolation applied. The following examples will illustrate 
the cases which arise in practical problems. The student should 
refer to the Wentworth-Smith Trigonometric Tables for the func- 
tions used in the problems. 


1. Find sin 22° 10’ 20”. 
From the tables, sin22° 114 = 10:3 7716 
sin 22° 10’ = 0.8778 
Difference for 1’, or 60”, the tabular difference = 0.0003 
Difference for 20” is 29 of 0.0003, or 0.0001 
Adding this to sin 22° 10’, we have 
sin 22° 10’ 20” = 0.3774 





2. Find cos 64° 17' 30". 


From the tables, cos 64° 17’ = 0.4339 
cos 64° 18’ = 0.4887 
5 Tabular difference = 0.0002 


Difference for 80” is 29 of 0.0002, or 0.0001 





Since the cosine decreases as the angle increases we must subtract 0.0001 


from cos 64° 17’, which gives us ; 
cos 64° 17’ 80” = 0.4838 


3. Find tan 37.54°. 
By the Table of Conversion, 0.54° = 32’ 24”. 


From the tables, tan 37° 83’ = 0.7687. 

tan 37° 82’ = 0.7683 

Tabular difference = 0.0004 

Difference for 24” is 24, or 0.4, of 0.0004 = 0.0002 
Adding this to tan 37° 82’, we have 


tan 37.54° = tan 87° 32’ 24” = 0.7685 





4. Given sinx = 0.6456, find x. 


Looking in the tables for the sine that is a little less than 0.6456, and for the 


next larger sine, we have 
0.6457 = sin 40° 13” 
+ 0.6455 = sin 40° 12’ 


0.0002 = tabular difference 


Therefore x lies between 40° 12’ and 40° 13’. 

Furthermore, 0.6456 = sin x 
0.6455 = sin 40° 12” 
0.0001 = difference 





But 0.0001 is } of 6.0002, the tabular difference, so that a is halfway from 
40° 12’ to 40° 13’. Therefore we add } of 60”, or 30”, to 40° 12’. 

Hence x = 40° 12’ 30”. 

We interpolate in a similar manner when we use a decimal table. 


eee 


j 
= 
° 
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Exercise 16. Use of the Table 
Find the values of the following : 
1. sin 27° 10! 30". 


. sin 42° 15! 30". 


sin 56° 29' 40". 


. Sin 65° 29! 40", 
. cos 86° 14! 30". 
. cos 43° 12' 20". 
. cos 64° 18! 45". 
. tan 28° 32! 20". 
(tane2 44° 30" 
. tan 42° 38! 30". 
21. Given sin # = 0.6391, find 2. 
22. Given sin x = 0.7691, find «. 
23. Given cos « = 0.3174, find x. 


-11. tan 52° 10' 45". 
12. tan 68° 12' 45". 

__ al 3. tan 72° 15! 50". 
14, tan So 17" 45", 

15. tan 86° 15’ 50", 


SJ 
Des 


Coto4 2730 


17. cot 6° 32! 45", 
“18. cot 7° 52! 50", 
19. cot 8° 40' 10". 

i 20. cot 9° 20! 10", —2— 


24. Given tan «= 2.8649, find zx. 


25. Given tan x = 5.3977, find a. 


Then find cos Le 
Then find cos a. 
Then find sin x. 
Then find cot x. 
Then find cot x. 


First converting to sexagesimals, find the following : 


26. 
27. 
28. 
29. 
30. 


sin 25.5°. 

sin 25.55°. 
sin 32.75°. 
sin 41.65°. 
sin 64.75°. 


31. 
32. 
33. 
34. 
35. 


cos 78.52°. 
tan 78.59°. 
cos 81.43°. 
tan 82.72°. 
tan 84.68°. 


36. cos11.25°. 
Sie coul2o2x. 
38. cot13.54°. 
39. cot15.48°. 
40. cot16.62°. 


Find the value of x in each of the following equations : 


41. 
42. 
43. 
44, 
53. 
54. 
55. 
56. 
57. 


sina = 0.5225. 
sin x = 0.5771, 
sin x = 0.6601. 
sin x = 0.7028. 


45. 
46. 
47, 
48. 


cos x = 0.7853. 
cos x = 0.7716. 
cos x = 0.9524. 
cos x = 0.7115. 


49. tanx = 2.6395, 
50. tana = 4.7625. 
51. tanz = 4.7608. 
52. cot « = 3.7983. 


If sina = 0.6431, what is the value of cos x ? 

If cosa = 0.7652, what is the value of sin x? 

If tan x = 0.6827, what is the value of sinx ? 

If tan x = 0.6537, what is the value of «? of cota? 

If cot = 1.6550, what is the value of x? of tanx? Verify 
the second result by the relation tana = 1/cota. 
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29. Application to the Right Triangle. In §§ 15-21 we learned 
how to use the several functions in finding various parts of a right 
triangle from other given parts, the angles being in exact degrees. 
In §§ 25-28 we learned how to use the tables when the angles were not 
necessarily in exact degrees. We shall now review both of these phases 
of the work in connection with the solution of the right triangle. 

In order to solve a right triangle, that is, to find both of the acute 
angles, the hypotenuse, and both of the sides, two independent parts 
besides the right angle must be given. . 


In speaking of the sides of a right triangle it should be repeated that we shall 
refer only to sides a and b, the sides which include the right angle, using the 
word hypotenuse to refer to c. It will be found that there is no confusion in 
thus referring to only two of the three sides by the special name sides. 

By independent parts is meant parts that do not depend one upon another. 
For example, the two acute angles are not independent parts, for each is equal 
to 90° minus the other. 


The two given parts may be: B 
1. An acute angle and the hypotenuse. 
That is, given A and c, or Band c. If A andc are iy = 
given, we have to find a and b. The angle B is known 
from the relation B = 90°— A. If B is given, we can 
find A from the equation A = 90° — B, A 5 0 


2. An acute angle and the opposite side. 

That is, given A and a, or B and b. If A and a are given, we have to find 
B, 6, and c, and similarly for the other case. 

3. An acute angle and the adjacent side. 

That is, given A and b, or Band a. If A and b are given, we have to find B, 
a, and c, and similarly for the other case. 

4. The hypotenuse and a side. 


That is, given c and a, or c and b. If ¢ and a are given, we have to find A, B, 
and 6, and similarly for the other case. 


5. The two sides. 


That is, given a and 8, to find A, B, and c. Using side to include hypotenuse, 
we might combine the fourth and fifth of these cases in one. 


In each of these cases we shall consider right triangles which 
have their acute angles expressed in degrees and minutes, in de- 
grees, minutes, and seconds, or in degrees and decimal parts of a 
degree In this chapter the angles are given and required cnly to 
the nearest minute. 
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30. Given an Acute Angle and the Hypotenuse. For example, given 
A=43° 17', c = 26, find B, a, and 6. 


1. B= 90° —A = 46° 43'. 





2. =sinA; ..a=csinA. 
b 

3. nie cos A; ...6 =ccosA. 

sindA= 0.6856 cosA= 0.7280 

c= 26 “ é¢= 26 

41136 4 3680 

13 712 14 560 
a = 17.8256 b = 18.9280 
= 17.83 go == 18.93 


As usual, when a four-place table is employed, the result is given to four 
figures only. The check is left for the student. 


31. Given an Acute Angle and the Opposite Side. For example, given 
A=13° 58', a =15.2, find B, 6, and’ e. 


1. B= 90° —A=T76° 2'. 





b B., 
2. BAS 90 = Cova. ; ee Is 
a 3 Se eee ; 

3. os : COT tw 
a =15.2, cot A = 4.0207 a = 15.2, sinA = 0.2414 
4.0207 62.97 =e 
15.2 2414 )152000.00 
80414 14484 
20 1035 7160 
40 207 4828 
6 = 61.11464 23320 
= 61.11 BES 


In dividing 15.2 by 0.2414, we adopt the modern plan of first multiplying 
each by 10,000. Only part of the actual division is shown. 

Instead of dividing a by sin A to find c, we might multiply a by esc A, as on 
‘page 22, except that tables do not generally give the cosecants. It will be seen 
in Chapter III that, by the aid of logarithms, we can divide by sin A as readily 
as multiply by csc.A, and this is why the tables omit the cosecant. 
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‘ 
32. Given an Acute Angle and the Adjacent Side. For example, given 
A= 27° 12', b = 31, find B, a, ande | 





1. B= 90° —A= 62° 48’. RB 
2. 5 = tan 4; .@=btanA. e , 
Bsa ae aA 
3. pT a) A b=él C 
tanA= 0.5139 6 = 31, cos A = 0.8894 
b= 31 34.85 = ¢ 
5139 8894)310000.00 
15 417 26682 
a = 15.9309 43180 
= 15.93 35576 





We might multiply b by sec A instead of dividing by cos A. The reason for 
not doing so is the same as that given in § 31 for not multiplying by esc. A. 


33. Given the Hypotenuse and a Side. For example, given a = 47, 
c = 68, find A, B, and 6. 


1: sn A= he 
c 
2. B= 90° —A. 


3. b=VEi— a 


=V(e+a)(¢— a). 





In the case of Vc? — a? we can, of course, square c, square a, take the dif- 
ference of these squares, and then extract the square root. It is, however, easier 
to proceed by factoring c? — a? asshown. This will be even more apparent when 
we come, in Chapter III, to the short methods of computing by logarithms. 


a= 47,¢= 635 ota= 110 

0.7460 ec—a=_ 16 

63)47.0000 660 

441 110 

290 e — a? = 1760 

sind = 0.7460 252 .. = 1760 
~ A= 48°15' 9380 6 = V1760 

B= Al Ap! 378 = 41.95 
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34. Given the Two Sides. For example, given a@ = 40, 6 = 27, find 
A, B, and ce. 





a 
1. tan A=-- 
an ; 
2. B= 90° — A. 
Soe 
3. c= Va +06 AT pea 





Of course ¢ can be found in other ways. For example, after finding tan. A we 
ean find A, and hence can find sin. A. Then, because sin A = a/c, we have 
c=a/sin A. When the numbers are small, however, it is easy to find c from 
the relation given above. 


a = 40, b = 27 a? = 1600 
49 = 1.4815 = 729 
tan A = 1.4815 Soke =2a29 
A = BB 59! eg Nf 800 
“B= 3d" 1! = 48.26 


30. Checks. As already stated, always apply some check to the 
results. For example, in § 34, we see at once that a? = 1600 and 0? 
is less than 30, or 900, so that ¢ is less than 2500, and c is less 
than 50. Hence the result as given, 48.26, is probably correct. 

We can also find B independently. 


For since tan B= EZ ; 
a 
we see that tan B= 27 = 0.6750, 
and therefore that Bi 34 


Exercise 17. The Right Triangle 
Solve the right triangle ACB, in which C = 90°, given: 


fa 95,0 = 4. 10. 6. = 200, B= 46° 11’, 
Be ate ao. Eieva =-95, 0-01. 
Sera o, Ad? 17) 12... 4.= 6, ¢ = 105. 
4. @=10A, B= 43° 18’, 13. @= 5.12, B= 5° 
5. c= 26, A= 87° 42), 145 = 17, == 18: 
6. ¢=140, B= 24° 12’ 1D. 6 01, A = 38° 29! 
OL == 2. 16. 4-4 .¢=18; 6 = 12. 
C. b = 98, ¢ =135.2. 17. a+¢= 90, d= 30. 
9. 6= 42.4, A= 82° 14! 18. a+c= 45, 6 = 30. 
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Solve the right triangle ACB, in which C= 90°, gwen: 


19. a= 2.5, A= 35°10'30". 26. a = 48, A= 25.5". 

20. a= 5.7, A= 42°12! 30". 27. c= 25, A= 245°. 

21, a=6A, B= 29°18! 30". 28. c= 40, A= 32.55°, 
22. a=7.9, B= 36° 20'30". 29. c= 80, A= 55.51°. 
23. c= 6.8, A= 29°42! 30". 30. c= 75, A= 63.46°. 
24. ¢ = 360, A= 34° 20' 30", 31. a= 45, B= 50.59°. 
25. b = 250, A= 41°10! 40". 32. b= 90, A= 68.25°. 


33. Each equal side of an isosceles triangle is 16 in., and one of 
' the equal angles is 24°10’. What is the length of the base ? 

34. Each equal side of an isosceles triangle is 25 in., and the ver- 
tical angle is 36° 40’. What is the altitude of the triangle ? 

35. Each equal side of an isosceles triangle is 25 in., and one of 
the equal angles is 32° 20'30".. What is the length of the base ? 

36. Each equal side of an isosceles triangle is 60 in., and the ver- 
tical angle is 50° 30'30". What is the altitude of the triangle ? 

37. Find the altitude of an equilateral triangle of which the side 
is 50in. Show three methods of finding the altitude. 

38. What is the side of an equilateral triangle of 
which the altitude is 52 in.? 

39. In planning a truss for a bridge it is necessary =: 
to have the upright BC = 12 ft., and the horizontal 
AC = 8 ft., as shown in the figure. What angle does 
AB make with AC? with BC? 

40. In Ex. 39 what are the angles if AB=12 ft. and AC= 9 ft. ? 

41. In the figure of Ex. 39, what is the length of BC if AB=15 ft. 
and = 62> 1007 


42. Two. angles of a triangle are 42° 17! and 47° 43! respectively, 
and the included side is 25 in. Find the other two sides. 


B 


A 8 


43. A tangent AB, drawn from a point A toa circle, makes an angle 
of 51°10! with a line from A through the center. If AB =10 ft., what 
is the length of the radius ? 


44. How far from the center of a circle of radius 12 in. will a 
tangent meet a diameter with which it makes an angle of 10° 20'? 
45. Two circles of radii 10 in. and 14 in. are externally tangent. 


What angle does their line of centers make with their common 
exterior tangent ? : 


CHAPTER III 
LOGARITHMS 


36. Importance of Logarithms. It has already been seen that the 
trigonometric functions are, in general, incommensurable with unity. 
Hence they contain decimal fractions of an infinite number of places. 
Even if we express these fractions only to four or five decimal places, 
the labor of multiplying and dividing by them is considerable. For 

-this reason numerous devices have appeared for simplifying this 
work. Among these devices are various calculating machines, but 
none of these can easily be carried about and they are too expensive 
for general use. There is also the slide rule, an inexpensive instru- 
ment for approximate multiplication and division, but for trigono- 
metric work this is not of particular value because the tables must be 
at hand even when the slide rule is used. The most practical device 
for the purpose was invented early in the seventeenth century and 
the credit is chiefly due to John Napier, a Scotchman, whose tables 
appeared in 1614. These tables, afterwards much improved by 
Henry Briggs, a contemporary of Napier, are known as tables of 
logarithms, and by their use the operation of multiplication is re- 
duced to that of addition; that of division is reduced to subtraction ; 
raising to any power is reduced to one multiplication; and the 
extracting of any root is reduced to a single division. ! 

For the ordinary purposes of trigonometry the tables of functions 
used in Chapter II are fairly satisfactory, the time required for 
most of the operations not being unreasonable. But when a problem 
is met which requires a large amount of computation, the tables of 
natural functions, as they are called, to distinguish them from the 
tables of logarithmic functions, are not convenient. 


For example, we shall see that the product of 2.417, 3.426, 517.4, and 91.63 


can be found from a table by adding four numbers which the table gives. 


In the case of st pos > ae we shall see that the result can be found 


52.9 ~ 5.28 ~ 9288 
from a table by adding six numbers. 


Taking a more difficult case, like that of 


8 [523 2 9.64 
Nii * 0.379’ 
is necessary merely to take one third of the sum of four numbers, after which 
the table gives us the result. , 


we shall see that it 


39 
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37. Logarithm. The exponent of the power to which a given num- 
ber, called the dase, must be raised in order to be equal to another 
given number is called the logarithm of this second given number. 

For example, since 10? = 100, ; 
we have, to the base 10, 2 = the logarithm of 100. 

In the same way, since 10? = 1000, 
we have, to the base 10, 3 = the logarithm of 1000. 

Similarly, 4 = the logarithm of 10,000, 

5 = the logarithm of 100,000, 
and so on, whatever powers of 10 we take. 

In general, if be = N, 
then, to the base }, x = the logarithm of NV. 


38. Symbolism. For “logarithm of NV” it is customary to write | 
“log N.” If we wish to specify log N to the base 6, we write log, N, 
reading this “logarithm of NV to the base 0.” 

That is, asabove, log100 = 2, log 10,000 = 4, 

log 1000 = 3, log 100,000 = 5, 
and so on for the other powers of 10. he 


39. Base. Any positive number except unity may be taken as the 
base for a system of logarithms, but 10 is usually taken for purposes 
of practical calculation. 


Thus, since 2eiiBe log,8" "=15;; 
since 34 = 81, log,81 =4; 
and since 5* = 625, log, 625 = 4. 


It is more convenient to take 10 as the base, however. For since 
10? = 100 and 10% = 1000, 


we can tell at once that the logarithm of any number between 100 and 1000 - 
must lie between 2 and 3, and therefore must be 2 + some fraction. That is, — 
by using 10 as the base we know immediately the integral part of the logarithm. 

When we write log 27, we mean log,,27; that is, the base 10 is to be under- 
stood unless some other base is specified. 


Since’ log 10-2" 4, because 40’) =20; 
and log 1=° 0, because 10° =1, 
and logy45=—1, because 10-1= 4, 


we see that the logarithm of the base is always 1, the logarithm of 1 
is always zero, and the logarithm of a proper fraction is negative. 
That this is true for any base is apparent from the fact that 
b1=b, whence log,b =1; 
=1, ‘whence log,1 =0; 


1 1 
(Des in’ whence loge =—n 
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Exercise 18. Logarithms 


1. Since 2° = 82, what is log, 32? 


2. Since 4? = 16, what is log, 162 % 
3. Since 10‘ = 10,000, what is log 10,000? 4 


Write the following logarithms : 
g g 
4. log,16.b/ 8. log,243.% 12. log. 36. © 16. log100. < 
5. log,64. Y 9. log,729.% 13. log, S482 3 17, log 1000. 3 
6. log,128.°) 10. log, 256. Y 14. log, 512.5. 18. log 100,000. © 
7. log,256. & 11. log,125. 3 15. ea g 19. log 1,000,000.’ 
_ 0. Since 10-7 = 159 or 0.1, what is log 0.1? ~/ 
21. What is log =4,, or log 0. O1,? log 0.001 ?3log 0. 0004! Pm bf 
_ £22. Between what secutive integers is log 529 liye 126? 2-2 
log 2400? log 24,000? log 175,000? log 175,000,000 ?¥= % 
23. Between what consecutive negative integers is log 0.08? 
log 0.008? log 0.0008? log 0.1238? log 0.0123? log 0.002768 ? 
. ee To the base 2, write the logarithms of 2, 4 8, 64, 512, 1074, 
4) 





1 1 1 i L 
162132? 649-1289 Ley 


25. To the base 3, write the logarithms of . 81, 729; 2187, 6561, 


a bible essrirzs SreoversT: | 
26. To the base 10, write the Oe of- 1, 0.0001, 0.00001, 
10, 000, 000, 100, 000,000. 


Write the oe. integers between which the logarithms of 
the following numbers lie: ; 
a7. 75, ~ & 31. 642. 2~ % 35. 7346. 3-4) 39. 243,481. 9 7 \v 
28. 75.9. 32. 642.75. 36. 7346.9. 40. 5,276,192. &~ 
29. 75.05. 33. 642.005. 37. 7346.09. 41.-7,286,348.5 (= ) 
30. 82.95. 34. 793.175. 38. 9182.735. 42. 19,423,076. 1-¥ 


Show that the following statements are true : 
AB. log,4 + log,8 + log,16 + log, 64 + log,2 + log,32 = 21. 
“a4, log,3 + log, 9 - + log, 8: 81 + log, 729 + log, 27 + log,243 = 21. 
—y45. log,,11 + log,,121 + log, 1331 + log,, 14,641 = 10. 
om 46. log 1 + log 10 + log 1000 + log 0.1 + log 0.001 = 0. 
“Aq: log 1 + log 100 + log 10,000 + log 0.01 + log 0.0001 = 0. 
‘48. log 10,000 — log 1000 + log 100,000 — log 100 = 4. 
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40. Logarithm of a Product. The logarithm of the product of two 
numbers is equal to the sum of the logarithms of the numbers. 

Let A and B be the numbers, and « and y their logarithms. Then, 
taking 10 as the base and remembering that x = log 4, and y = log B, 


we have A=10", 
and B= 10". 
Therefore AB=10°*", 
and therefore logAB=a+y 
= logA+logB. 
The proof is the same if any other base is taken. For example, 
if ¢~=log, A, wehave A=; 
and if y =log,B, wehave B=b. 
Therefore ALB = 02 us 
and log, AB=a+y 


= log, A + logy B. 
The proposition is also true for the product of more than two numbers, the 
preof being evidently the same. Thus, 
: log ABC = log A + log B + log C, 
and so on for any number of factors. 


41. Logarithm of a Quotient. The logarithm of the quotient of two 
numbers is equal to the logarithm of the dividend minus the logarithm 
of the divisor. 


. { 
For if A=10, | 
and B=10", k 
A : 
then pS 10°, 
A 
and therefore log Be eee 
= log A — log B. 
This proposition is true if any base 6 is taken. For, as in § 40, 
- x bt—y, 
A 
and therefore logy Roe 


= logs A— logy B33 


It is therefore seen from §§ 40 and 41, that if we know the logarithms of all 
numbers we can find the logarithm of a product by addition and the logarithm 
of a quotient by subtraction. If we can then find the numbers of which these 
results are the logarithms, we shall have solved our problems in multiplication 
and division by merely adding and subtracting. 
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42. Logarithm of a Power. The logarithm of a power of a number 
is equal to the logarithm of the number multiplied by the exponent. 


For if A= 108, 
raising to the pth power, AP = Ee, 
Hence log A? = px 
= plogA. 


This is easily seen by taking special numbers. Thus if we take the base 2, 
we have the following relations: 


Since Sabre 325 then log,32=5; 
and since (2°)? = 82? = 1024, then log, 1024 = 2-5 
: I) log, 32. 


That is, log, 82? = 2 log, 32. 


3. Logarithm of a Root. The logarithm of a root of a number is 
equal to the logarithm of the number divided by the index of the root. 





or if A=10", 
taking the on root, re = 10°. 
Hence _ leg de os : 
__ logA 
yr \ 


The propositions of §§ 42 and 43 are true whatever base is taken, as may 
easily be seen by using the base b. 

From §§ 42 and 43 we see that the raising of a number to any power, integral 
or fractional, reduces to the operation of multiplying the logarithm by the ex- 
ponent (integral or fractional) and then finding the number of which the result 
is the logarithm. 

Therefore the operations of multiplying, dividing, raising to powers, and 
extracting roots will be greatly simplified if we can find the logarithms of num- 
bers, and this will next be considered. 


eb 

44. Characteristic and Mantissa. Usually a logarithm consists of 
an integer plus a decimal fraction. 

The integral part of a logarithm is called the characteristic. 

The decimal part of a logarithm is called the mantissa. 

Thus, if log 2353 = 8.37162, the characteristic is 3 and the mantissa 0.37162. 
This means that 1032-87162 — 2358, or that the 100,000th root of the 387,162d 
. power of 10 is 2353, approximately. 

It must always be recognized that the mantissa is only an approximation, 
correct to as many decimal places as are given in the table, but not exact. 
Computations made with logarithms give results which, in general, are correct 
oniy to a certain number of figures, but results which are sufficiently near the 
correct result to answer the purposes of the problem. 
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45. Finding the Characteristic. Since we know that 
10? = 1000 and 10*=10,000, 
therefore 3=1og1000 and 4=1og10,000. 


Hence the logarithm of a number between 1000 and 10,000 lies | 
between 3 and 4, and so is 3 plus a fraction. Thus the characteristic 
of the logarithm of a number between 1000 and 10,000 is 3. 

Likewise, since 

10-? = 0.001 and 10" = 0,04, 
therefore —3=log0.001 and —2=]og0.01. 


Hence the logarithm of a number between 0.001 and 0.01 lies 
between — 3 and — 2, and so is — 3 plus a fraction. Thus the char- 
acteristic of the logarithm of a number between 0.01 and 0.001 is — 3. ,. 

Of course, instead of saying that log 1475 is 3 + a fraction, we might say that 
it is 4— a fraction; and instead of saying that log 0.007 is — 3 + a fraction, 
we might say that it is — 2— a fraction. For convenience, however, the man- 
tissa of a logarithm is always taken as poseee, but the characteristic may be 
either positive or negative. 


46. Laws of the Characteristic. From the reasoning set forth in 
§ 45 we deduce the following laws: 


1. The characteristic of the logarithm of a number greater than 1 
is positive and is one léss than the number of integral places in the 


number. 
For example, log 75 = 1+ some mantissa,+ 
log 472.8 = 2 + some mantissa, + 
and log 14,800.75 = 4 + some mantissa. 


2. The characteristic of the logarithm of a number between 0 and 1 
is negative and is one greater than the number of zeros between the 
decimal point and the first significant figure in the number. 

For example, log 0.02 =— 2 -+- some mantissa, 
and log 0.00076 =— 4 + some mantissa. 


The logarithm of a negative number is an imaginary number, and hence paca 
logarithms are not used in computation. 9 


47. Negative Characteristic. If log 0.02 =— 2 + 0.30103, we cannot 
write it — 2.30103, because this would mean that both mantissa and 
characteristic are negative. Hence the form 2.30103 has been chosen, 
which means that only the characteristic 2 is negative. 

That is, 2.30108 =—2 4+ 0.30103, and 5.48561 =— 5 + 0.48561. We may also 


write 2.80108 as 0.30103 — 2, or 8.30103 — 10, or in any similar manner which 
will show that the characteristic i is negative. 
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48. Mantissa independent of Decimal Point. It may be shown that 
1097107 — 2350; whence log 2350 = 3.37107. 
Dividing 2350 by 10, we have 
10%-27107—1 — 10287107 — 235; whence log 235 = 2.37107. 
Dividing 2350 by 10%, or 10,000, we have 
10%-87107—4 — 10187107 — 0,235; whence log 0.235 = 1.37107. 
That is, the mantissas are the same for log 2350, log 235, log 0.235, 
and so on, wherever the decimal points are placed. 
_ The mantissa of the logarithm of a number is unchanged by any 
change in the position of the decimal point of the number. 


This is a fact of great importance, for if the table gives us the mantissa of 
log 235, we know that we may use the same mantissa for log 0.00235, log 2.35, 
log 23,500, log'235,000,000, and so on. : 


Exercise 19. Logarithms 
Write the characteristics of the LO of the Fewiring 
1 TO, 6. 2578. id. (0.33 16. 0.0007. 
2. 75.4. 7. 257.8. 12. 0.08. 17. 0.0077. 
3. 754. 8. 25.78. 13. 0.88. 18. 0.00007. 
4. 7.54. 9. 2.578. 14. 0.885. 19. 0.10007. 
5. 7540. 10. 25,780. 15. 0.005. . 20. 0.07007. 
| Given 3.58681 as the logarithm of 3862, find the following : 
[21. log 38.62. 24. log 38,620. 27. log 0.3862. 
22. log 3.862. 25. log 386,200. 28. log 0.03862. 
23. log 386.2. 26. log 38,620,000. 29. log 0. 000386214 
- Given 1.67724 as the logarithm oO. 0. ° find the Following. 
BO? log 4756. 32. log 47,560. ' 34. log’0. ‘04756, 
$.Vlog 4.756. 33. log 47,560,000. ) 36. log 0.00004756.¢ 
> Given 8.40603 as the logarithm of 2547, find the following : 
36, log2.547. »1+ 38, log 0.2547. 40. log 25,470. 
9 Bt. log 25.47. 39. log 0.002547. 41. log 25, — 000. 
), 541 
Given 1.389794 as the logarithm of 25, find the following : 
adslog 23.452 44. log 0.25. 46. log 25,000. 


43, log. 45. log 0.025. 47. log 25,000,000. 
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‘ ’ 
49. Using the Table. The following is a portion of a page taken 
from the Wentworth-Smith Logarithmic and Trigonometric Tables : 


250 — 300 


N 0 1 2 3 4 5 6 7 8 9 





250 | 39 794 39811 39829 39 846 39 863 | 39 881 39898 39915 399335 39950 
251 | 39967 39985 40002 40019 40037 | 40 054 40071 40088 40 106 40 123 
252 |40140 40 157 40175 40192 40 209 | 40 226 40 243 40 261 40278 40 295 
253 | 40312 40329 40 346 40 364 40 381 | 40 398 40415 40432 40449 40 466 
254 | 40483 40 500 40 518 40 535 40 552 | 40 569 40 586 40.603 40 620 40 637 


255 | 40 654 40671 40688 40 705 40 722 | 40 739 40756 40773 40790 40 807 | 


Only the mantissas are given; the characteristics are always to be 
determined by the laws stated in § 46. Always write the characteristic 
at once, before writing the mantissa. 

For example, looking to the right of 251 and under 0, and writing the proper 
characteristics, we have 

log251 = 2.89967,  log25.1 = 1.39967, 
log 2510 = 3.39967, log 0.0251 — 2.39967. 


The first three significant figures of each number are given under 
N, and the fourth figure under the columns headed 0,1, 2,..., 9. 


For example, log 252.1 = 2.40157, —_ log 0.2547 = 1.40603, 
log 25.25 = 1.40226, log 2549 = 8.40687. 


Furthermore, log 251.1 = 2.39985 — , the minus sign being placed beneath 
the final 5 in the table to show that if only a four-place mantissa is being used 
it should be written 3998 instead of 3999. 


The logarithms of numbers of more than four figures are found by 
interpolation, as explained in § 27. 


For example, to find\log 25,314 we have ° 
log 25,820 = 4.40346 
_ log 25,310 = 4.40329 
Tabular difference = 0.00017 
4 
0.000068 
Difference to be added = 0.00007 
Adding this to 4.403829, log 25314 = 4.40336 





In general, the tabular difference can be found so easily by inspection that 
it is unnecessary to multiply, as shown in, this example. If any multiplication is 
necessary, it is an easy matter to turn to pages 46 and 47 of the tables, where 
will be found a table of proportional parts. On page 46, after the number 17 in 
the column of differences (D), and under 4 (for 0.4), is found 6.8. In the same 
way we can find any decimal part of a difference. 


LOGARITHMS 47 


Exercise 20. Using the Table 
- Using the table, find the logarithms of the following : 


fee iy 9. 3485. 170.009 25. 12,340. 
2. 20. 10. 4462. 18. 0.75. 26. 12,345. 
3. 200. 3 11. 5581. 19. 0.756. 27. 12,347. 
4. 0.002. 12. 7007. 20. 0.7567. 28. 123.47. 
B. 2100. 13. 5285. 21. 0.0255. ee 234.62. 
6. 2150.% 14, 68.48. 22. 0.0036. | 30) 41.327. 
7, 2156. 3 1B ce THO26: 23. 0.0009. 31) 56.283. 
8. 2.156. ~%! 16. 834.8. 24. 0.0178. \ 82.) 0.41282. 


33. Ina certain computation it is necessary to find the sum of the 
logarithms of 45.6, 72.8, and 98.4. What is this sum ? 


34. In a certain computation it is necessary to subtract the loga- 
rithm of 3.84 from the sum of the logarithms - 52.8 and 26.5. 
What is the resulting logarithm ? 


Perform the following operations : 

35. log 275 + log 321 +4 log 4.26 + log 3.87 + log 46.4. 

36. log 2643 + log 3462 + log 4926 + log 5376 + log 2194. 

37. log 51.82 + log 7.263 + log 5.826 + log 218.7 + log 3275- 
(38. log 8263 + log 2179 + log 3972 — log 2163 — log178. 
\39. log 37.42 + log 61.73 + log 5.823 — log 1.46 — log 27.83. 

40. log 3.427 + log 38.46 + log 723.8 — log 2.73 — log 21.68. 


41. In a-certain operation it is necessary to find three times 
log 41.75. What is the resulting logarithm ? 


42. In a certain operation it is necessary to find one fifth of 
log 254.8. What is the resulting logarithm ? 


Perform the following operations : 


f 43, 2 x log3. / 50. 4 log 2. 57. 0.3 log 431. 
44. 3 x log?2. / 51, $ log 2000. | 68. 0.7 log 43.19. 
45. 3 x log 25.6. \ 52. 4 log 3460. 59. 0.9 log 4.007. 
46. 5 x log 3.76. 53. 4 log 24.76. 60. 1.4 log 5.108. 
47. 4 x log 21.42. b4, £1og 368.7. “4 /61. 2.3 log 7.411. 
48. 5 x log 346.8. 5B. 2 log 41.73. | 62. § log 16.05. 


49. 12 x log 42.86. 56. $ log 763.8. \63. 7 log 23.43. 
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50. Antilogarithm. The number corresponding toa given logarithm 


is called an antilogarithm. 
For “antilogarithm of NV” it is customary to write “antilog N.” 


Thus if log 25.31 = 1.40329, antilog 1.40329 = 25.31. Similarly, we see that 
antilog 5.40829 = 253,100, and antilog 2.40329 = 0.02531. 


51. Finding the Antilogarithm. An antilogarithm is found from 
the tables by looking for the number corresponding to the given 
mantissa and placing the decimal point according to the character- 
istic. For example, consider the following portion of a table: 


550 — 600 


N 0 1 2 3 4 5 6 7 8 9 





550 | 74036 74044 74052 74060 74 068 | 74.076 74 084 74 092 74099 74 107 

551 | 74115 74.123 74131 74139 74 147 | 74 155 74 162 74 170°74 178) 74 186 

If the mantissa is given in the table, we find the sequence of the 
digits of the antilogarithm in the column under N. If the mantissa ' 
is not given in the table, we interpolate. 


‘1. Find the antilogarithm of 5.74139. 


We find 74139 in the table, opposite 551 and under 8. Hence the digits of the 
number are 5513. Since the characteristic is 5, there are six integral places, 
and hence the antilogarithm is 551,300. That is, 

log 551,300 = 5.74139, 
or antilog 5.74139 = 551,300. 


2. Find the antilogarithm of 2.74166. 
We find 74170 in the table, opposite 551 and under 7. 
log 0.05517 = 2.74170 
log 0.05516 = 2.74162 
Tabular difference = 0.00008 


Subtracting, we see that, neglecting the decimal point, the tabular difference 
is 8, and the difference between log # and log 0.05516 is 4. Hence z is % of the 
way from 0.05516 to 0.05517. Hence « = 0.055165. 


3. Find the antilogarithm of 7.74053. 
We find 74060 in the table, opposite 550 and under 8. 


log 55,030,000 = 7.74060 
log 55,020,000 = 7.74052 
Tabular difference = 0.00008 


Reasoning as before, 2 is 4 of the, way from 55,020,000 to 55,030,000. 
Hence, to five significant figures, « = 55,021,000. 

In general, the interpolation gives only one additional figure correct ; that is, 
with a table like the one above, the sixth figure will not be correct if found by 
interpolation. 








. 
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Exercise 21. Antilogarithms 


Find the antilogarithms of the following : 
1. 0.47712. 9. 3.74076. 17. 0.23305. 25. 8.77425. 
Be SATT12: 10. 2.76305. 18. 1.43144. 26. 4.82966. 
No. 3.47712. 11. 4.78497. 19. 2.56838. 27. 3.83547. 
4. 2.48359. 12. 1.81954. 20. 1.58041. 28. _ 2.83604. 
<5. 4.56844. «13. 0.82575. ~\ 21. 3.63490. _—.29.. 4.88960. 
6. 1.66276. 14. 0.88081. 22. 4.63492. —-30._ 2.89523. 
7. 2.66978. 15. 9.89237. 23: 0.63994. _—-31.- 3.89858. 
8. 5.74819. ™16. 7.90282. “S24. 2.69085. 32. 0.93223. 


33. If the logarithm of the product of two numbers is 2.94210, 


what is the product of the numbers ? 

34. If the logarithm of the quotient of two numbers is 0.30103, 

what is the quotient of the numbers ? 

35. If we wish to multiply 2857 by 2875, what logarithms do we 
os ? What are these logarithms ? . ‘ 
\\ 36. If we know that the logarithm of a result which we are seek- 

ing is 3.47056, what is that result ? 

37. If we know that log V0.000043641 is 3.81995, what is the 

value of V0.000043641 ? 

38. If we know that log V0.076553 is 1.81400, what is the value 

of V0.076553 ? 

39. The logarithm of V 8322 is 1.96012. Find /8322 to three 

decimal places. 

—40. The logarithm of the cube of 376 is 7.72557. Find the cube 
of 376 to five significant figures. 

— 41. If we know that log 0.003278? is 5.03122, what is the value 
of 0.003278? ? 

— 42. Find twice log 731, and find the antilogarithm of the result. 

43, Find the antilogarithm of the sum of log 27.8 + log 34.6 + 

log 367.8. 


Find the antiiogarithms of the following : 

44, log7 + log 2 — log 1.934. 47. 5 log 27.83. 

45. log 63 + log 5.8 — log 3.415. 48. 2.8 log 5.683. 

46. log 728 + log 96.8 — log 2.768. 49. 3 (log 2 + log 4.2). 


rat G3 
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54. Division by Logarithms. It has been shown (§ 41) that the 
logarithm of a quotient is equal to the logarithm of the dividend 
minus the logarithm of the divisor. 

Care must be taken that the mantissa in subtraction does not 
become negative (§ 45). 

1. Using logarithms, divide 17.28 by 1.44. 





From the tables, log 17.28 = 1.23754 
log1.44 = 0.15836 
1.07918 

= log 12 


Hence 17.28 + 1.44 = 12. 


2. Using logarithms, divide 2603.5 by 0.015998. 


log 2603.5 = 3.41556 
log 0.015998 = 2.20407 


Arranging these in a form more convenient for subtracting, we have 
log 2603.5 = 3.41556 
log 0.015998 = 0.20407 — 2 
3.21149 + 2 


= 5.21149 = log 162,740 
Hence 2608.5 + 0.015998 = 162,740. 


3. Using logarithms, divide 0.016502 by 127.41. 


log 0.016502 = 2.21753 = 8.21753 — 10 
log 127.41 = 2.10520 = 2.10520 
6.11238 — 10 
= 4.11233 = log 0.00012952 


Hence 0.016502 + 127.41 = 0.00012952. 

Here we increased 2.21753 by 10 and decreased the sum by 10. We might 
take any other number that would make the highest order of the minuend 
larger than the corresponding order of the subtrahend, but it is a convenient 
custom to take 10 or the smallest multiple of 10 that will serve the purpose. 


4, Using logarithms, divide 0.000148 by 0.022922. 


log 0.000148 = 4.17026 = 16.17026 — 20 
log 0.022922 = 2.36025 = 8.36025 — 10 
7.81001 — 10 

= 8.81001 = log 0.0064567 


Hence 0.000148 ~ 0.022922 = 0.0064567. 


5. Using logarithms, divide 0.2548 by 0.05513. 


log 0.2548 = 1.40620 = 9.40620 — 10 
log.0.05518 = 2.74139 = 8.74139 — 10 
0.66481 
= log 4.6218 
Hence 0.2548 + 0.05513 = 4.6218. 
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Exercise 24. Division by Logarithms 
Add the following logarithms : 


1. 2.14755 + 3.82764. 5. 4.18755 + 2.81245. 
2. 4.07256 + 1.58822. 6. 6.28742 + 3.41258. 
3. 0.21783 + 1.46835. PAi217 22 47478978: 
4. 0.41722 + 3.28682. 8. 5.28720 + 3.71280. 
9. Find the sum of 2.41280, 4.17623, 5.26453, 0.21020, 7.86423, 


2.63577, 6.41328, and 3.28740. 


From the first of these logarithms subtract the second : 


10. 0.21250, 2.21250. 14. 4.17325, 2.17325. 

11. 0.17286, 3.27286. — 15. 5.82340, 3.71120. 

12. 2.34222, 5.44222. 16. 3.14286, 1.14000. 

13. 3.14725, 1.25625. 17. 3.27283, 5.56111. 

Using logarithms, divide as follows : 

18. 10+ 2. /26. 25,284 301. 34, 59.29 + 0.77. 
19. 15 + 3. \27. 51,742 + 631. 35. 2.451 + 190. 
20. 15 + 5. 28. 47,348 + 623. 36, 851.4 + 0.66. 
21. 12 +3. 29. 19,224 + 540. 37. 0.98902 = 99. 
22. 12 + 4. 30. 37,960 + 520. 38. 0.41831 + 5.9. 
23. 60-+12. 81. 84,640 + 920. 39. 0.08772 + 4.3. 
24.75 +25. 82. 65,100 + 620. 40. 0.02275 + 0.35. 
25. 125 + 25. 33. 45,990 + 730. 41. 0.02736 + 0.057 
Using logarithms, divide to four significant figures : 

42. 15 +T. 45. 26.4 + 13.8. 48. 17.625 + 3.4. 
A307 215. 46. 4.21 + 3.75. 49. 43.826 + 0.72. 
44. 0.7 +150. 47. 63.25 + 4.92. 50. 5.483 + 8.4. 


Taking log 3.1416 as 0.49715 and interpolating for six figures 
on the same principle as for five, find the diameters of circles with 
circumferences as follows : 

51. 62.832. 53. 2199.12. 55. 28,274.2. 57. 376,992. 
52. 157.08. 54, 2513.28. 56. 34,557.6. 58. 0.031416. 


59. By using logarithms find the product of 41.74 x 20.87, and 


the quotient of 41.74 + 20.87. 


ve _ 
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54. Division by Logarithms. It has been shown (§ 41) that the 
logarithm of a quotient is equal to the logarithm of the dividend 
minus the logarithm of the divisor. 

Care must be taken that the mantissa in subtraction does not 
become negative (§ 45). 

1. Using logarithms, divide 17.28 by 1.44. 


From the tables, log17.28 = 1.23754 
log1.44 = 0.15836 
1.07918 

= log12 


Hence 17.28 + 1.44 =12., 


2. Using logarithms, divide 2603.5 by 0.015998. 


log 2603.5 = 3.41556 
log 0.015998 = 2.20407 


Arranging these in a form more convenient for subtracting, we have 
log 2603.5 = 3.41556 
log 0.015998 = 0.20407 — 2 
3.21149 + 2 


= 5.21149 = log 162,740 
Hence 2608.5 + 0.015998 = 162,740. 


3. Using logarithms, divide 0.016502 by 127.41. 


log 0.016502 = 2.21753 = 8.21753 — 10 
log 127.41 = 2.10520 = 2.10520 
6.11233 — 10 
= 4.11233 = log 0.00012952 


Hence 0.016502 + 127.41 = 0.00012952. 

Here we increased 2.21753 by 10 and decreased the sum by 10. We might 
take any other number that would make the highest order of the minuend 
larger than the corresponding order of the subtrahend, but it is a convenient 
custom to take 10 or the smallest multiple of 10 that will serve the purpose. 


4, Using logarithms, divide 0.000148 by 0.022922. 


log 0.000148 = 4.17026 = 16.17026 — 20 
log 0.022922 = 2.86025 = 8.36025 — 10 
7.81001 — 10 

= 8.81001 = log 0.0064567 


Hence 0.000148 = 0.022922 = 0.0064567. 


5. Using logarithms, divide 0.2548 by 0.05513. 


log 0.2548 = 1.40620 = 9.40620 — 10 
log.0.05513 = 2.74139 = 8.74139 — 10 
0.66481 
= log 4.6218 
Hence 0.2548 + 0.055183 = 4.6218. 


# 
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Exercise 24. Division by Logarithms 


Add the following logarithms : 
. 2.14755 + 3.82764. 
. 4.07256 + 1.58822. 
. 0.21783 + 1.46835. BPA 1722 As 7 8278: 
. 0.41722 + 3.28682. . 5.28720 + 3.71280. 


. Find the sum of 2.41280, 4.17623, 5.26453, 0.21020, 7.86423, 


. 4.18755 + 2.81245. 
. 6.28742 + 3.41258. 


oS FW DY 
oOo = & or 


2. 63577, 6.41323, and 3.28740. 


From the first of these logarithms subtract the second : 


10. 0.21250, 2.21250. 14. 4.17325, 2.17325. 

11. 0.17286, 3.27286. | 15. 5.82340, 3.71120. 

12. 2.34229, 5.44222. - 16. 3.14286, 1.14000. 

13. 3.14725, 1.25625. 17. 3.27283, 5.56111. 

Using logarithms, divide as follows : 

18. 10+ 2. (26. 25,284 301. 34, 59.29 + 0.77. 
19, 15 +3. \27. 51,742 + 631. 35. 2.451 + 190. 
20. 15 + 5. 28. 47,348 + 623. 36, 851.4 + 0,66. 
21. 12 +3: 29. 19,224 + 540. 37. 0.98902 + 99. 
22. 12 +4. 80. 37,960 + 520. 38. 0.41831 + 5.9. 
23. 60+12. 31. 84,640 + 920. 39. 0.08772 + 4.3. 
24.75 +25. 82. 65,100 + 620. 40. 0.02275 ++ 0.35. 
25, 125 + 25. 33. 45,990 + 730. 41. 0.02736 + 0.057 


Using logarithms, divide to four significant figures : 


42. 15 +7. 45. 26.4 + 13.8. 48. 17.625 + 3.4. 
43. 7 +15. 46. 4.21 + 3.75. 49. 43.826 + 0.72. 
44, 0.7 + 150. 47. 63.25 + 4.92. 50. 5.483 + 8.4. 


Taking log 3.1416 as 0.49715 and interpolating for sia figures 


on the same principle as for five, find the diameters of circles with 
circumferences as follows : 


51. 62.832. 53. 2199.12. 55. 28,274.2. 57. 376,992. 
52. 157.08. 54. 2513.28. 56. 34,557.6. 58. 0.031416. 


59. By using logarithms find the product of 41.74 x 20.87, and 


the quotient of 41.74 + 20.87. 


® 
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& 
55. Cologarithm. The logarithm of the reciprocal of a number is 
called the cologarithm of the number. 
For “cologarithm of NV” it is customary to write “colog N.” 


By definition colog x = log = = log1—loga (§ 41). Butlog1 = 0. 


Hence we have colog x =— log. 
To avoid a negative mantissa (§ 45) it is customary to consider that 
colog « = 10 — log x — 10, 
since 10 — loga — 10 is the same as — log. [HOE 
For example, colog2 =— log2=10— log 2 — 10 
= 10 ~ 0.80103 — 10 AF 
= 9.69897 — 10 = 1.69897.) 7) © 
56. Use of the Cologarithm. Since to divide by a number is the same 
as to multiply by its reciprocal, instead of subtracting the logarithm 
of a divisor we may add its cologarithm. 
The cologarithm of a number is easily written by looking at the logarithm 
in the table. Thus, since log 20 = 1.30103, we find colog 20 by subtracting this 
from 10.00000 — 10. To do this we begin at the left and subtract the number 


represented by each figure from 9, except the right-hand significant figure, 
which we subtract from 10. In full form we have 


10.00000—10=9. 9 9 9 9 10 —10 


log 20 = 1.30108 Siler Ue the Mes 
colog 20 = 8. 6 9 8 9 7 —10=2.69897 
Similarly, we may find colog 0.03952 thus : 
10.00000—10=9. 9 9 9 9 10 —10 
log 0.03952 = 2.59682 =i. soo 68a ee 
colog 0.03952 = 1-4-0, 8°1 8 = 1.40318 


Practically, of course, we would find log 0.03952 and subtract mentally. 


Exercise 25. Cologarithms 


Write the cologarithms of the following numbers : 


1. 25. 5. 3751. 9. 0.5. 13. 3.007. 
2. 130. 6. 427.3. 10. 0.72. 14. 62.09. 
3. 27.4. %.. BL6L; 11. 0.083. 15. 0.0006. 
4, 5.83. 8. 7.213. 12. 0.00726. 16. 0.00007. 


17. What number has 0 for its,cologarithm ? 

18. What number has 1 for its cologarithm ? 

19. What number has o for its cologarithm ? 

20. Find the number whose cologarithm equals its logarithm. 
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57. Advantages of the Cologarithm. If, as is not infrequently the 
ease in the computations of trigonometry and physics, we have the 
product of two or more numbers to be divided by the product of 
two or more different numbers, the cologarithm is of great advantage. 

‘Using logarithms and cologarithms, simplify the expression 


17.28 x 6.25 x 16.9 
1.44 x 0.25 x 1.3 


This is so chosen that we can easily verify the answer by cancellation. 
By logarithms we have, 
log 17.28 = 1.238754 
log 6.25 = 0.79588 
log 16.9 = 1.22789 
colog1.44 = 9.84164 — 10 
colog 0.25 = 0.60206 
colog1.3 = 9.88606 — 10 
3.59107. = log8900.1 


In a long computation the fifth figure may be in error. 


Exercise 26. Use of Cologarithms 


Using cologarithms, find the value of the following to five figures : 


























Bx 2. to, A728 x 1.44 19, 485. 0.2781. 
‘Exi6 —?°? 0.288 x 0.864 * 983 x 1.045 
B59 BT.B x 0.64 50.05 x 2.742 
Sas. 1h OB Se 390 20. 3914 x 2461 
6x12 wo, 128 x 13.41, 91, 30730 x 2.875 
Sg. Sots Aioreued ye * 3448 x 1.462 
4x24 |, 5.48 x 0.198. ap, BART x 0.7832 
Sie 16. “306 x. 97.4' *- 34416 x 0.0081 
12 x15 va 1176 x 10.22, yg, 27.98 x 82.05 
Gi 20" * 746 x 8.92 * 0.48 x 0.00062 
12 x 28 ig eet na, 2EX 08 x O11 
Seo + Eee s Are OS 
3 x 22 fetes Kj, 21x 3.003 
Ys 18 30.33" “8x7x41 025 0.07112 
11x13 ay, 28X89. 47. Gq, 0.084 x 0117 
S TEis 5 igee 23. BS of 3x11 x 170 
15 x17 te, 02X03, ay, 5284 x 1.001, 
PT AS * O11 x 1th * 7.03 x 0.7281 
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58. Raising toa Power. It has been shown (§ 42) that the logarithm 
of a power of a number is equal to the logarithm of the number 
multiplied by the exponent. 

1. Find by logarithms the value of 11% 


From the tables, log11 = 1.041389 
Multiplying by 3, 3 
log 118 = 8.12417 

= log 1831.0 


That is, 118 = 1331.0, to five figures. Of course we see that 118 = 1881 exactly, 
log 1881 being 3.12418. The last figure in log 11° as found in the above multi- 
plication is therefore not exact, as is frequently the case in such computations, 

As usual, care must be taken when a negative characteristic 
appears. 


2. Find by logarithms the value of 0.2413°. 


From the tables, log 0.2413 = 0.38256 — 1 
Multiplying by 5, 5 
log 0.2418° = 1.91280 — 5 

= 4.91280 


= log 0.00081808 


Hence 0.24135 = 0.00081808, to five significant figures. 
As on page 18, we use the expression ‘' significant figures’’ to indicate the 
figures after the zeros at the left, even though some of these figures are zero. 


Exercise 27. Raising to Powers 


By logarithms, find the value of each of the following to five 
significant figures: 


1. 2s ok Wee Zo Qoalale: SomelLnoo 
2.2%, NON: 18, 257. 26d 34, 34.75%. 
Bac. 11. 97. Tor 1257. ST O12, 35. 1.2785°. 
AOE AD eee 20. 625°, 28. 0.24. 36. 0.1254°. 
Sua. 13, 21% 21. 1750°. 29. 0.7%. 37. 0.4725°. 
Gao.) Ti4aeb ie 22. 2775. 30. 0.07% 38. 0.012342. 
1042 15. 1.5%. 23. 3146°. 31. 0.37%. 839. 0.002752. 
8. 5% VES 24. 41354. = 32. 5.87%. 40. 0.000355?. 


41, If log 7 = 0.49715, what is the value of 7? of 1°? 


42. Using log 7 as in Ex. 41, what is the value of rr when r = 7 ? 
of wr? when r =7? of $77° when r = 9? 
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59. Fractional Exponent. It has been shown (§ 48) that the log- 
arithm of a root of a number is equal to the logarithm of the number 
divided by the index of the root. This law may, however, be com- 
bined with that of § 58, since a? means Va, and a* means Va?. 
The law of § 58 therefore applies to roots or to powers of roots, the 
exponent simply being considered fractional. 


1. Find by logarithms the value of V4, or 4%, 


From the tables, log 4 = 0.60206 
Dividing by 2, 2)0.60206 
log V4, or log 42, = 0.30103 

=log2 © 


)eHence V4, or 4s is 2. 
2. Find by logarithms the value of 8%, 


From the tables, log8 = 0.90309 
Multiplying by 3, log 83 = 0.60206 
° = log 4 


Therefore gt =— 4, 


3. Find by logarithms the value of 0.127%. 
From the tables, log 0.127 = 0.10880 — 1. 
Since we cannot divide — 1 by 5 and get an integral quotient for the new 
characteristic, we add 4 and subtract 4 and then have 
log 0.127 = 4.10380 — 5 
Dividing by 5, log 0.1275 = 0.82076 —\ 
= log 0.66185 


Hence 0.1278, or */0.127, is 0.66185. 
We might have written log 0.127 = 9.10380 — 10, 14.10380 — 15, and so on. 


Exercise 28. Extracting Roots 


By logarithms, find the value of each of the following: 


1. V2,- fd. 2°. 9. Vil. 13. 0.32. 17. 127.83. 
2. V5. “gt 108 N73: 14. 0.053. 18. 2.4758. 


6 
RTM St. Gd) /22) 18. 0.01754... 19. 585°. 
4. 8/25. \ 8. 77. 12. 3/100. 16. 0.03253. 20. 0.001254, 


21. If log w = 0.49715, what is the value of Vir? of Vir? 
22. Using the value of log 7 given in Ex. 21, what is the value of 
mt? of wt? of wi? of w2? of m8? of wr °?? 
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60. Exponential Equation. An equation in which the unknown 
quantity appears in an exponent is called an exponential equation. 

Exponential equations may often be solved by the aid of loga 
rithms. 


1. Given 5* = 625, find by logarithms the value of a. 
Taking the logarithms of both sides, we have (§ 42) 
x log 5 = log 625 
ae log 625 
log 5 
__ 2.79588 _ 
~~ 0.69897 





Whence 





Check. 5* = 625. 


In all such cases bear in mind that one logarithm must actually be divided 
by the other. If we wished to perform this division by means of logarithms, 
we should have to take the logarithm of 2.79588 and the logarithm of 0.69897, 
subtract the second logarithm from the first, and then find the antilogarithm. 


We may apply this principle to certain simultaneous equations. 


2. Solve this pair of simultaneous equations 


2°. 3Y=72 (1) 
4” . 27” = 46,656 (2) 
Taking the logarithms of both sides, we have (§§ 40, 42) 
zlog2 + ylog38 = log 72, (3) 
and zlog4 + y log27 = log 46,656. (4) 
Then, since log 4 = log 2? = 2 log2, 
and log 27 = log 38 = 8 log8, 
we have 2a log2+ 8ylog8 = log 46,656. (5) 


Eliminating z by multiplying equation (3) by 2 and subtracting from equa- 
tion (5), we have : 
log 46656 — 2 log 72 
y = 
log 3 
__ 4.66890 — 2 x 1.85733 
ai 0.47712 
_ 0.95424 _ 2 
_ 0.47712 — 
We may substitute this value of y in (1), divide by 32, and then find a by 


taking the logarithms of both sides. It will be found that 2 = 3. 
We may check by substituting in (2). 





In the same way, equations involving three or more unknown 
quantities may be solved. Although the exponential equation is 
valuable in algebra, as in the solution of Exs. 22, 23, 25, and 26 of 
Exercise 29, we rarely have need of it in trigonometry. 
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Exercise 29. Exponential Equations 


By logarithms, ‘solve the following exponential equations : 


(1 B= 8. -  B, 2=19. Giga 
Ri Sc 81, 7. 3% =75. 12 2a" ==.0.1. 
3. 5° = 625. 8. 5° =1000. 13. 0.3-7 = 0.9. 
4, 4* = 256. 9. 4* = 2560. Ta 2A ee et, 
5. 11* = 1331. \ 10. 11" =1500. 1b OF == Ha 43. 
“Solve the following simultaneous equations : 
16 54a" tis at 18-3? . 4¥ —=12 20. 2”. 5¥ = 200 
CG ¥ == a? OP TY 35 | 37 . 3Y = 243 
17, m+ =m" 19. 2°. 8¥= 386 = fai. 2". By = 256 
wont = ni 4°. 5¥= 400 8* . 32” = 65,536 
Solve the following equations by logarithms : 
22. ¢=p(1+r)*. .. 2B, a= p(t rt) 
235 ta" 3. ; 26. s(r7 —1) = ar? —a. 
24, 27 +80 — 8, 276 8" > th OF, 
Perform the following operations by logarithms : 
2 
2.47 x 84.96 NL (ae x 3.428 : b 
FF. 348 x 06.55" Woes ie 


zr: a 4 in ex x | 
* \3.64 x 0.009 3.426 x 0.875 

32. To what power must 7 be raised to equal. 117,649 ? 

33. To what power must a be raised to equal d? 

34. To what power must 5 be raised to equal n? 

35. Find the value of x when V9=3; when V2=1.1; when 
V2 = 1.414; when V3 = 1.73. 

36. Find the value of x when V3=3; when Va=4; when 
Va=a; when V1331 =11; when /20736 = 12. 


37. Solve the equations 


"Vy = b 


1 
38. What value of « satisfies the equation getters — Va? 
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61. Logarithms of the Functions. ‘Since computations involving 
trigonometric functions are often laborious, they are generally per- 
formed by the aid of logarithms. For this reason tables have been 
prepared giving the logarithms of the sine, cosine, tangent, and 
cotangent of the various angles from 0° to 90° at intervals of 1’, 
The functions of angles greater than 90° are defined and discussed 
later in this work when the need for them arises. 

Logarithms of the secant and cosecant are usually not given for the reason 
that the secant is the reciprocal of the cosine, and the cosecant is the reciprocal 
of the sine. Instead of multiplying by secz, for example, we may divide by 
cosz; and when we are using logarithms one operation is as simple as the other, 
since multiplication requires the addition of a logarithm and division requires 
the addition of a cologarithm, 


“In order to avoid negative characteristics the characteristic of 
every logarithm of a trigonometric function is printed 10 too large, 
and hence 10 must be subtracted from ith 

Practically this gives rise to no confusion, for we can always tell by a result 
if a logarithm is 10 too large, since it would give an antilogarithm with 10 
integral places more than it should have. For example, if we are measuring 
the length of a lake in miles, and find 10.30103 as the logarithm of the result, 
we see that the characteristic must be much too large, since this would make 
the lake 20,000,000,000 mi. long. 

It would be possible to print 2.97496 for log sin 5° 25’, instead of 8.97496, 
which is 10 too large. It would be more troublesome, however, for the eye to 
detect the negative sign than it would be to think of the characteristic as 
10 too large. 

On pages 56-77 of the tables the characteristic remains the same throughout 
each column, and is therefore printed only at the top and bottom, except in 
the case of pages 58 and 77. Here the characteristic changes one unit at the 
places marked with the bars. By a little practice, such as is afforded on pages 
61 and 62 of the text, the use of the tables will become clear. 


On account of the rapid change of the sine and tangent for very 
small angles log sinx is given for every second from 0" to 3! on 
page 49 of the tables, and log tan « has identically the same values 
to five decimal places. The same table, read upwards, gives the 
log cos x for every second from 89° 57! to 90°. Also log sin a, 
log tan x, and log cos # are given, on pages 50-55 of the tables, for 
every 10” from 0" to 2°. Reading from the foot of the page, the 
cofunctions of the complementary angles are given. 

On pages 56-77 of the tables, log sinz, log cos #, log tana, and 
log cot x are given for every minute from 1° to 89% Interpolation 
in the usual manner (page 31) gives the logarithmic fanctions for 
every second from 1° to 89°, 
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62. Use of the Tables. The tables are used in much the same way 
as the tables of natural functions. 


For example, logsin 5° 25’ = 8.97496 — 10 Page 58 
log tan 40° 55’ = 9.93789 — 10 Page 75 
log cos 52° 20’ = 9.78609 — 10 Page 74 
log cot 88° 59’ = 8.24910 — 10 Page 56 
logsin 0° 28’ 40” ~ 7.92110 — 10 Page 51 
logsin 0° I’ 52” = 6.73479 — 10 Page 49 
Furthermore, if log cot 7 = 9.55910 — 10, then x = 70° 5’. Page 65 


Interpolation is performed in the usual manner, whether the angles 
are expressed in the sexagesimal system or decimally. 


1. Find log sin 19° 50! 30". 


From the tables, log sin 19° oe = 9.53056 —10, and the tabular difference 
is 86. We must therefore add 2° 2 of 86 to the mantissa, in the proper place. 
We therefore add 0.00018, and Pew log sin 19° 50’ 30” = 9.53074 — 10. 


2. Find log tan 39.75°. 
From the tables, log tan 39.7° = 9.91919 — 10, and the tabular difference is 


154. We therefore add 0.5 of 154 to the mantissa, in the proper place. ae 
0.00077, we have log tan 39.75° = 9.91996 — 10. 


Special directions in the case of very small angles are given on 
page 49 of the tables. It should be understood, however, that we 
rarely use angles involving seconds except in astronomy. 


If the function is decreasing, care must be taken to subtract instead 
of add in making an interpolation. 


3. Find log cos 48° 45! 15”. 


From the ati log cos 43° 45’ = 9.85876 — 10, and the tabular difference is 
12. Taking +3 2 of 12, or 1 of 12, we have 0.00008 to be subtracted. 
Therefore. log cos 43° 45’ 15” = 9.85873 — 10. 


4. Given log cot x = 0.19268, find a. 


From the tables, log cot: 32° 41’ = 10.19275 — 10 = 0.19275. 

The tabular difference is 28, and the difference between the logarithm 0.19275 
and the given logarithm s 7, in each case hundred-thousandths. Hence there is 
an angular difference of =4 of 1’, or } of 1’, or 15”. Since the angle increases as 
the cotangent decreases, ‘and 0. 19268 is less than 10.19275 — 10, we have to 
add 15” to 32° 41’, whence a = 32° 41’ 15”. 


5. Given log tan x = 0.26629, find zx. 


From the tables, log tan 61° 33’ = 10.26614 — 10 = 0.26614. 

The tabular difference is 80, and the difference between the logarithm 
0.26614 and the given logarithm is a in each case hundred-thousandths. 
Hence there is an angular difference of 32 2 of 1’, or 30”. Since f(a) is increasing in 
this case, and « is also increasing, we ada 80” to 61°33’. Hence x = 61° 33’ 30”. 
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a 
Exercise 30. Use of the Tables 
Find the value of each of the following : 


1. log sin 27°. 16. log cos 42° 45". 31. log sin 0° 1'7". 

2. log sin 69°. 17. log tan 26° 15”. 32. log sin 1° 2'5". 

3. log cos 36°. 18. log cot 38° 30". 33. log tan 0° 2'8". 

4. log cos 48°. 19. logsin 21°10'4". 34. log tan 2°7'7". 

5. log tan 75°. 20. log sin 68° 49'56". 35. log cos 89° 50! 10" 

6. log tan 12°. 21. logcos15°17'3". 36. log cos 89° 10! 45”. 

7. log cot 15°. 22. log cos 74° 42'57". 37. log cot 89° 15'12" 

8. log cot 78°. 23. logtan17°2'10". 38. log cot 89° 25! 15". 

9. logsin9°15'. 24. logtan26°3'4".. 39. logsin1°1'1". 
10. log cos 8°27’. 25. log cot 48° 4'5". 40. log cos 88° 58' 59". 
11. log tan7° 56’. 26. log cot 4°10'7". 41. log tan 2° 27' 25". 
12. log cot 82°4'. 27. log sin 34°30". 42. log cot 87° 32' 45". 
13. log sin 4.5°. 28. log sin 27.45°. 43. logsin 12°12'12". 
14. logeos7.25°. 29. log tan 56.35°. 44. log cos 77° 47' 48" 
15. logtan9.75°. 30. log cos 48.26°. 45. log tan 68° 6! 43", 


Find the value of x, given the following logarithms, each of which 
ts 10 too large: 


46. log sin x = 9.11570. 59. log sinxw = 9.53871. 

47. log sina = 9.72843. 60. log sin x = 9.72868. 

48. log sin x = 9.93053. _ 61. log sin x = 9.88150. 

49. log sina = 9.99866. 62. logsina = 9.89530. 
50. log cos = 9.99866. __88. log cos « = 9.90151. 
51. log cos x = 9.93053. 64. log cos x = 9.80070. 

52. log cosa = 9.71705. 65. log cos x = 9.99483. 

53. log cos x = 9.803820. 66. log tana = 9.18854. 
54. log tanz = 9.90889. 67. log tanz = 10.18750. 

55. log tanz = 10.30587. 68. log tanw = 10.06725. 

56. log tanw = 10.64011. “69. log cot x = 10.10134. 

B7. log cote = 9.28865. “70. log cota = 11.44442, 


—~b8. log cot x = 9.56107. ~71. log cot x = 7.49849-—— 


CHAPTER IV 
THE RIGHT TRIANGLE 


63. Given an Acute Angle and the Hypotenuse. In § 30 the solution 
of the right triangle was considered when an acute angle and the 
hypotenuse are given. We may now consider this case and the follow- 
ing cases with the aid of logarithms. For example, 
given A= 34° 28', c=18.75, find B, a, and 0. 
EB = 90° — A= 55° 32'. 





2. = sin A; ..a=csin A. 
b 
3. 508A; «6 = ocos A. A b. 
loga = loge + log sinA ; log 6 = log ¢ + log cos A 
loge = 1.27300 ~ loge = 1.27300 
log sin A = 9.75276 —10 log cos A = 9.91617 —10 
log a = 1.02576 log 6 = 1.18917 
7. @ = 10.611 ..b = 15.459 
= 10.61 = 15.46 


Check. 10.612 + 15.46? = 351.58, and 18.75? = 351.56, 


This solution may be compared with the one on page 35. In this case there 
is a gain in using logarithms, since we avoid two multiplications by 18.75. 

The result is given to four figures (two decimal places) only, the length of ¢ 
having been given to four figures (two decimal places) only, and this probably 
being all that is desired. In general, the result cannot be more nearly accurate 
than data derived from measurement. 


Consider also the case in which A= 72° 27! 42", ¢ =147.35, to 
find B, a, and 6 as above. 


log a = log c¢ + log sin A log 6 = loge + log cos A 
log ¢ = 2.16835 log c = 2.16835 

log sin A = 9.97933 —10 log cos A = 9.47906 — 10 
log a = 2.14768 log 6 = 1.64741 
“. a= 140.50 . b= 44.403 


Check. What convenient check can be applied in this case ? 
63 
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® 
64. Given an Acute Angle and the Opposite Side. For example, given 
A= 62° 10', a = 78, find B, d, and e. 
1. B= 90° —A= 27° 50’. 


2. -=cotA; ..b=acotd. 


3. > = snl; 


Celt Qe cs 








“.@=csind, ande=——- 
sin A 


log 6 = log a + log cot A 
log a = 1.89209 

log cot A = 9.72262 —10 
log 6 = 1.61471 


log ¢ = log a + colog sin A 
log a = 1.89209 


colog sin A = 0.05340 





log ¢ = 1.94549 


“2b = 41.182 .¢ = 88.204 
= 41.18 = 88.20 
Check. 88.202 — 41.18? = 6083+, and 78? = 6084. 
This solution should be compared with the one given in § 31, page 35. It will © 
be seen that this is much shorter, especially as to that part in which ¢ is found. 


The difference is still more marked if we remember that only part of the long 
division is given in § 31. 


65. Given an Acute Angle and the Adjacent Side. For example, 
given A= 50° 2!, b = 88, find B, a, and e. 


1, B= 90° —A= 39° 58!. B 
2. 5 = tan ; v.a=b tan. 
c 

a 

3. Sahay 
c 

ge? 
0 = ¢c0s A, and Cad a ae 


log a = logé + log tan A log c = log 6 + colog cosA 


logd= 1.94448 
log tan A = 10.07670 —10 
loga = 2.02118 


.@ = 105.00 


Check. 1872 — 105? = 7744, and 88? = 7744. 


log b = 1.94448 


colog cos A = 0.19223 





log ¢ = 2.13671 
2s ¢ = 137.00 


This solution should be compared with the one given in § 32, page 36. Here 
again it will be seen that a noticeable gain is made by using logarithms, partic- 


ularly in finding the value of ¢ 
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66. Given the Hypotenuse and a Side. For example, given a = 47. 55, 
c= 58.4, find A, B, and 0. 


1. sind =~ 
c 
2. B= 90° —A. 
b 
3. —-=cotA; ..b=acotA. 


a 





We could, of course, find 6 from the equation b = V(c + a)(¢ —a), as in 
§ 38, page 36. By taking 6 = a cot A, however, we save the trouble of first find- 
inge+aandc—a. 


log sin A = loga + cologe /log b = log a + log cot A 
log a = 1.67715 5 uf log a = 1.67715 
colog.c = 8.23359 — 10 ‘log cot A = 9.85300 —10 
log sin A = 9.91074 —10 \ logé = 1.53015 
*, A= 54° 31! \,.°. 6 = 33896 
+, B=. 35° 29! = 33.90 


Check. 58.42 —33.92 = 22614, and 47.552 — 22614. 
This solution should be compared with the one given in § 38, page 36. 


67. Given the Two Sides. For example, given a= 40, b= 27, find 
A, B, and e. 





1. tan A= — = 
2. B= 90° — 
Oe at 
Gy 
3. —-=sinA; 3 
c 
A,andc= oe A c 
*@=c sinA, and.e = Pee b= 
log tan A= loga + colog 6 loge = loga + colog sin A 
loga = 1.60206 log a = 1.60206 
colog= 8.56864 —10 colog sin A = 0.08151 
log tan A = 10.17070 —10 log ¢ = 1.68357 
ic A =D? DO! -". ¢ = 48.258 
*. B= 34° 1! = 48.26 


Check. 272 + 40? = 2329, and 48.26? = 2329 +. 


This solution should be compared with the solution of the same problem given 
in § 34, page 87. There is not much gained in this particular example because 
the numbers are so small that the operations are easily performed. 
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68. Area of a Right Triangle. The area of a triangle is equal to one 
half the product of the base by the altitude; therefore, if a and 6 
denote the two sides of a right triangle and S the area, then S=3 ad. 

Hence the area may be found when a and 6 are known. 

Consider first the case in which an acute angle and the hypotenuse 
are given. For example, let A= 34° 28' and c=18.75. Then, finding 
log a and log ®d as in § 63, we have 

log S = colog 2 + loga + logd 
colog 2 = 9.69897 — 10 
log a = 1.02576 
log 6 = 1.18917 
log s = 1.91390 
.. S = 82.016 
= 82.02 


Next consider the case in which the hypctenuse and a side are 
given. For example, let c= 58.4 and a = 47.55. Then, finding logd 
as in § 66, we have 

log S = colog 2 + log a + logd 
colog 2 = 9.69897 — 10 
log a = 1.67715 
log 6 = 1.53015 
log S = 2.90627 
*. S = 805.88 
= 805.9 


Finally, consider the case in which an acute angle and the opposite 
side are given. For example, let A= 62°10’ and a= 78. on 
finding log é as in § 64, we have 

log S = colog 2+ loga + logd 
 colog 2 = 9.69897 —10 
log a = 1.89209 
logé = 1.61471 
log S='3.20077 0. 6 


S = 1606.1 
= 1606 


We can easily verify this result, since, from § 64, a= 78 and b= 41.18; 
whence } ab = 1606, to four significant figures. 

The case of an acute angle and the opposite side is treated in § 64; that of 
an acute angle and the adjacent side in § 65; and that of the two sides in § 67, 


Using logarithms, solve the following right triangles, finding the 
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Exercise 31. The Right Triangle 


67 


sides and areas to four figures, and the angles to minutes : 


loa = 6, e=\12. 
2. b=, A= 60°. 
ga ==3, A=30°, 
a 4, (aan 
5. a= 2, €= 2.89. 
6. ¢=627, A= 23° 30!. 
7. ©= 2280, A= 28° 5’. 
8. ¢= 72.15, A=39°34" 
9, a= 1, pens 
10:6 = 200, - ‘B= 21°47" 
1 ¢= 9384, (B= 76° 25'. 
2 a = 637, A= 4° 35! 
FFAs. a = 48.53, A= 36° 44 
\ 14, a= 0.008, A= 86°. 
fA. b= 50.94, B= 43° 48), 


16. b= 2, 
17. a= 992, 
18. a= 73, 
19, @ == 2.189, 
20. b= 4, 
21, c= 8590, 
22. c= 86.53, 
#23, c= 9.35,F 
PRA. -c = 2194 
25. c= 30.69, 
26. a = 38.31, 
27. a = 1.229, 
. capes. a = 415.3, 
29. a= 13.69, 
30. c= 91.92, 


B= 3°38". 

B= fO° 19" 

B= 68° 52’. 

B= 45° 25" 

A= 87° 56. 

a= 4476. 

@ = 71.78. 

a = 8.49. 

a= 1312.7. 

6 = 18.25. 

6 = 19.52. 

6 = 14.95. 

6 = 62.08. 
= 16.92. 

C2 NO} 


Compute the unknown parts and also the area, having given: 


31. 
- 382. 
33. 
34. 
35. 


41. 
42. 
43. 
44. 
45. 
46. 
47. 


49. Find the two acute angles of a right triangle if the hy pote- 


a= 5, = 6. 

a= 0016, c= 70. 

b =V2, c=N3. 
faa A= 18° 14' 
b= 2, A =| 29° 8". 


36. 
37. 


38. 


i 39. 
40. 


c = 68, 
C= Zs 
a= 47, 

= 9, 
c = 8.462, 


Find the value of S in terms of ¢ and A. 


Find the value of S in terms of a and A. 
Find the value of S in terms of 6 and A. 
Find the value of S in terms of a and e. 


A= 69° 54". 
B=Aa® Al, 
B= 48° 49’: 
B= 384° 44', 
B= 86° 4!. 


Given S = 58 and a = 10, solve the right triangle. 


Given S = 18 and 6 = 5, solve the right triangle. 
Given S =12 and A = 29°, solve the right triangle. 
48. Given S = 98 and ¢ = 22, solve the right triangle. 


nuse is equal to three times one of the sides. 


3.411 


v 


ew: 
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50. The latitude of Washington is 388° 55' 15" N. Taking the 
radius of the earth as 4000 mi., what is the radius of the circle 
of latitude of Washington? What is the circum- ‘ 
ference of this circle ? Ww 

In all such examples the earth will be considered as E Q 
a perfect sphere with the radius as above given, unless 
the contrary is stated. For more accurate data consult 
the Table of Constants. : 

51. What is the difference between the length of a degree of lati- 
tude and the length of a degree of longitude at Washington ? 

“Dr se the data given in Ex. 50. 


52. From the top of a mountain 1 mi. high, overlooking the sea, 
~-an observer looks toward the horizon. What is the angle of depres- 

sion of the line of sight ? i 

In the figure the height \of- the wmmountainvis necessarily 
exaggerated. The angle is so small that the result can be 
found by five-place tables only between two limits which 
differ by 3’ 40”. 

53. Ata horizontal distance of 120 ft. from the 
foot of a steeple, the angle of elevation of the top is found to be 
60° 30'. Find the height-of the steeple above the instrument. 


54. From the \top of a rock which rises vertically 326 ft. out of 
the water, the angle’ of depression of a boat is found to be 24°. 
Find the distance of the boat from the base of the rock. 


vt. How far from the eye is a monument ‘on a level plain if the 
height of the monument is 200 ft. and the angle of elevation of 


wo? is 3°30'?. Sl ehiN 

56. A distance AB of 96 ft. is measured along the bank of a river 
from a point A opposite a tree C on the other bank. The angle ABC 
is 21° 14'. Find the breadth of the river. 


57. What is the angle of elevation of an inclined plane if it rises 
1 ft. in a horizontal distance of 40 ft.? 


58. Find the angle of elevation of the sun when a tower 120 ft. 
high casts a horizontal shadow 70 ft. long. 


59. How high is a tree which casts a horizontal shadow 80 ft. in 
length when the angle of elevation of the sun is 50° ? 


60. A rectangle 7.5 in. long has a diagonal 8.2 in. long. eet 
angle does the diagonal make with the base? 
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61. A rectangle 83 in. long has an area of 49} sq. in. Find the 
angle which the diagonal makes with the base. 
it 62. The length AB of a rectangular field ABCD is 80rd. and the 
width AD is 60rd. The field is divided into two equal parts by a 
straight fence PQ starting from a point P on AD which is 15rd. 
-from A. What angle does PQ make with AD? 


83. A ship is sailing due northeast at the rate of 10 mi. an hour. 
Tind the rate at which she is moving due north, and also due east 
-64. If the foot of a ladder 22 ft. long is 11 ft. from 
a house, how far up the side of the house does the lad- 


der reach ? ae 


es. In front of a Window 20 ft. from the ground there sy 
is a flower bed 6 ft. wide and close to the house. How 

long is a ladder which will just reach from the outside 

edge of the bed to the window? u 


66. A ladder 40 ft. long can be so placed that it will reach a win- 
dow 33 ft. above the ground on one side of the street, and by tipping 
it back without moving its foot it will reach a window 21 ft. above 
the ground on the other side. Find the width of the street. 


67. From the top of a hill the angles of depression of two suc- 
cessive milestones, on a straight, level road leading to the hill, 
are 5° and 15°. Find the height of the hill. 

68. A stick 8 ft. long makes an angle of 45° with 
the floor of a room, the other end resting against the 
wall. How far is the foot of the stick from the wall? 


69. A building stands on a horizontal plain. 

The angle of elevation at a certain point on the 
plain is 30°, and at a point 100 ft. nearer the A 
building it is 45°. How high is the building ? 
L170. From a certain point on the ground the angles of elevation 
of the top of the belfry of a church and of the top of the steeple 
are found to be 40° and 51° respectively. From a point 300 ft. fur- 
ther off, on a horizontal line, the angle of elevation of the top of 
the steeple is found to be 33° 45’. Find the height the top of the 
steeple above the top of the belfry. 





er. The angle of elevation of the top C of an inaccessible fort 
observed from a point A is 12°. At a point B, 219 ft. from A and 
on a line AB perpendicular to AC, the angle ABC is 61° 45’, Find 
the height of the fort. 
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69. The Isosceles Triangle. Since an isosceles triangle is divided 
by the perpendicular from the vertex to the base into two congruent 
right triangles, an isosceles triangle is determined by any two parts 
which determine one of these right triangles. 
In the examples which follow we shall represent the parts of the 
isosceles triangle ABC, among which the altitude CD is included, 


as follows : 
a = one of the equal sides, 


c = the base, ¢ ¢ 
h = the altitude, 
A= one of the equal angles, 
C= the angle at the vertex. 4 e 

For example, given a and ¢, Snd 4, C, 

and h. 
1. cosd = 25a. Aa AC: Pe aes 
; @ “2a 


2. C+2A = 180°; ... C=180° — 2A = 2(90° — A). 
3. h may be found by any one of the following equations : 


W+4ie=a’, 
whence h=V(at+ $e)(a— $e); 
or “ = sin A, whence h = asin; 
h 

or i = tanA, whence A = }ctanA. 

When ¢ and / are known, the area can be found by the formula 

: S=t}ch 

That is, S=t}e-asinA=lLacsind, 
or S=}c-}ctanA=j¢ tan, 
or S= }evVv(at $e)(a— fo). 


Consider also the case in which a and f are given, to find A, C, 
e, and S. 


h ; 
1. sn A= o and hence A is known. 
2. C = 2(90° — A), as above, and hence C is known. 
3. $c =acosA, and hence ¢ is known. 
4. S=4ch, and hence S is known. 


We can also find S from any of its other equivalents, such as those given 
above, or a? sin 3 O sin A, each of which is easily deduced. 
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Exercise 32. The Isosceles Triangle 


Solve the following isosceles triangles : 
1. Given a and A, find C, ¢, and A. 
. Given a and C, find 4, c, and A. ie — 
. Given ¢ and A, find C, a, and Be 
. Given cand C, find A, a, and h. oe 
. Given / and A, find C, a, and e. 
. Given / and C, find A, a, and ¢. 
Given a and A, find A, C, and e. 
. Given cand h, find A, C, and a. 
. Given @¢ = 14.3, c = 11, find A,. C, and A. 
. Given a = 0.295, A = 68° 10', find ¢, h, and S. 
. Given c = 2.352, C = 69° 49’, find a, h, and S. 
. Given h = 7.4847, A = 76° 14’, find a, c, and S. 
. Given ¢ = 147, S = 2572.5, find A, C, a, and h. 
. Given h = 16.8, S = 43.68, find A, C, a, and c. 
15. Given a = 27.56, A= 75° 14’, find ¢, h, and S. 
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Given an isosceles triangle, ABC: 

16. Find the value of S in terms of a and C. 

17. Find the value of S in terms of a and A. 

18. Find the value of S in terms of h and C. 
19. A barn is 40 ft. by 80 ft., the pitch of the roof is 45°; find 
the length of the rafters and the area of the whole roof. 


20. In a unit circle what is the length of the chord subtending © 


the angle 45° at the center ? 

21. The radius of a circle is 30 in., and the length of a chord is 
44 in.; find the angle subtended at the center. 
& 2. Find the radius of a circle if a chord whose length is 5 in. 
subtends at the center an angle of 133°. 

23. What is the angle at the center of a circle if the subtending 
chord is equal to 2 of the radius ? 

24. Find the area of a circular sector if the radius of the circle is 
12 in., and the angle of the sector is 30°. 

25. Find the tangent of the angle of the slope of an A-roof of a 
building which is 24 ft. 6 in. wide at the eaves, the ridgepole being 
10 ft. 9 in. above the eaves, 


) 
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70. The Regular Polygon. We have already considered a few cases 
involving the regular polygon. It is evident from geometry that if 
the polygon shown below has n sides, the angle of the right triangle - 
which has its vertex at the center is equal to 4 of 360°/n, or 180° /n. 
The triangle may evidently be solved if the radius of the circum- 
scribed circle (r), the radius of the inscribed circle (4), or the side of 
the polygon (c) is given. 

In the exercises we shall let 

“” = number of sides, 

c = length of one side, 

y = radius of circumscribed circle, 
h = radius of inscribed circle, 

p = the perimeter, 

S = the area. 





Then, by geometry, 
S=thp. 


Exercise 33. The Regular Polygon 


Find the remaining parts of a regular polygon, given: 
1. n=10,c=1. '3. n= 20, r= 20. 5. n=11, S= 20. 
2 ea Oy 4.8; deeds Ql, Sele 
7. The side of a regular inscribed hexagon is 1 in.; find the side 
of a regular inscribed dodecagon. 
8. Given m and ec, and represent by 6 the side of the regular 
inscribed polygon having 2 n sides, find 6 in terms of m and ec. 
9. Compute the difference between the areas of a regular octagon 
and a regular nonagon if the perimeter of each is 16 in. 
10. Compute the difference between the perimeters of a regular 
pentagon and a regular hexagon if the area of each is 12 sq. in. 
11. Find the perimeter of a regular dodecagon circumscribed about 
a circle the circumference of which is 1 in. 
12. What is the side of the regular inscribed polygon of 100 sides, 
the radius of the circle being unity ? What is the perimeter ? 
13. What is the perimeter of the regular inscribed polygon of 
360 sides, the radius of the circle being unity ? 
14. The area of a regular polygon of twenty-five sides is 40 sq. in; 
find the area of the ring included between the circumferences of the 
inscribed and circumscribed circles. 
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Exercise 34. Review Problems 


id, 1. Prove that the area of the parallelogram here shown is equal 
.ab sin A. D 






2. Two sides of a parallelogram are 5 in. and 
in. respectively, and their included angle is 
82° 45'. What is the area? 


3. Two sides of a parallelogram are 9 ft. 4 Gl 
and 12 ft. respectively, and their included angle is 74.5°. What is 
the area ? 


4. Each side of a rhombus is 7.35 in., and one angle is 42° 27'. 
What is the area? 

5. The area of a rhombus is 250 sq. in., and one of the angles 
is 37° 25’. What is the length of each side? 

6. A pole BD stands on the top of a mound BC. 
From a point. A the angles of elevation of the top and 
foot of the pole are 60° and 30° respectively. Prove 
that the height of the pole is twice the height of the 
mound. 

te7. A ladder 38 ft. long is resting against a wall. The foot of the 
ladder is 7 ft. 2 in. from the wall. What is the height of the top of 
the ladder above the ground ? 
+4 8. From a boat 1325 ft. from the base of a vertical cliff the angle 
_ of elevation of the top of the cliff is observed to be 14° 30’. Find 
the height of the cliff. 

9. On the top of a building 50 ft. high there is a flagstaff BD. 
From a point A on the ground the angles of elevation of B and D 
are 30° and 45° respectively. Find the length of 
the flagstaff and the distance AC of the observer 
from the building, as shown in the annexed figure. 


50+ y 
x 


A 


Since op = tan 30° and = tan 45°, a can evidently 
x 





be eliminated. 

10. A man whose eye is 5 ft. 8 in. above the ground stands midway 
between two telegraph poles which are 200 ft. apart. The elevation 
of the top of each pole is 48° 50’. What is the height of each ? 

11. The captain of a ship observed a lighthouse directly to the , 
east. After sailing north 2\mi. he observed it to lie 55° 30' east of ~ 
south. How far was the ship from the lighthouse at the time of each 
observation ? 
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12. A leveling instrument is placed at A on the slope MN, and the 
line M'N' is sighted to two upright rods. By measurement MM" is 
found to be 12.8 ft., NN’ to be 3.4 ft., and M’'N’ to uw! w’ 
be 48.3 ft. Required the angle of the slope of MN VW 
and the distance MN. 

13. A wire stay is fastened to a telegraph pole 6.8 ft. from the 
ground and is stretched tightly so as to reach the ground 5.2 ft. from 
the foot of the pole. What angle does the wire stay make with 
the ground ? 

14, The top of a conical tent is 8 ft. 7 in. above the ground, and 
the diameter of the base is 9 ft. 8 in. Find the inclination of the 
side of the tent to the horizontal. Check the result by drawing the 
figure to scale and measuring the angle with a protractor. 





"15. In this piece of iron construction work BC =11 in. and 

AB makes an angle of 30° with BC. What is the length of AC? 

16. In Ex. 15 it is also known that BE and CD 
are each 9 in. long and make angles of 60° with BC 
produced. What is the length of ED? 

17. From the conditions given in Ex. 16, find the 
length of CF. 

18. The base of a rectangle is 148 in. and the diag- 
onal is 19} in. What angle does the diagonal make with the base ? 
Check the result by drawing the figure to scale and measuring the 
angle with a protractor. 





19. In constructing the spire represented in the figure below it is 
planned to have AB= 42 ft. and PM=92 ft. What angle of slope 
must the builders give to AP? 

20. In Ex. 19 find the length of AP and find the 
angle P. 

21, In the figure of Ex. 19 the brace CD is put in 
38 ft. above AB. What is its length ? 





standing on the ground at a distance of 400 ft. from the 
base of the tower observes the angle of elevation of P to be 25° 38', 
the instrument being 5 ft. above the ‘ground. What is the height of 
P above the ground ? 


23. When the angle of elevation of the sun is 38.4°, what is the 
length of the shadow of a tower 175 ft. high ? 


THE RIGHT TRIANGLE 5 


24. Two men, M and N, 3200 ft. apart, observe an aeroplane A 
at the same instant, and at a time when the plane MWA is vertical. 
The angle of elevation at M is 41° 27' and the 


A 
angle at NV is 61° 42’. Required AB, the height of 
the aeroplane. 
Show that 2 cot 41°27’ + h cot 61° 42’ is known, whence 
h can be found. a B m 


25. A kite string 475 ft. long makes an angle of elevation of 
49° 40'. Assuming the string to be straight, what is the altitude 
of the kite? 


26. A steel bridge has a truss ADEF in which it is given that 
_AD=20Tt., BF= 6 ft. 8 in., and FE =12 ft., as 
shown in the figure. Required the angle of slope 
which AF makes with AD. ath 

27. Two tangents are drawn from a point P toa 
circle and contain an angle of 37.4°. The radius of the circle is 5 in. 
Find the length of each tangent and the distance of P from the center. 


E 


AB cD 


28. From the top of a cliff 95 ft. high, the angles of depression 
of two boats at sea are observed, by the aid of an instrument 5 ft. 
above the ground, to be 45° and 30° respectively. The boats are ina. 
straight line with a point at the foot of the cliff directly beneath the 
observer. What is the distance between the boats ? 


29. A carpenter’s square BCA is held against the vertical stick 
BD resting on a sloping roof AD, as in the figure. It is found 
that AC = 24 in. and CD=11.5 in. Find the 
angle of slope of the roof with the horizontal. 


30. In Ex. 29 find the length of AD. 


31. A man 6 ft. tall stands 4 ft. 9 in. from a 
street lamp. If the length of his shadow is 19 ft., 
how high is the light above the street ? 

32. The shadow of a city building is observed 
to be 100 ft. long, and at the same time the shadow 
of a lamp-post 9 ft. high is observed to be 5.2 ft. long. Find the 
angle of elevation of the sun and the height of the building. 


B 


D 


33. A man 5 ft. 10 in. tall walks along a straight line that passes 
at a distance of 2 ft. 9 in. from a street light. If the light is 9 ft. 
6 in. above the ground, find the length of the man’s shadow when 
his distance from the point on his path that is nearest to the lamp 
is 3 ft. 8 in. . 
wee a 
- ¢ 
4 
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34, A. man on a bridge 35 ft. anove a streain, using an instrument 
5 ft. high, sees a rowboat at an angle of depression of 27°30) 1° 
the boat is approaching at the rate of 23 mi. an hour, in how many 
seconds will it reach the bridge ? 


P 
35. A shaft O, of diameter 4 in., makes 480 revolutions \ 
Oy 


per minute. Ifthe point P aes on the horizontal line 04, 
how far is it above OA after ~, of a second? 


36. Assuming the earth to be a sphere with radius 3957 mi., find 
the radius of the circle of latitude which passes through a place in 
latitude 47° 27'10" N. 

37. When a hoisting crane AB, 28 ft. long, makes an angle of 
23° with the horizontal AC, what is the length of AC? Suppose 
that the angle CAB is doubled, what is then 
the length of AC ? 


38. In Ex. 37 find the length of BC in 
each of the two cases. A Oo 





39. Wishing to measure the distance AB, a man swings a 100-foot 
tape line about B, describing an arc on the ground, and then does the 


same about A. The arcs intersect at C, and the ¢ Bo 

angle ACB is found to be 32°10’. What is the WY 
YN 

length of AB? NN 


40. From the top of a mountain 15,250 ft. high, 4 


overlooking the sea to the south, over how many minutes of latitude 


can a person see if he looks southward ? Use the assumption stated 
in Ex. 36. 


41. The length of each blade of a pair of shears, from the screw 
to the point, is 51in. When the points of the open shears are 37 in. 
apart, what angle do the blades make with each other ? 


42. In Ex. 41 how far apart are the points when the blades make 
an angle of 28° 45' with each other ? 


43. The wheel here represented has eight spokes, 9 
each being 19 in. long. How far is it, from A to B? A 
from B to D? 


0 


_ 44, The angle of elevation of a balloon from a 

station directly south of it is 60° From a second station lying 
5280 ft. directly west of the first one the angle of elevation is 45°. 
The instrument being 5 ft. above the level of the ground, what is 
the height of the balloon ? 


CHAPTER V 
TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 


71. Need for Oblique Angles. We have thus far considered only 
right triangles, or triangles which can readily be cut into right tri- 
angles for purposes of solution. There are, however, oblique triangles 
which cannot conveniently be solved by merely separating them into 
right triangles. We are therefore led to consider the functions of 
oblique angles, and to enlarge our idea of angles so as to include 
angles greater than 180°, angles greater than 360°, and even negative 
angles and the angle 0°. 


72. Positive and Negative Angles. We have learned in algebra that 
we may distinguish between two lines which extend in opposite direc- 
tions by calling one positive and the other negative. 


For example, in the annexed figure we consider OX 
as positive and: therefore OX’ as negative. We also con- 
sider OY as positive and hence OY’ as negative. In gen- 
eral, horizontal lines extending to the right of a point 
which we select as zero are considered positive, and those 
to the left negative. Vertical lines extending upward from 
zero are considered positive, and those extending down- 
ward are considered negative. 





With respect to angles, an angle is considered positive if the rotat- 
ing line which describes it moves counterclockwise, that is, in the 


direction opposite to that taken by the hands of a B 

clock. An angle is considered negative if the rotat- 

ing line moves clockwise, that is, in the same se 

direction as that taken by the hands of a clock. Su 
Arcs which subtend positive angles are considered 'B 


positive, and arcs which subtend negative angles 
are considered negative. Thus ZAOB and arc AB are couicana 
positive; Z AOB' and are AB’ are considered negative. 


For example, we may think of a pendulum as swinging-through a positive 
angle when it swings to the right, and through a negative angle when it swings 
to the left. We may also think of an angle of elevation as positive and an angle 
of depression as negative, if it appears to be advantageons to do so in the solu- 
tion of a problem. 

7a 
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73. Coordinates of a Point. In trigonometry, as in work with 
graphs in algebra, we locate a point in a plane by means of its 
distances from two perpendicular lines. 

These lines are lettered XX’ and YY’, and their point of intersection O. 
The lines are called the axes and the point of intersection the origin. 

In some branches of mathematics it is more convenient to use oblique axes, 
but in trigonometry rectangular axes are 


used as here shown. Bas Lee? 
The distance of any point P from ae crea Se 
the axis XX', or the z-axis, is called 
the ordinate of the point. Its distance 
from the axis YY’, or the y-axis, is 
ealled the abscissa of the point. 


In the figure, y is the ordinate of P, and ee ata 
x is the abscissa of P. The point P is rep- erie AS Pope eee 
resented by the symbol (a, y). In the figure dese break abel ty alba 


the side of each small square may be taken 
to represent one unit, in which case P = (4, 3), because its abscissa is 4 and 
its ordinate 38. Following a helpful European custom, the points are indicated 
by small circles, so as to show more clearly when a line is drawn through them. 

The abscissa and ordinate of a point are together called the coordi- 


nates of the point. 





74. Signs of the Coordinates. From § 73 we see that abscissas to the 
right of the y-axis are positive ; abscissas to the left of the y-axis are 
negative ; ordinates above the x-axis are positive ; ordinates below the 
L-axis are negative. 

A point on the line YY’ has zero for its abscissa, and hence the abscissa may 


be considered as either positive or negative and may be indicated by + 0. Simi-. 
larly, a point on the line XX’ has + 0 for its ordinate. 


75. The Four Quadrants. The axes divide the plane into four parts 
known as quadrants. 

Because angles are generally considered as generated by the rotating line 
moving counterclockwise, the four quadrants are named in a counterclockwise 


order. Quadrant XOY is spoken of as the first quadrant, YOX’ as the second 
quadrant, X’OY’ as the third quadrant, and Y’OX as the fourth quadrant. 


76. Signs of the Coordinates in the Several Quadrants. From § 74 
we have the following rule of signs: 


In quadrant I the abscissa is positive, the ordinate positive ; 

In quadrant II the abscissa is negative, the ordinate positive ; 
In quadrant ITI the abscissa is negative, the ordinate negative ; 
In quadrant IV the abscissa is positive, the ordinate negative. 
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77. Plotting a Point. Locating a point, having given its coordi- 
nates, is called plotting the point. 


ACC ete 
craze] | | | tT | 
REaR 





For example, in the first of these figures the point (— 2, 4) is shown in 
quadrant II, the point (— 38, — 2) in quadrant III, and the point (1, — 1) in 
quadrant IV. 

-In the second figure the point (— 2, 0) is shown on OX’, between quad- 
rants II and III, and the point (1, 0) on OX, between quadrants I and IV. 

In the third figure the point (0, 1) is shown on OY, between quadrants I and II, 
and the point (0, — 3) on OY’, between quadrants III and IV. 

In every case the origin O may be designated as the point (0,0). 


78. Distance from the Origin. The coordinates of P being 2 and 
y, we may form a right triangle the hypotenuse of which is the 
distance of P from 0. 

Representing OP by r, we have 


p= Ver + y* 


Since this may be written r = + Vaer+y?, we see that, 
r may be considered as either positive or negative. It is 
the custom, however, to consider the rotating line which 
forms the angle as positive. If r is produced through O, 
the production is considered as negative. 





1. What is the distance of the point (3, 4) from the origin ? 
r= V8 + = V25 = 5. 

2. What is the distance of the point (— 3, — 2) from the origin ? 
r=V(— 3)? + (— 2? =V9 + 4=V13 = 3.61. 

3. What is the distance of the point (5, — 5) from the origin ? 
r= V8 + (— 5)? = V50 = 7.07. 

4. What is the distance of the point (— 2, 0) from the origin ? 
r=V(— 22+ 0 =Vv4=2, 


as is evident from the conditions of the problem. 


XN 
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Exercise 35. Distances from the Origin 


Using squared paper, or measuring with a ruler, plot the follow- 
ing points : 


1 (2,8). S68, 2). | 1b ee) 
2. (3, 5). 9, (a ara). We) 4, 8) eee ee: 
3(4,4). 10. (8, Do AGS P+ 24, — 2p), 
Oho). Uinta eg 25. (44, 0). 
RMR PAD). Was (22) 2) leer 0): 26. (54, 0). 
6. (43,44). 13. (—3,—5). 20. (0,—4). 27. (— 24, 0). 
1: (84,3). 140 (8, 8).. 21. — 2,0). 428: (3.0). 


Find the distance of each of the following points from the origin: 


29. (6,8). 32." (Ad, 2). 88. 12,5). Bano 
30.: (9,12). 33. (4, 1). 36. (— 38/4). 1 301 (pO). 
Bi (12). 84 Choy 37. (0, 0). 40. (—12,—9). 


_ 41, Find the distance from (3, 2) to (— 2, 3). 
42. Find the distance from (— 3, — 2) to (2, — 3). 

43. Find the distance from (4, 1) to (— 4, —1). 
44, Find the distance from (0, 3) to (— 3, 0). 

45. A point moves to the right 7 in., up 4 in., to the right 10 in, 
and up 182 in. How far is it then from the starting point? © 

46. A point moves to the right 9 in., up 5 in., to the left 4 in., and 
up 3in. How far is it then from the starting point ? 

47. Find the distance from (— 3, }-V3) to (4, — } V3). 

48, A triangle is formed by joining the points (1, 0), (— 3, 4 V3), 
and (— 4, — 1V3). Find the perimeter of the triangle. Draw the 
figure to scale. ‘ 


49. Find the area of the triangle in Ex. 48. 


50. A hexagon is formed by joining in order the points (1, 0), 
(4, 4 v3), (— 35 4-3), (—1, 0), (3 %) —4 v3), (4, at 4-V3), and 
(1, 0). Is the figure a regular hexagon? Prove it. 


51. A polygon is formed by joining in order the points (1, 0), 
(V2, 4-2), (0, 1), (—4$-V2, V2), (1, 0), (-4-V2, — 4-V2), 
(0, —1), (4 nV 2, teh 2); and (1,0). Draw the figure, state the kind 
of polygon, and find its area. 
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79. Angles of any Magnitude. In the following figures, if the rotat- 
ing line OP revolves about O from the position OX, in a counterclock- 
wise direction, until it again coincides with OX, it will generate all 
angles in every quadrant from 0° to 360°. 


The line OX is called the initial side of the angle, and the line OP the ter- 
minal side of the angle. 


An angle is said to be an angle of that quadrant in which its 
terminal side lies. 





Angles between 0° and 90° are angles of quadrant I. 
Angles between 90° and 180° are angles of quadrant II. 
Angles between 180° and 270° are angles of quadrant III. 
Angles between 270° and 360° are angles of quadrant IV. 


The rotating line may also pass through 360°, forming angles from 
360° to 720°. It may then make another revolution, forming angles 
greater than 720°, and so on in- 
definitely. 


For example, in using a screwdriver 
we turn through angles of 360°, 720°, 
1080°, and so on, depending upon the 
number of revolutions. Inthe same way, 
the minute hand of a clock turns through 8640° in a day, and the drive wheel 
of an engine may turn through thousands of degrees in an hour. 

We might, if necessary, speak of an angle of 400° as an angle of quadrant I, 
because its terminal side is in that quadrant, but we have no occasion to do so 
in practical cases. 





As stated in § 72, if the line OP is rotated clockwise, it generates 
negative angles. 


In this way we may form angles of — 40° or — 140°, as here shown, and the 
rotation may continue until we have angles of — 360°, — 720°, — 1080°, — 1440°, 
and so on indefinitely. 

We shall have but little need for the 
negative angle in the practical work 
of trigonometry, but we shall make ex- 
tensive use of angles between 0° and 
180°, and some use of those between 
180° and 360°. 
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80. Functions of Any Angle. Since we have now seen that we may 
have angles of any magnitude, it is necessary to consider their func- 
tions. Although we must define these functions anew, it will be 
seen that the definitions hold for the acute angles which we have 
already considered. 


Yeo! | 


fn 





In whatever quadrant the angle is, we designate it by A. We take 
a point P, or (a, y), on the rotating line, and let OP =r. Then the 
angle XOP, read counterclockwise, is the angle A. We then define 
the functions as follows : : 





ies ordinate aes 1 TS distance 
ee distance’ sind y ordinate’ 
Gores abscissa es aL oe distance 
a r distance’ ~ ecosA4 2 abscissa’ 
rai ordinate ie ta _« _ abscissa 
nae x abscissa,’ oo tand y _ ordinate 


It will be seen that these definitions are practically the same as those already 
learned for angles in quadrant I. Their application to the other quadrants 
is apparent. The general definitions might have been given at first, but this 
plan offers difficulties for a beginner which make it undesirable. 

By counting the squares on squared paper and thus getting the lengths of 
certain lines, the approximate values of the functions of any given angle may be 
found, but the exercise has no practical significance. The values of the functions 
are determined by series, these being explained in works on the calculus. 
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81. Angles determined by Functions. Given any function of an 
angle, it is possible to construct the angle or angles which satisfy 
the value of the function. 


1. Given sin A = 3, construct the angle A. 


If we take a line parallel to XX and 8 units above it, and then rotate a 
line OP, 5 units long, about O until P rests upon oa parallel, we shall have 
in the annexed figure 


OP =5, PQ=3, SPA Cee ee 


and likewise OP =5, P’Q’=3. Serene eS 
3 120) 

as : as = in quadrant I; i +4] Mbp let [Ie 

Se Ola e eee 31 

Sera. cea ras a 

7 


= » in quadrant IT- 
OP’ 





Then sin A = 





and Sina 
5 





In other words, we have constructed two angles, each of which has 3 for 
its sine. 

Furthermore, we could construct an infinite number of such angles, for we 
see that 360° + A terminates in OP and has the same sine that A has, and that 
the same may be said of 360° + A’, 720°+ A, 720°+ A’, 1080°+ A, and so on. 

In general, therefore, the angle n x 360° + A has the same functions as A, n 
being any integer. Hence if we know the value of any particular function of 
an angle, the angle cannot be uniquely determined ; that is, there is more than 

one angle which satisfies the condition. In general, as we see, an infinite number 
of angles will satisfy the given condition, although this gives no trouble because 
only two of these angles can be less than 360°. 


2. Given tan A = 3, construct the angle A. 


If we take an oe 4 and an ordinate 3, as in quadrant I of the figure, 
we locate the point (3, 4). Then angle XOP has for its tangent 3. But it is 
evident that we may also locate the point (— 3, — 4) in quadrant III, and thus 
find an angle between 180° and 270° whose tangent is 2. 


82. Functions found from Other Functions. Given any function of an 
angle, it is possible not only to construct the angle but also to find 
the other functions. 

For in Ex. 1 above, after constructing angles A and A’, we see that 











Pa beens 

5 3 

Ae 5 5 
ee aie 5 pCa ay =e 

3 3 Ao 
aa eye CONS Ole” 


That is, if sin. A = 3, then cosA = + #, tand =+ #, cscA = 3, secA =+ 3, 
and cot-A =-+ 4. 
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Exercise 36. Construction of Angles and Functions 


Using the protractor, construct the following angles : 

12°30". 4. 150°. te 2005. 10. 405°. 13. — 45°. 
2; 60°. 5. 180°. 8. 300°. 11. 450°. 14, — 90°. 
3. 80°. 6. 200°. 9. 360°. 12. 720°: 15. — 180°. 


State the quadrants in which the terminal sides of the following 
angles lie: : : 

16. 45°. 19. 150°. 22. 390°.47 | 25. 660°.-! 28.-930°. 

Tato. 20. 210°. 23. 495°. * 26. 765°. 29, 990°. 

18. 120°. » 21. 315°./4 24, 570°. 27. 820°. 30, 1080°. 


Construct two angles A, given the following : 


31, sin. A = 4. ~ 36. sin A=— 3. 41. sin A=—1. 
32. cos A= 4. _ 37. cos A=— 4. 42. coos A=—1. 
33. tandA= $4. | “3s. tan A =— 2. 43, tanA=—l, — 
34. cot A= ft. ™%B9. cot A=— 4%. °« 44. cot A=—1. 
35. sec A= 2. 40. secA=— 1. 45. sec A =— 2. 


Given the following functions of angle A, construct the other | 
functions : 


46. sin A= 2. 51. sin A =— ¢. 56. sin A=— 4. 
47. cos A= 3. 52. cos A=—1. ‘57. cos A = — §. 
48. tan A = . '. 53, tanA= — 3%. 58. tan A =— ¢. 
49. cot A= 3.  -B4, sec A =— 2. 59. cot A=— 4. 
.50. csc A = 3. 55. csc A=—1. 60. sec A=— 24. 


61. If tand=V2, show that cot A is half as large. What are the 
values of sin A, cos A, secA, and esc A ? 


O 
62. The product 2 sin 45° cos 45° is equal to the 
: M 
sine of what angle? 
63. The product 2 sin 30° cos 30° is equal to the 
B 


sine of what angle ? 
64. To the diagonal AC of a square ABCD a perpendicular 4M 
is drawn. Find the values of the six functions of angle BAM, 
65. In the figure of Ex. 64, suppose 4M rotates further, until it 
is in line with BA. What are then the six functions of angle BAM? 
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- $3. Line Values of the Functions. As in the case of acute angles 
($ 22) we may represent the trigonometric functions of any angle 
by means of lines in a circle of radius unity. 
Thus in each of the following figures 
sin « = MP, tana = AT, sec x= 07, 
cos x = OM, cot x =BS, est x = OS. 





By examining the figures we see that 
In quadrant I all the functions are positive ; 
In quadrant II the sine and cosecant only are positive ; 
In quadrant III the tangent and cotangent only are positive ; 
In quadrant IV the cosine and secant only are positive. 


It will be seen as we proceed that the laws and relations which 
have been found for the functions of acute angles hold for the fune- 
tions of angles greater than 90°. For example, it is apparent from 
the above figures that, in every quadrant, 


Ue OM = OP = 1, 





and hence that — sin?4 + cos?4 =1, 
as shown in §14. It is also evident that 
; AT _ MP 
tom’ 
sin A 
and henee that tan A = = 
cos A 


Other similar relations are easily proved by reference to the figures. 
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84. Variations in the Functions. A study of the line values of 
the functions shows how they change as the angle increases from 
0° to 360°. 

1. The Sine. In the first quadrant the sine MP 
is positive, and increases from 0 to 1; in the 
second it remains positive, and decreases from 
1 to 0; in the third it is negative, and increases 
in absolute value from 0 to 1; in the fourth it 
is negative, and decreases in absolute value from 
1 to 0. The absolute value of the sine varies, 
therefore, from 0 to 1, and its total range of values is from +1 to —1. 


In the third quadrant the sine decreases from 0 to —1, but the absolute value 
(the value without reference to its sign) increases from 0 to 1, and similarly 
for other cases on this page in which the absolute value is mentioned. 





2. The Cosine. In the first quadrant the cosine OM is positive, 
and decreases from 1 to 0; in the second it becomes negative, and 
increases in absolute value from 0 to 1; in the third it is negative, 
and decreases in absolute value from 1 to 0; in’the fourth it is 
positive, and increases from 0 to 1. The absolute value of the 
cosine varies, therefore, from 0 to 1. 

3. The Tangent. In the first quadrant the tangent AT is positive, 
and increases from 0 to «©; in the second it becomes negative, and 
decreases in absolute value from to 0; in the third it is positive, 
and increases from 0 to co; in the fourth it is negative, and decreases 
in absolute value from to 0. 

4. The Cotangent. In the first quadrant the cotangent BS is posi- 
tive, and decreases from o to 0; in the second it is negative, and. 
increases in absolute value from 0 to o ; in the third and fourth quad- 
rants it has the same sign, and undergoes the same changes as in the 
first and second quadrants respectively. The tangent and cotangent 
may therefore have any values whatever, positive or negative. 

5. The Secant. In the first quadrant the secant OT is positive, and 
increases from 1 to «©; in the second it is negative, and decreases in 
absolute value from o to1; in the third it is negative, and increases 
in absolute value from 1 to 0 ; in the fourth it is positive, and decreases 
from oo to 1. 

6. The Cosecant. In the first quadrant the cosecant OS is positive, 
and decreases from oo to 1; in the second it is positive, and increases 
from 1 to «©; in the third it is negative, and decreases in absolute 
value from o to 1; in the fourth it is negative, and increases in 
absolute value from 1 to o. 
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It is evident, therefore, that the sine can never be greater than 1 
nor less than — 1, and that it has these limiting values at 90° and 
270° respectively. We may also say that its absolute value can never 
be greater than 1, and that it has its limiting value 0 at 0° and 180°, 
and its limiting absolute value 1 at 90° and 270°. 

If we have an equation in which the value of the sine is found to be greater 
than 1 or less than — 1, we know either that the equation is wrong or that an 
error has been made in the solution. 

Of course the values of the functions of 360° are the same as those of 0°, 


since the moving radius has returned to its wee position and the initial and 
terminal sides of the angle coincide. 


In the same way, the absolute value of the cosine cannot be greater 
than 1, and it has its limiting value 0 at 90° and 270°, and its limit- 
ing absolute value 1 at 0° and 180°. Similarly we can find the 
limiting values of all the other functions. ’ 


For convenience we speak of o as a limiting value, although the function 
increases without limit, the meaning of the expression in this case being clear. 


Summarizing these results, we have the following table : 


Funstion 


Sine 
Cosine. 


Tangent 
Cotangent 
Secant 
Cosecant 








Sines and cosines vary in value from +1 to—1; tangents and cotangents, 
from + © to—o ; secants and cosecants, from + o to + 1, and from — 1 to—o 

In the table given above the double sign + or + is placed before 0 and o. 
From the preceding investigation it appears that the functions always change 
sign in passing through O or through  ; and the sign + or + prefixed to 0 or 
simply shows the direction from which the value isreached. For example, at 0° 
the sine is passing from — (in quadrant IV) to + (in quadrant I). At 90° the 
tangent is passing from + (in quadrant I) to — (in quadrant IT). 


85. Functions of Angles Greater than 360°. The functions of 360° + x 
are the same in sign and in absolute value as those of a. Ifmisa 
positive integer, 

The functions of (n x 360° + x) are the same as those of x. 


For example, the functions of 2200°, or 6 x 360° + 40°, axethe same in sign 
and in absolute value as the functions of 40°. 
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Exercise 37. Variations in the Functions 


Represent the following functions by lines in a untt cirele: 


. sin 135°. 7. sin210°. 13. sin300.. 19. sin 270°. 
. cos 120°. 8. cos 225°. 14. cos 315°. 20. cos 180°. 
. tan 150°. 9. tan 240°. 15. tan 330°. 21. tan 180°. 


. cot 135°. 10. cot 210°. 16. cot 300°. 22. cot 270°. 
. sec 120°. 11. sec 225°. 17. sec 315°. 23. sec 180°. 
6. csc 150°. 12. esc 240°. 18. esc 330°. 24. esc 270°. 


o FP © wD 


25. Prepare a table showing the signs of all the functions in 
each of the four quadrants. 

26. Prepare a table showing which functions always have the 
minus sign in each of the four quadrants. 


- 


Represent the following functions by lines in a unit circle: 


27. sin 390°. 30. cos 390°. 33. sin 460°. 36. tan 475°. 
28. tan 405°. 31. cot 405°. 34. sin570°. #87. sec 705°. 
29. sec 420°. 32. esc 420°. 35. sin 720°. 38. esc 810°. 


Show by lines in a unit circle that: 


39. sin 150° = sin 30°. 45. tan 120° = — tan 60°. 
40. cos 150° = — cos 30°. 46. cot 120° =— cot 60°. 
41. sin 210° =— sin 30°. 47. tan 240° = tan 60°. 
“42. cos 210° =— cos 30°. 48. cot 240° = cot 60°. 
43. sin 330° =— sin 30°. 49. tan 300° =— tan 60°. 
44. cos 330°= cos 80°. 50. cot 300° =— cot 60°. 


51. Write the signs of the functions of the following angles: 
340°, 239°, 145°, 400°, 700°, 1200°, 3800°. : 

52. How many values less than 360° can the angle x have if 
sinz =+ $,and in what quadrants do the angles lie? Draw a figure. 
“53. How many values less than 720° can the angle x have if . , 
cos x =-+ 2, and in what quadrants do the angles lie? Drawa figure—|2 

54. If we take into account only angles less than 180°, how many 
values can « have if sna=$? if cosa=}? if cosx=— $? if 
tanx=3? ifcotx=—7? * 

55. Within what limits between 0° and 360° must the angle = lie 
if cosa =— 2? if cotx=4? if seca = 80? if escx =— 3? 
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56. Why may cot 360° be considered as either + « or —«? 


57. Find the values of sin 450°, tan 540°, cos 630°, cot 720°, sin 810°, 
esc 900°, cos 1800°, sin 3600°. 


58. What functions of an angle of a triangle may be negative ? 
In what cases are they negative ? 


59. In what quadrant does an angle lie if sine and cosine are both 
negative? if cosine and tangent are both negative ? 


60. Between 0° and 3600° how many angles are there whose sines 
have the absolute value 3? Of these sines how many are positive ? 


Compute the values of the following expressions : 
_ 61. asin 0° + d cos 90° — c tan 180°. 
62. acos 90° — d tan 180° + ec cot 90°. 
63. asin 90° — 6 cos 360° + (a — 6) cos 180°. 
‘64. (a? — 0) cos 360° — 4.ab sin 270° + sin 360°. 
$65. (a + B*) cos 180° + (a? + 4%) sin 180° + (a? + 2) tan 135°. 
166. (a? + 2ab + 6?) sin 90° + (a? — 2ab + 6°) cos 180° — 4a6 tan 225°. 
‘67. (a —b +c — d)sin 270°—(a — b + ¢—d)cos 180° + a tan 360°. 


State the sign of each of the six functions of the following angles : 


68. 75°. 70. 155°. 72. 275°. 74, 355°. 
69. 125°. | 71. 185°. 73, 325°. 75. — 65°. 
Find the four smallest angles that satisfy the following conditions : 
76. sin A = 4. 78. sind =4-V3. 80. tand=4vV3. 
17. cos A= V3. 79. cosA = 4. 81. tand = V3. 
Find two angles less than 360° that satisfy the following conditions: 
82. sin A =— 4. 84. snd=—4V2. 86. tandA=—1. 
83. cosA=— 4. 85. cos A = — 4 V2. 87. cot A=—1. 


Tf A, B, and C are the angles of any triangle ABC, prove that : 
88. cosfA=sin4(B+C). 90. cos$B=sin}(A + C). 
89. sin¢C=cos4(A + B). 91. sind A= cos$(B+C). 


As angle A increases from 0° to 360°, trace the changes in sign 
and magnitude of the following : 

92. sin A cosA. 94. sin A — cosA. 96. tan A + cotA. 

93. sinA+ cosA. 95. sinA+ cosA. 97. tan. A — cota. 
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86. Reduction of Functions to the First Quadrant. In the annexed 
figure BB’ is perpendicular to the horizontal diameter AA', and the 
diameters PR and QS are so drawn as to B 
make ZAOP= ZSOA. It therefore fol- 
lows from geometry that A MOP, MOS, Q 2 
NOQ, and NOR are congruent. ae ek 

Considering, therefore, only the absolute A 
values of the functions, we have ie a ea) 
sin AOP =sinAOQ=sinAOR=sin AOS, R S 
cos AOP = cos A0Q = cos AOR = cos AOS, 
and so on for the other functions. B’ 

Hence, For every acute angle there is an angle in each of the higher 
quadrants whose functions, in absolute value, are equal to those of 
this acute angle. 

If we let ZAOP=2 and ZPOB=¥y, noticing that ZAOP= 
ZQ0A'=ZA'OR=ZSOA=2, and ZPOB=ZBOQ=ZROB'= . 
ZB'0S = y, and prefixing the proper signs to the functions (§ 83), 
we have: 

ANGLE IN QUADRANT II 


For example, 


sin (180°—2)= sine 
cos (180° — x) =— cos x 
tan (180° — x) =— tana 
cot (180° — x) =— cot x 


ANGLE IN 
sin (180° + x) =— sin x 
cos (180° + ~) =— cos x 


tan(180°+2)= tanz 
cot (180° +ax)= cote 

ANGLE IN 
sin (360° — x) =— sinz 


cos (360° — “) = Cosa 
tan (360° — x) =— tan” 
cot (360° — x) =— cota 


sin (90° + y)= 
cos (90° + y)=— sin y 
tan (90° + v)=— cot 
cot (90° + y)=— tany 


cos y 


QUADRANT IIT 


sin (270° — y) =— cos y 
cos (270° — y) =— sin y 
tan (270° — y) = 
cot (270° — vy) = 


cot y 
tan y 


QUADRANT [LV 


sin (270° + y) =— cosy 
cos (270° ++ y) = siny 
tan (270° + y) =— cot y 


cot (270° + y) =— tany 


sin 127° = sin (180° — 538°) = sin 58° = cos 387°, 


sin 210° = sin (180° + 80°) =— sin 30° =— cos 60°, 
sin 850° = sin (360° — 10°) =— sin 10° =— cos 80°, 


— . 
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It appears from the results set forth on page 90 that the functions 
of any angle, however great, can be reduced to the functions of an 
angle in the first quadrant. 


For example, suppose that we have a polygon with a reéntrant angle of 
247° 30’, and we wish to find the tangent of this angle. We may proceed by 
finding tan (180° + «) or by finding tan (270° — x). We then have 

_ tan 247° 30’ = tan (180° + 67° 30’) = tan 67° 306- 
and tan 247° 30’ = tan (270° — 22° 30’) = cot 22° 30’. 
That these two results are equal is apparent, for 
tan 67° 80’ = cot (90° — 67° 30’). = cot 22° 30’. 


It also appears that, for angles less than 180°, a given value of a 
sine or cosecant determines two supplementary angles, one acute, the 
other obtuse ; a given value of any other function determines only one 
angle, this angle being acute if the value is positive and obtuse if the 
value is negative. 


For example, if we know that sina = 3, we cannot tell whether « = 30° or 
160°, since the sine of each of these angles is $. But if we know that tang =1, 
we know that x = 45°. ‘ 

Similarly, if we know that cota =— 1, we know that x = 185°, there being 
no other angle less than 180° whose cotangent is — 1. 

Since sec is the reciprocal of cosx and esc 2 is the reciprocal of sing, and 
since by the aid of logarithms we can divide by cos or sing as easily as we 
can multiply by secz or csc x, we shall hereafter pay but little attention to the 
secant and cosecant. Since the invention of logarithms these functions have 
been of little practical importance in the work of ordinary mensuration. 


Exercise-38. Reduction to the First Quadrant 


Express the following as functions of angles less than 90° : 


['1. sin 170°. 11. sin 275° (21, sin 148° 10’. 

| 2, cos 160°, 12. sin 345°. 22. cos 192° 20’. 
3. tan 148°. 13. tan 282°. 23. tan 265° 30'. 

4, cot 156°. 14. tan 325°. 24. cot 287° 40'. 

\ 5. sin 180°. 15. cos 290°. 25. sin 187° 10! 3" 
6. tan 180°. 16. cos 350°. (26. cos 274° 5! 14". 
7. sin 200°. ‘17. cot 295°. | 27. tan 322° 8' 15", 
8. cos 225°. 18. cot 347°. | 28. cot 375° 10' 3". 
9. tan 258°. 19. sin 360°. ~ 29. sin 147.78° 


10. cot 262°, 20. cos 360°. 30. cos 232.25°. 
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87. Functions of Angles Differing by 90°. It was shown in the case 
of acute angles that the function of any angle is equal to the co-func- 
tion of its complement (§ 8). 

That is, tan 28° = cot (90° — 28°) = cot 62°, 

sin x = cos (90° — x), and so on. 

It will now be shown for all angles 
that if two angles differ by 90°, the func- 
tions of either are equal in absolute value 
to the co-functions of the other. 

In the annexed figure the diameters PR 
and QS are perpendicular to each other, 
and from P, Q, R, and S perpendiculars are drawn to 4A’, Then 
from the congruent triangles OMP, QHO, OKR, and SNO we see that 

OM = QH = OK = SN, 
and MEP ==) OFT =O: = ON 
Hence, considering the proper signs (§ 83), 
sin A OQ = cosAOP, cos A0Q =— sin AOP, 
sin AOR = cos AOQ, cos AOR =— sin AOQ, 
sin AOS = cosAOR, cos AOS =— sin AOR. 

In all these equations, if x denotes the angle on the right-hand 
side, the angle on the left-hand side is 90° + a. 

Therefore, if x is an angle in any one of the four quadrants, 

sin (90° + a”)= cosa, cos (90° + x)=— sina; 
and hence tan (90° + x) =— cota, cot (90° + x) =— tana. 





It is therefore seen that the algebraic sign of the function of the resulting 
angle is the same as that found in the similar case in § 86. 


88. Functions of a Negative Angle. If the angle x is generated 
by the radius moving clockwise from the initial position OA to the 
terminal position OS, it will be negative (§ 72), and its terminal 
side will be identical with that for the 
angle 360°—«. Therefore the functions 
of the angle — 2 are the same as those 


of the angle 360°— 2; or Ba 
sin (— x)=— sin a, Le 


\A 


cos (—2#)= cos2, 
tan (— x) =— tan a, 


cot (— x)= — cot a. 
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Exercise 39. Reduction of Functions 


Express the following as functions of angles less than 45° : 


1. sin 100°. 5. cos 95°. 9. tan 91°. 13. cot 94° 1’. 
2. sin 120°. 6. cos 97°. 10. tan 99°. 14. cot 97° 2’. 
3. sin 110°. 1 COB bie: 1, tan 219°. 15. cot 98° 3!. 
4. sin 130°. 8. cos 127°. 12. tan 129°. 16. cot 99° 9’. 


Express the following as functions of positive angles : 


17. sin(— 3°). 21. cos(— 87°). 25, tan (— 200°). 

18, sin(— 9 i" 22. cos (= 95°). 26. cot(—1.5°). 
19, sin(— 86°), 23. tan (— 100°). 27. cot (— 7.8°). 

20. cos(— 75°). 24, tan (— 150°). 28. cot (— 9.1°). 

Find the following by aid of the tables: : 

29. sin 178° 30’. 37. log sin127.5°. 

30. cos 236° 45’. 38. log cos 226.4°. 

31. tan 322° 18’. 39. log tan 327.8°. 

32. cot 423° 15'. 40. log cot 343.3°. 

33. sin (—7° 29! 30"). 41. log sin 236° 13! 5" 

34. cos (— 29° 42'19"). 42. log cos 327° 5' 11". 

35. tan (—172° 16' 14"). 43. log tan(—125° 27'). 

36. cot (— 262° 17'15"). 44, log cot (— 236° 15’). 


145. Show that the angles 42°, 138°, — 318°, 402°, and — 222° all 
have the same sine. e 


»46. Find four angles between 0° and 720° which satisfy the equa- 
tion sing =— } V2. 
‘47. Draw a circle with unit radius, and represent by lines the 
sine, cosine, tangent, and cotangent of — 325°. 
48. Show by drawing a figure that sin 195° = cos (— 105°), and 
‘that cos 300° = sin (— 210°). 
49, Show by drawing a figure that cos 320° = — cos (— 140°), and 
that sin 320° =— sin 40°. 
50. Show by drawing a figure that sin 765° = 3 V2, and that 
tan 1395° = —1. 


51. In the triangle ABC show that cosA=— cos(B+C), and 
that cos B =— cos(A + C). 
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89. Relations of the Functions. Certain relations between the func- 
tions have already been proved to exist in the case of acute angles 
(§§ 13, 14), and since the relations of the functions of any angle to 
the functions of an acute angle have also been considered (§§ 80, 85, 
86, 88), it is evident that the laws are true for any angle. These 
laws are so important that they will now be summarized, and others 
of a similar kind will be added. 

These laws should be memorized. They will be needed frequently in the © 
subsequent work. The proof of each should be given, as required in § 14. 
The + sign is placed before the square root sign, since we have now learned 
the meaning of negative functions. 


To find the sine we have: —— ws 
(7m 2 
sin x =+ V1— cosa 


|— 77a. 





sin z= 
ese x 


To find the cosine we have: 


1 a 
cos 2 = —— cosa = + V1— sin*xz 


sec x 


To find the tangent we have: 





sin x 
tan xz = —— tana = 
cot x COS x 
sin @ V1— cos? 


Nee ae ae tans 
1— sin?x COS 2% 
tana = + Vsec?a2 —1 tana = sin seca 


To find the cotangent we have: 





af cos x 
cot x = —— cota = — 
tan x sin x 
COs x / a 
cota = + 1— sin?z 


2 cots = ; 
V1— cos*x e sin x 


« 


cot x =+ Vese?a2 —1 cot x = cos a ese x 


To find the secant we have: 





seca =-+ V1+ tan’zx 


sec x = 
COS x 


To find the cosecant we have: 





cscx = 


ese x =+ V1+ cot?x 


sin x 
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Exercise 40. Relations of the Functions 
1. Prove each of the formulas given in § 89. 


Prove the following relations : 


Tf. ee ge 4. tang =+ 
V1-+ tan?x 


cot x 


95 


Pe 
) Aw or 


» gy em 
» , A CRM et 


Vese'a —1 foe 


3. cosx = + ———__—.. > 5. cotz = + ———_.. 
V1-+ cot?x vVsece?a —1 
6. Find sin x in terms of cot x. 8. Find sec x in terms of sin a. 
7. Find cos x in terms of tan a. 9. Find cse x in terms of cos z. 
Prove the following relations : 
10. tan x cos x = sin x. 14. cot? = cos?a + cos*x cot?a. 


h11. cos’a = cot? — cot? cosa. 15. cot®x sec?x =1-+ cota. 


12. tan?x = sin’x + sin’x tan?a. 16. esc?a — cot?a =1. 


13. cos*a + 2 sin?a =1+4 sin’. Ap7. sec?a + csc?” = sec*x esc?a. 


18. Show that the sum of the tangent and cotangent of an angle 
is equal to the product of the secant and cosecant of the angle. 


Recalling the values given on page _ find the value of x when: 


19. 2cosa% = seca. 25. tana — 2isin x: 
aye: 4 sina = esea. 26. seca = V2 tana. 

21. sin? = 3 cos*z. (727. sin?a — cosa = 1. 

22. 2sin?x + cos’x = 3. 128. tan?x — seca = 1. 

23. 3tan*z — sec’a =1. 29. tan’x + ese’a = 3. 

24. tanz + cotx = 2. 30. sina+ V3 cos a = 2. 


31. Given (sinx + cos x)? — 1 =(sin x — cos a)? +1, find x., 


#32. Given 2 sin x = cos a, find sinx and cosa. 
3. Given 4 sin x = tan2, find sing and tana. 
434. Given 5 sin « = tan a, find cos x and sec z. 

.85. Given 4cotx = tanz, find the other functions. 

36. Given sin x = 4cos@, find sin and cos 2. 

37. If sinz: cosa = 9:40, find sinw and cos. 


sin x 


~ 
ar Y scowl” 


f , s 
i 


hat 
\ 
A *2, 3 f 4 
We-hs ~ A f 


38. From the formula tanz = pa find the condition 
— si 


3 ; na 
under which tan x = sin x. 


i / 
i} } 
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Solve the following equations ; that is, find the value of x when : 


I-39. 

/ \ 

/ \40. 
41. 


42 


43. 


COS & = SEC @. /44. 2 cosx + seca = 3. 

cos x = tana. | 45. cos’z —sin’a=sing. - 
cos 2 = sin x. 46. 2 sina + cota =1+4+ 2 cosa. 
tan « = cot. 47. sin’x + tan’x = 3 cos?a. 

sec x = CSC x. 48. tanx + 2cotxa = §csea. 


Prove the following relations : 


49. 


50. 





sin A +cosA=(1+tanA)cos 4. 51. cosx: cota = V1 —cos? x. 
il 

cot « == i + cot? x. 52. tan?z = 3 

COs x cos7a 


Find the values of the other functions of A when: 


53. 
54, 
55. 
56. 
57. 
68. 
69. 
. 70. 
71. 
72. 
73. 
74, 


sin A= %. 58. sinA = 12. 63. cot A=1.- 
cos A= #. 59. sn A= 0.8. 64. cot A= 0.5. 
tan A = 1.5. 60. cos A = $9, 65. sec A= 2. 
cot A=0.75.  — 61. cos A= 0.28. 66. csc A= V2. 
sec A-= 1.5. 62. tan A= #4. 67. sn A= m. 
Given sin A= 2m:(1+ m?), find the value of tanA. 


Given cos A= 2 mn:(m? + n’), find the value of sec A. 

Given sin 0° = 0, find the other functions of 0°. 

Given sin 90° =1, find the other functions of 90°. 

Given tan 90° = o, find the other functions of 90°. 

Given cot 22° 30' = V2 +1, find the other functions of 22°30’. 
Write tan? A + cot? so as to contain only cos A. 


In the triangle ABC, prove the following relations : 


75. 
76. 
edie 
78. 
79. 
80. 
81. 
82. 


sin A = sin(B+ C). 83. sin A =—cos($A+4B+4C). 
cos A =— cos(B+ C). 84. cos A =— cos(2A+B+C). : 
tan A =— tan(B+ C). 85. cosdA = sin(Zd +4B+4C). 

cot A =— cot(B+ C). 86. sin ($4 + B)=cos($B—4C). 


sin A =— sin(2A+B+C). 87. sin(¢C—4A)=—cos(4B+C). 
sin B=—sin(A+2B+C). 88. cosB=— cos(A +2B+C). 
cos C=—cos(A+B+2C). 89. tand = tan(2 4 + B+ C). 
cot B= cot (A+2B+C). 90. cot A= tan($B+3C+44). 


In the quadrilateral ABCD, prove the following relations : 


91. 
92. 


—sinA=sin(B+C+D). 93. —tanA=tan(B+ C+D). 
cos A= cos(B+ C= D). 94. — cot A=cot(B+C+D), 


CHAPTER VI 


FUNCTIONS OF THE SUM OR THE DIFFERENCE OF TWO ANGLES 4 
90! Formula for sin (x+y). In this figure there are shown two A 

acute angles, x and y, with ZAOC acute and equal to x + ys two 

perpendiculars are let fall from C, and two from D, as shown. Then. 

by geometry the triangles CGD and EOD are similar and hence 

ZGCD=ZEOD=2. Considering the radius as unity, OD = cos y 

_ and €D=siny. Hence we have 


sin (@ + y¥)= CF = DE+CG. 
ae DE : 
But sing = DD’ whence DE = sinx-OD 
=sinx cosy; - 


CG 7 
' and ~ cos a = >» whence CG = cosa-CD 
= cos x sin y. 





Hence sin (x + y) = sin x cos y + cos x sin y. 


This is one of the most important formulas and should be memorized. 
For example, sin (80° + 60°) = sin 30° cos 60° + cos 30° sin 60° 


ery ee oe 
OMe O TO ey snd pet Ai 


which we have already found to be sin 90°. 


a Formula for cos(x+ y). Using the above figure we see that 
cos (* + y)= OF = OF — DG. 


OE 
But cos a2 =——, whence OE = cos £-OD = cosx cosy; 


OD 
Be DG ; ; ; 
and sin % = Gp? whence DG =sinx-CD=sinzsiny. 
Hence cos (x + y) = cos x cos y — sin x sin y. 


This important formula should be memorized. 
For example, cos (45° + 45°) = cos 45° cos 45° — sin 45° sin 45° 
1 li fhe atl eee 


ee ee ae 


which we have already found to be cos 90°. 
97 
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92. The Proofs continued. In the proofs given on page 97, a, y, 
and «+ y were assumed to be acute angles. If, however, x and y 
are acute but x+y is obtuse, as shown in 


this figure, the proofs remain, word for & £ 
word, the same as before, the only differ- be 
ence being that the sign of OF will be nega- | \f 

tive, as DG is now greater than OH. This, 7 ea 


A A 


however, does not affect the proof. The 
above formulas, therefore, hold true for all acute angles x and y. 
Furthermore, if these formulas hold true for any two acute angles 
x and y, they hold true when one of the angles is increased by 90°. 
Thus, if for x we write «’ = 90° + 2, then, by § 87, 
sin(a’ + y) = sin(90° + « + y)= cos(a#+ y) 
= cos x cosy — Sing sin y. 
But by § 87, cos « = sin (90° + x)= sina’, 
and sin « = — cos (90° + x) =— cos a. 
Hence, by substituting these values, 
sin (#' + y)= sina! cos y + cos 2’ sin y. 


That is, § 90 holds true if either angle is repeatedly increased by 90°. It is 
therefore true for all angles. 


Similarly, by § 87, 
cos (x' + y) = cos (90° + « + y)=— sin(a + y) 
=— sin x cosy — cosa” siny 
= cos x! cos y — sin zw! sin y, 
by substituting cos x! for — sin z and sina! for cos # as above. 


That is, §91 also holds true if either angle is repeatedly increased by 90°. 
It is therefore true for all angles. 


Exercise 41. Sines and Cosines 
Given sin 30° = cos 60° = 2, cos 30° = sin 60° =2 V8, and sin 45° 
= 00s 45° =2 V2, find the values of the following : 


1. sin 15°. 5. sin 90°. © 9. sin 120°. 13. sin 150°. 
2. cos 15°. 6. cos 90°. 10. cos 120°. 14. cos 150°. 
8. sin 75°. 7. sin 105°. 11. sin 135% 15. sin 165°. 
4. cos 75°. 8. cos 105°. 12. cos 135°. 16. cos 165°. 
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93. Formula for tan (x+y). Since tandA= eae » therefore 
mute y= sin (x + ¥) ee sin x cos y ++ COS & sin y 
cos(t+y)  cosx cosy — sing siny 


whatever the size of the angles x and y (§ 92). 
Dividing each term of the numerator and denominator of the 
last of these fractions by cos x cos y, we have 


sing , sny 


cosa «cosy 
ta Se a ee 
ne + 9) __ sing siny 
COS x COs y 
But since —— = tan x, and oe = tag Y, 
Cos @ + cosy 
we have — tan(x+y)= ee 


1— tan x tan-y : 
This important formula should be memorized. 


cos A 
sin A 


cote + y) = 8@tY) _ cose cosy — sinw siny 
we sin(a+y) sina cosy + cosa siny’ 


» therefore 





94. Formula for cot (x+y). Since cot 4= 


whatever the size of the angles x and y (§ 92). 
_ Dividing each term of the numerator and denominator of the 
last of these fractions by sin x sin y, and then remembering that 


COs x cos 
—< = cotx and ——” = cot y, we have 
sin x sin y 





cot x cot y—1 


Seal Tt) = cot y+ cot x ; 


This important formuJa should be memorized. 


Exercise 42. Tangents and Cotangents 


Given tan 30° = cot 60° =2V3, cot 80° = tan 60° =V38, tan 45° 
= cot 45° = 1, find the values of the following: 


1. tan 15°. 5. tan 90°. 9. tan 120°. 13. tan 150°. 
2. cot 15°. 6. cot 90°. 10. cot 120°. 14. cot 150°. 
3. tan 75°. 7. tan 105°. 11. tan 135°. 15. tan 165° 
4. cot 75°. 8. cot 105°. 12. cot 135°. 16. cot 165° 
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95./ Formula for sin (x—y). In this figure there are shown two acute 
angles, AOB = « and COB = y, with Z AOC equal tox — y; two per- 
pendiculars are let fall from C, and two from D. 


The perpendiculars from D are DE and DG, DG 
being drawn to FC produced. 


Then, considering the radius as unity, we have 
sin (« — y)= CF = DE — CG. 
But . DE=sing-OD=sing cosy, 





and GC =cosx-CD=cosa#siny. 
Hence, by substituting these values of DE and GC, 
sin (x— y) = sin x cos y— cos x sin y. 


This is one of the most important formulas and should be memorized. 


964 Formula for cos (x—y). Using the above figure we see that 
cos (« — y) = OF = OE + DG. 
But OE = cosa - OD = COS & COS y, a 
and DG=sinx-CD=singsiny. 
Hence it follows that 
cos (x — y) = cos xcosy+ sin x sin y. 
This important formula should be memorized. The proof in §§ 95 and 96 
refers only to acute angles, but the formulas are entirely general if due regard 
is paid to the algebraic signs. The general proof may follow the method of 
§ 92, or it may be based upon it; the latter plan is followed in § 97. 
97. The Proofs continued. Since « = (a — y)+ y, we see that 
sin x = sin {(@ — y)+ y} = sin(a — y) cos y + cos(a — y)siny, 
cos x = cos {(@ — y)+ y} = cos(a — y) cos y — sin (x — y)sin y. 
Multiplying the first equation by cosy, and the second by siny, 
sin a cos y = sin(# — y) cos*y + cos (a — y) sin y Cos y, 
cos # sin y =— sin(# — y)sin’y + cos(@ — y)siny cos y. 


Hence sin x cos y — cos x sin y = sin (a — y) (sin®y + cos*y). 


But by § 14 sin’y + cos*y,.=1. 
Therefore sin (« — y)= sin x cos y — cosa sin y. 
Similarly, cos ( — y) = cos x cos y + sin sin y. 


Therefore the formulas of §§ 95 and 96 are universally true. 
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98. Formula for tan (x — y). Since tané = vee » we have 


sin (@ — y) 
cos (a@ — y) 
__ sin x Gos y — cosx sin y | 
COS # Cos y + sin x sin y 


tan (@ — y) = 


Dividing numerator and denominator by cos # cos y, as in § 93, we 


obtain sine siny 





cosx cos = 

tan(@ — 4) = —— ——. S 
sing siny 
COSx COSY 

; tan\x — tan r 

That is, i=) =. # } 
k 1+tanxtany 
This important formula should be memorized. — 


99. Formula for cot (x—y). Following the plan suggested i in § 98, 
th: 
we may show v el er Otg 
cot (@ — y) aoe eg) 
sin (@ — y) 
— COS % COS Y + sin x siny 
~ sing cosy — cosa siny 
CONE CO vias 
sing siny 


Cosy COSe 
siny sing 
cot xcoty+1 


That is, cot (x+y) = aa Caer 


This important formula should be memorized. 


100. Summary of the Addition Formulas. The formulas of §§ 90-99 
may be combined as follows: 


sin ( + y) = sinx cosy + cosa siny, 
cos (% £¥Y) = cosx cosy F Sin x siny, 


_ tana + tany 
tan (@ + y) ark ee tan x tany’ 
t x cot at 

cot @ £y) =. 


cot y + cotx 


When the signs + and + occur in the same formula we should be careful to 
take the — of + with the + of +. That is, the upper signs are to be taken 
together, and the lower signs are to be taken together. 
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Exercise 43. The Addition Formulas 


Given sinz =, cosu= +, siny=7%, cosy= = , find the value of : 
1. sin(# + y). 8._cos (a + *). 5. tan(x + y). 
2. sin(# — y). 4. cos(a —y). — 6. tan (x — y). 


By letting x = 90° in the formulas, find the following : 
7. sin(90° — y). 8. cos (90° — y). 9. tan (90° — y). 
. Similarly, by substituting in the formulas, find the following : 
> 10. sin(90° + y). 17. cos (a — 90°). (24. sin (— y)e 
11. sin(180°— y). 18. cos (@—180°). 25. sin (45° — y), 
12, sin(180°+y). 19. cos (a — 270°). 26. cos (45° — y/). 


13. sin(270°— y). 20. tan (a — 90°). 27. tan (45° — y). 
14. sin(270°+y). 21. tan (aw —180°). 28. cot (30° + y). 
15. sin(360°—). 22. cot(z—90°). 29. eot (60° — 9). 


16. sin(360°+y). 23. cot (« — 180°). 30. cot (90° — y). 

31. If tan«=0.5 and tan y=0.25, find tan (x + y) and tan (a — y) 

32. Iftanzy =1and tany=} V3, find tan(a + y) and tan (a — y). 

4. 33. If tana = $ and tany = 1 zy find tan (« + y) and tan (a — y), 
and find the number of degrees in x + y. 

34, If tanz = 2 and tany = 4, what is the nature of the angle 
x+y? Consider the same question when tanx = 3 and tany = i, 
and when tan x =a and tan y=1/a. 

«135. Prove that the sum of tan (a — 45°) and cot (a + 45°) is zero. 
“) 36. ‘Prove that the sum of cot (a — 45°) and tan (a + 45°) is zero. 
487. If sina = 0.2 V5 and sin y = 0.1 -V10, prove that «+ y = 45° 
May x + y have other values ? If so, state two of these values. 
{38. Prove that if an angle x is decreased by 45° the cotangent of 
cota +1 
cota —1 
# (#89. Prove that if an angle a is increased by 45° the cotangent of 
cota —1 
cota +1 : 


the resulting angle is equal to — 


ge resulting angle is equal to ———— 
i 
‘X 40. If = == 
0. If tana = Tyg and tam y ras 
» 41. If a right angle is divided into any three angles a, y, 2, prove 


1 — tan y tan z 
that t = ——__+——.. 
ee tan y + tanz 


757? prove that tan (a@+y)=1. 
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101. Functions of Twice an Angle. By substituting in the formulas 
for the functions of x+y we obtain the following important for- 
mulas for the functions of twice an angle: 


sin 2 x= 2 sin x cos x, 


cos 2 x = cos” x — sin? x, 


2 tan x ee 
tan 2 x = —————- 
1 — tan? x 
cot? x — 
ee 
2 cot x 


_ Letting 2a = y we have the following useful formulas : 


siny=2sindycosty, cos y = cos*L y — sin* Ly, 
2tanly ‘cot? Ly—1 

t ee ee ee 

eu T—tan?iy’ co 2Zcothy 


Exercise 44. Functions of Twice an Angle 


As suggested above, deduce the formul*: yor the following : 


1. sin2 x. 2. cos 2a. 3. tan 2a. 4. cot2-a, 


Find sin2 x, given the following values of sinx and cosu: 


5. sina =4-V2, cosx=4-vV2. 6. sing = 4, cosa =4V3. 


Find cos 2x, given the following values of sinx and cosx: 


7. sing = 4-V3, cosa =f. 8. sine = %, cos x = ¥. 


Find tan 2x, given the following values of tana: 


9. tanx = 0.3673. 10. tanxz = 0.2701. 


Find cot 2x, given the following values of cot x and tana: 


11. cota = 0.3673. 12. tan « = 0.2701. 


Find sin 2 x, given the following values of sina: 


ina = ina = 12 
13. sinx% = 55. 14, sinxz = 75. 


15. As suggested in § 101, find sin 3 in terms of sina. 
16. As suggested in § 101, find cos 3x in terms of cosa. 


af, 
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102. Functions of Half an Angle. If we substitute 42 for a in the 
formulas cos? a + sin? x =1 (§ 14) and cos? a — sin’? = cos 2x (§101), 
so as to find the functions of half an angle, we have 

cos?42+ sin?42 =1, 
and cos? 4.2 — sin?42 = cosz. 
Subtracting, 2sin?42=1— cos2; 


eck. 1— cosz 
whence sing z= ty aa oe? 


In the above proof, if we add instead of subtract we have 
2 cos*4z2=1+ cosz; 


1+ cosz 
whence cos z= b= EE 


sin $2 


S thee: 
Since tand2z = aos Ee » and cot¢z= ae we have, by dividing, 


ante oe Eeaeea 

2 1+ cosz 

and cotiz=+ iN jet ones 
2 1 — cosz 


These four formulas are important and should be memorized. 





From the formula for tan $+ z can be derived a formula which is 
occasionally used in dealing with very small angles. In the triangle 
ACB we have 


1—cosA 
tang A= [Po 24 = 








Exercise 45. Functions of Half an Angle 


Given sin 30° =2, find the values of the following : 
1, gin 15°." 2. cos do S.ctan dbl... 4, conta 5. cot 74°. 


Given tan 45° =1, find the values of the following : 

6. sin22.5°. 7. cos 22.5°. 8. tan22.5°. 9. cot22.5°. 10. cot11}° 
11. Given sin x = 0.2, find sin} a and cosa. 
12. Given cos x = 0.7, find sin $2, cos $2, tan $a, and cot 4a. 


to eh ase 
- | 
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103. Sums and Differences of Functions. Since we have (§§ 92, 97) 
sin (@ + y)= sina cosy + cosa siny, 
and sin (@ — y)= sin x cos y — cosa siny, 
we find, by addition and subtraction, that 
sin(x + y) + sin(x — y)= 2sinz cos y, 


and sin(« + y) — sin(« — y) = 2 cos x sin y. 
Similarly, by using the formulas for cos(# + y), we obtain 
cos (a -+ y)+ cos(a—y)= 2cosxz cosy, : 
and cos (x + y) — cos (a — y)=— 2sing siny. 


By letting + y= A,and x —y = B, we have x = (A + B), and 
y =}4(4 — B), whence 
sinA+sinB= 2sin5(A+B)cos;(A—B), 
_sinA—sinB= 2cos}(A+4B)sin\(A—B), 
coseA+cosB= 2cos3(A+B)cos3(A—B), 
and cos A — cos B= — 2sin>(A + B) sin 2(A — B). 
By division we obtain 


sin A + sinB 


= 1 ip see ° 
Sea tan 4(A + B)cot4(A — B); 


1 
tan $(A — B)’ 
sinA+sinB tan}(4+B) 
sinA—sinB | tan3(A—B) 


and since cot}(A — B)= 
we have 
This is one of the most important formulas in the solution of oblique triangles. 


Exercise 46. Formulas 


Prove the following formulas : 


1, sn 22 = ete 3. tanéz2= setae 
‘ oT tanx k ~ 1+cose 
1—tan’x - sin x 
et 4, cotta =———- 
An gees 1+ tan?x me ere 


Tf A, B, C are the angles of a triangle, prove that : 

5. sinA +sinB+sinC = 4cos$A cos4B cost. 

6. cosA + cosB+cosC=1+4sin4A sin¢Bsin$C. 
7. tan A + tanB+ tanC=tanA tanB tanC. 
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~ 8. Given tan $a =1, find cosa. 

9. Given cot $a = V3, find sina. 

sin 33° + sin 3° 

cos 33° + cos 3° 

11. Prove that sin$a% + cos$4u = V1 + sing. 


10. Prove that tan 18° = 


tan « + tan y 


5 — t , 
12. Prove that cok aoe + tan x gay 
3 1 — tanz 
13. Prove that tan (45° — x) = ic. es 


14. In the triangle ABC prove that 
cot $A-+ cot B+ cot $C = cot 4A cots Boots. 


Change to a form involving products instead of sums, and hence 
more convenient for computation by logarithms : 


15. cota + tan. 20. 1+ tan # tan y. 
16. cota—tana. — 21. 1— tanz tany. 
17. cota + tany. 22. cotx coty +1. 
18. cotx — tan y. 23. cotx coty —1. 
io 1—cos2a a tana + tany 

1+ cos2x cot x + coty 
25. Prove that tan x + tany ane 


COS & COS Y 


26. Prove that cot y — cota = sie) . 
sin x sin y 


27. Given tan (# + y)= 3, and tana = 2, find tan y. 

28. Prove that (sin x + cos#)?=1 + sin2za. 

29. Prove that (sin « — cos x)? = 1—sin2z2. 

30. Prove that tanx + cota = 2csc2 2. 

31. Prove that cot x — tana = 2cos2a cse2a. 

32. Prove that 2 sin?(45° — x)=1—sin22. 

33. Prove that cos 45° + cos 75° = cos 15°. 

34. Prove that 14+ tanz tan2a2 = tan22cotx —1. 
Prove the following formulas : 

35. (cos x + cos y)” + (sin x + sin y)? = 2 + 2cos (a —y). 
36. (sinx + cos y)? + (sin y + cos x)= 2+ 2sin(# + y). 
37. sin(# + y)+ cos (a — Y) = (sin # + cos x) (sin y + cos y)- 
38. sin(x + y)cos y — cos(a + y)siny = sina, 


CHAPTER VII 


THE OBLIQUE TRIANGLE 


104. Geometric Properties of the Triangle. In solving an oblique 
triangle certain geometric properties are involved in addition to 
those already mentioned in the preceding chapters, and these should 
be recalled to mind before undertaking further work with trigono- 
metric functions. These properties are as follows: 

The angles opposite the equal sides of an isosceles triangle 
are equal. 

If two angles of a triangle are equal, the sides opposite the equal 
angles are equal. 

If two angles of a triangle are unequal, the greater side is 
opposite the greater angle. 

If two sides of a triangle are unequal, the greater angle is 
opposite the greater side. 

A triangle is determined, that ts, it ts completely fixed in form 
and size, if the following parts are given: 


1. Two sides and the included angle. 

2. Two angles and the included side. 

3. Two angles and the side opposite one of them. 
4. Two sides and the angle opposite one of them. 
5. Three sides. 


The fourth case, however, will be recalled as the ambiguous case, since the 
triangle is not in general completely determined. If we have given ZA and 
sides a and 6 in this figure, either of the triangles ABC 
and AB’C will satisfy the conditions. Cc 

If a is equal to the perpendicular from C on AB, how- 
ever, the points B and B’ will coincide, and hence the two b a 
triangles become congruent and the triangle is completely 
determined. 


The five cases relating to the determining of a 
triangle may be summarized as follows: A triangle is determined 
when three independent parts are gwen. 


This excludes the case of three angles, because they are not independent. 
That is, A = 180° — (B + C), and therefore A depends upon B and C. 
107 


B’ B 
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105. Law of Sines. In the triangle ABC, using either of the figures 
as here shown, we have the following relations. 





O 
b a 
A c D B 
: ee 
In either figure, 7 sin A 
Bitie’ 
In the first figure, Fi sin B, 
‘ Wag ° 
and in the second figure, a sin(180° — B) 


= sin B. 
Therefore, whether / lies within or without the triangle, we 
obtain, by division, the following relation : fp 
a smd — @*~ 
b sinB 
In the same way, by drawing perpendiculars from the vertices 
A and B to the opposite sides, we may obtain the following relations : 








6b 6sinB 
a eee 3 
6 ‘sing 
@ sinA 
and ie es 
y sin C 


This relation between the sides and the sines of the opposite angles 
is called the Law of Sines and may be expressed as follows : 

The sides of a triangle are proportional to the sines of the opposite 
angles. ; 











If we multiply aes ane by 6, and divide by sin A, we have 
6b 6sinB 
Cie 
sind sinB 


Similarly, we may obtain the following : 
Cnet Rabies 86 
sinA sinB sinC@’ 
and this is frequently given as the Law of Sines. 


It is also apparent that asin B= bsin A, asin C =csin A, and bsinC =csinB, 
three relations which are still another form of the Law of Sines. 
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106. The Law of Sines extended. There is an interesting extension 
of the Law of Sines with respect to the diameter of the circle circum- 
scribed about a triangle. 

Circumscribe a circle about the triangle 4BC and draw the radii 
OB, OC, as shown in the figure. Let R denote the radius. Draw 
OM perpendicular to BC. Since the angle BOC is a central angle 
intercepting the same arc as the angle A, the angle BOC=24; 
hence the angle BOM = A; then 


BM=RsinBOM=RsinA. x 
Therefore a=2RsinA. 
In like manner, 6=2RsinB, 
and e=2RsinC. B C 
Therefore 2k =—— = eee 


sind sinB sinc 
That is, The ratio of any side of a triangle to the sine of the oppo- 


site angle is numerically equal to the diameter of the cirewmscribed 
circle. 


Exercise 47. Law of Sines 


1. Consider the formula = = ne when B= 90°; when 4 = 90°; 
when 4=B; whena=6 eee 
= B; = b, 


2. Prove by the Law of Sines that the bisector of an angle of a 
triangle divides the opposite side into parts proportional to the 
adjacent sides. 

3. Prove Ex. 2 for the bisector of an exterior angle of a triangle. 

4. The triangle ABC has A = 78°, B=72°,andc=4in. Find the 
diameter of the circumscribed circle. 

5. The triangle ABC has A = 76° 37', B= 81° 46’, and c = 368.4 ft. 
Find the diameter of the circumscribed circle. 

6. What is the diameter of the circle circumscribed about an equi- 
lateral triangle of side 7.4in.? What is the diameter of the circle 
inscribed in the same triangle ? 

7. What is the diameter of the circle circumscribed about an isos- 
celes triangle of base 4.8 in. and vertical angle 10° ? 

8. What is the diameter of the circle circumscribed about an isos- 
celes triangle whose vertical angle is 18° and the sum of the two equal 
sides 18 in. ? 
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107. Applications of the Law of Sines. If we have given any side 
of a triangle, and any two of the angles, we are able to solve the tri- 
angle by means of the Law of Sines. Thus, if we have given a, 4, 
and B, in this triangle, we can find the remaining parts as follows: 


1. C=180°—(A +.B). 














. 6 sinB. 
<¢ sao 
cee ae ae < sin B. 
sin A sin A a _ D . 
e sinc asinCd a : 
a 6 =a = sinC. 
3 a@ sind’ sin A aime 


For example, given a = 24.31, A = 45° 18', and B= 22°11’, solve 
the triangle. 
The work may be arranged as follows: 


a = 24.31 log a = 1.38578 = 1.38578 
A=45°18' = eologsinA = 0.14825 = 0.14825 
B= 22° 11! log sin B = 9.57700 log sin C = 9.96556 
A+ B= 67° 29! log d = 1.11103 log ¢ = 1.49959 
“. C= 112° 31! 2b = 12.913 6 = 81.593 


When — 10 is omitted after a logarithm or cologarithm to which it belongs, 
it must still be remembered that the logarithm or cologarithm is 10 too large. 

The length of a having been given only to four significant figures, the values 
of 6b and ¢ are to be depended upon only to the same number of significant 
figures in practical measurement. In the above example a is given to only four 
significant figures, and hence we say that b = 12.91, and ¢ = 31.59. 


Exercise 48. Law of Sines 

Solve the triangle ABC, given the following parts: 
1. a= 500, A=10°12', B= 46° 36!. 
2.a=795, A=79°59', B= 44° 41), 
3. a= 804, A= 99° 55!, B= 45° 1'. 
4. a= 820, 4=12°49' B= 141° 59, 
5. ¢ = 1005, A = 78°19, B= 54° 271. 
6. 6 = 13.57, B= 18° 57', OC = 57° 131. 
7. a= 6412, A = 70° 55!, C = 52° 9), 
8. b= 999, A= 37°58!, C= 65° 2), 
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Solve Hxs. 9-14 without using logarithms : 


9. Given 6 = 7.071, A= 30°, and C = 105°, find a and e. 
10. Given c = 9.562, A= 45°, and B = 60°, find a and 0. 


11. The base of a triangle is 600 ft. and the angles at the base 
are 30° and 120°. Find the other sides and the altitude. 


12. Two angles of a triangle are 20° and 40°. Find the ratio of 
the opposite sides. 


13. The angles of a triangle are as 5:10: 21, and the side oppo- 
site the smallest angle is 3. Find the other sides. 

14. Given one side of a triangle 27 in:, and the adjacent angles 
each equal to 30°, find the radius of the circumscribed circle. 


15. The angles B and C of a triangle ABC are 50° 30! and 122° 9! 
respectively, and BC is 9mi. Find 4B and AC. 

y 16. In a parallelogram, given a diagonal d and the angles # and y 
which this diagonal makes with the sides, find the sides. Compute 

the results when d = 11.2, « =19°1', and y = 42° 54’. 

//17. A lighthouse was observed from a ship to bear N. 34° E.; 
after the ship sailed due south 3 mi. the lighthouse bore N. 23° E. 
Find the distance from the lighthouse to the ship in each position. 

- The phrase to bear N. 34° ZH. means that the line of sight to the lighthouse is 


in the northeast quarter of the horizon and makes, with a line due north, an 
angle of 34°. 


18. A headland was observed from a ship to bear directly east; 
after the ship had sailed 5 mi. N. 31° E. the headland bore S. 42° E. 
Find the distance from the headland to the ship in each position. 


19. In a trapezoid, given the parallel sides a and 4, and the angles 
x.and y at the ends of one of the parallel sides, find the nonparallel 
sides. Compute the results when a =15,6=7, x= 70°, y = 40°. 


20. Two observers 5 mi. apart on a plain, and facing each other, 
find that the angles of elevation of a balloon in the same vertical 
plane with themselves are 55° and 58° respectively. Find the dis- 
tance from the balloon to each observer, and also the height of the 
balloon above the plain. 


21. A balloon is directly above a straight road 74 mi. long, joining 
two towns. The balloonist observes that the first town makes an 
angle of 42° and the second town an angle of 38° with the perpen- 
dicular. Find the distance from the balloon to each town, and also 
the height of the balloon above the plain. 
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108. The Ambiguous Case. As mentioned in § 104, if two sides 
of a triangle and the angle opposite one of them are given, the solu- 
tion will lead, in general, to two triangles. Thus, if we have the 
two sides a and 0 and the angle A given, we proceed to solve the 
triangle as follows: 


C =180°—(A+8); 


hence we can find C if we can find B. 





F a 
Cc sin C b 
Furthermore, =) 
a@ sna 
: Cc 
asinC A B 
whence =< a 
sin A 


hence we can find ¢ if we can find C, and we can also find ¢ if we 
can find B. But to find B we have 





sin B a b 
sind a 
; bsin A 
whence sin B= 





Therefore we do not find B directly, but only sinB. But when an 
angle is determined by its sine, it admits of two values which are 
supplements of each other (§ 86); hence either of the two values 
of Bmay be taken unless one of them is excluded by the conditions 
of the problem. 

In general, therefore, either of the triangles ABC and AB'C fulfills 
the given conditions. 


Exercise 49. The Ambiguous Case 


In the triangle ABC given a, b, and A, prove that: 

- 1. Ifa>4, then A >B, B is acute, and there is one and only one 
triangle which will satisfy the given conditions. 

2. If a =4, both A and Bare acute, and there is one and only one 
triangle which will satisfy the given conditions, and this triangle is 
isosceles. 

3. If a<d, then A must be acute to have the triangle possible, and 
there are in general two triangles which satisfy the given conditions. 

4. Ifa@=d sinA, the required triangle is a right triangle. 

5. If a<dsinA, the triangle is impossible. 

6. If A = B, there is one, and only one, triangle. 
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109. Number of Solutions to be expected. We may summarize the 
results found on page 112 as follows: 


There are two solutions if A is acute and the value of a lies be- 
tween b and b sin A. 


There is no solution if A is acute anda<b sin A; or if A is obtuse 
and a<b, ora=b., 


There is one solution in each of the other cases. 


The number of solutions can often be sepemnined by inspection. In case of 
doubt, find the value of b sin A. 

We can also determine the number of solutions by considering the value of 
log sin B. If log sin B= 0, then sin B= 1 and B= 90°. Therefore the triangle 
required is a right triangle. If log sin B>0, then sinB>1, and hence the 
triangle is impossible. If log sin B < 0, there is one solution when a >; there 
are two solutions when a < 0. : 

When there are two solutions, let B’, 0’, c’, denote the unknown parts of the 
second triangle ; then 


B’ = 180°— B. 
C’ = 180° — (A44+B)=B—A, 
and Co coer. 
sin A 


110. Illustrative Problems. The following may be taken as illus- 
trative of the above cases: 


1. Given a = 16, b = 20, and A= 106°, find the remaining parts. 

In this case a <b and A> 90°. Since a< }, it follows that A <B. Hence if 
A> 90°, B must also be greater than 90°. But a triangle cannot have two 
obtuse angles. Therefore the triangle is impossible. 

2. Given a = 36, d = 80, and A= 30°, find the remaining parts. 

Here we have bsin A = 80 x } = 40; so that a<bsinA and the triangle is 
impossible. Draw the figure to illustrate this fact. 

3. Given a = 25, 6 = 50, and A = 30°, find the remaining parts. 

Here we have bsin A = 50 x } = 25; but a is also equal to 25. Hence B 
must be a right angle. ABC is therefore a right triangle and there is only one 
solution, 

4. Given a = 30, 6 = 30, and A = 60°, find the remaining parts. 

Here we have a = 0, and A an acute angle. Hence there is one solution and 
only one. It is evident, also, that the triangle is not only isosceles but equilateral. 

5. Given a = 3.4, 6 = 3.4, and A = 45°, find the remaining parts. 


Here we have a = b, and A an acute angle. Hence there is one solution and 
only one. It is evident, also, that the triangle is not only isosceles but right. 
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6. Given a = 72,630, 6 = 117,480, and A= 80°0'50"", find B, 
C, and e. 
logs = 5.06997 Here logsin B > 0. 
log sin A = 9.99337 Therefore sin B>1, which is impossible. 
eolog a = 5.13888 
log sin B = 0.20222 


Therefore there is no solution. 


7%. Given a = 13.2, 6 =15.7, and A= 57° 13'15", find B, C, and «. 








log 6 = 1.19590 e=bcosA 
log sin A = 9.92467 log 6 = 1.19590 
colog a = 8.87943 log cos A = 9.73352 
log sin B = 0.00000 log ¢ = 0.92942 
te Ba OO? vie S820 
*. C = 382° 46! 45" j 


Therefore there is one solution. / 
Since B = 90°, the triangle is a right triangle. 


8. Given a = 767, 6 = 242, and A = 36° 53! 2", find B, C, and «. 





log 6 = 2.38382 log a = 2.88480 
log sin A = 9.77830 log sin C = 9.86970 
colog a = 7.11520 ‘ colog sin A = 0.22170 
log sin B = 9.27732 log ¢ = 2.97620 
B= 10° 54' 58" . c= 946.68 
Ca 167 1270" = 946.7 


Here a > 4, and log sin B < 0. 
Therefore there is one solution. 


9. Given a = 177.01, 6 = 216.45, and A= 35° 36! 20", find the 
other parts. 


log 6 = 2.33536 log a = 2.24800 | 2.24800 
log sin A = 9.76507 log sin C = 9.99462 | 9.23035 
colog a = 7.75200 colog sin A = 0.23493 | 0.23493 
log sin B = 9.85243 log ¢ = 2.47755 | 1.71328 
*, B= 45° 23! 28" or . ¢ = 300.29 or 51.675 

134° 36! 32" = 300.29 or 51.68 

C= 99° 012 or 
9° 47' 8" 


Here a < 8, and log sin B< 0. 
Therefore there are two solutions. 
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Exercise 50. The Oblique Triangle 


Find the number of solutions, given the following : 


1. « = 80, 6=100, A=30° 

2. a = 50, b = 100, A= 80% 
Soa = 40) = 100, A= 30" 

4. .@ = 100, 6 = 100, A= 30 

i toe 6=11.46, A=77°20'. 
See b= Th, _ A= 60°. 
Yio 13416, = 84.54, . B= 52°9!. 
8. a = 200, 6 = 100, A= 30. 


Solve the triangles, given the following : 
9. a = 840, b = 485, We 210 31 ae 
10. a= 9.399, b = "9,197, A=120° 35. 
11. a = 91.06, 6=77.04, A=51°9S 
12.¢a=55.55, 6=66.66, B=77°44!, + 


~ 


— 13. a = 309, 6 = 360, Aa ie 
—14. a = 34, b = 22, B = 30° 20". 
~15. b= 19, oie C= 15° 49! 
416. a = 8.716, = 9787, 0° tes 88° 14! 12" 

Gu. o=44, ooh A= Oe 37 17", 


18. Given a = 75, 6 = 29, and B=16° 15’, find the difference be- 
tween the areas of the two triangles which meet these conditions. 

19. In a parallelogram, given the side a, a diagonal d, and the 
angle A made by the two diagonals, find the other diagonal. As a 
special case consider the parallelogram in ot a= 35, d= 63, 
and A= 21° 36’. 

20. In a parallelogram ABCD, given AD= 3in., BD= 2.5 in., and 
A= A4T° 20', find AB. 

21. In a quadrilateral ABCD, given AC = 4in.,, ZBAC = 35°, 
ZB=T75° 20', ZD = 38° 30', and ZBAD = 70° 40’, find the length 
of each of the four sides. 
es In a pentagon ABCDE, given ZA=110° 50', ZB = 106° 30’, 

104°10', ZBAC = 30°", ZDAE = 34° 56', ZADC = 52° 30', 
and AC = 6in., find the sides and the remaining angles of the 
pentagon. 
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x 
111. Law of Cosines. This law gives the value of one side of 
a triangle in terms of the other two sides and the angle included 


between them. 





C C 
| 
b a ‘hs 
| 
GS Lit 
A c D B A c B 
In either figure, a? = h? + BD’. 


In the first figure, B =c—AD. 
In the second figure, BD=AD—ce. 


In either case, BD =AD =2exX AD +e 
Therefore, in all cases, a? = 1? aD + @& —2¢ < AD. 
Now W+AD =2, 

and AD=bcosA. 
Therefore a= b+ c?— 2 becosA. 


In like manner it may be proved that 
= 2 4+ a* — 2 ca/cosB, 


and Ce = a? + b* — 2ab cosC. 


The three formulas have precisely the same form, and the Law 
of Cosines may be stated as follows: 

The square on any side of a triangle is equal to the sum of the 
squares on the other two sides diminished by twice their product into 
the cosine of the included angle. 


It will be seen that if A = 90°, we have 
a? = b? + c? — 2b¢ cos 90° 
= 62 + c?, 
In other words we have the Pythagorean Theorem as a special case. Hence 
this is sometimes called the Generalized Pythagorean Theorem. 


It will also be seen that the law includes two other familiar propositions of 
geometry, one of which is the following : 


In an obtuse triangle the square on the side opposite the obtuse angle is equivalent 
to the sum of the squares on the other two sides increased by twice the product of 
one of those sides by the projection of the other upon that side. 


This and the analogous proposition are given as exercises on page 117. 
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Exercise 51. Law of Cosines 
1. Using the figures on page 116, prove that, whether the angle 
B is acute or obtuse, ¢c = a cos B + b cos A. 


2. What are the two symmetrical formulas obtained by changing 
the letters in Ex.1? What does the formula in Ex. 1 become when 
B= 90°? 
3. Show that the sum of the squares on the sides of a triangle 
is equal to 2(ab cos C + be cos A + ca cos B). 


4. Consider the Law of Cosines in the:case of the triangle a = 5, 
G2 120 = 6: 

5. Given ¢= 5, 6= 5, and C= 60°, find e. 

6. Given a = 10, 6 =10, and C = 45°, find « 

7. Given a = 8, b = 5, and C = 60°, find ¢. 

8. From the formula a? = 0? + c — 2be cos A deduce a formula 
for cosA. From this result find the value of A when @? + ¢ = a2. 
cosA cosB 


9. Prove that if 
right. 


10. Prove that 








the triangle is either isosceles or 











cos A Ss OSE, OORT Saat, 
a b c 2 abc 


at + Ot + ot 

Qabe 

12. From the Law of Cosines prove that the square on the side op- 
posite an acute angle of a triangle is equal to the sum of the squares 
on the other two sides minus twice the product of either side and 
the projection of the other side upon it. 


Gb? : Ce a? 
11. Prove that < cos A + i cos B + a cos C= 


13. As in Ex. 12, consider the geometric proposition relating to 
the square on the side opposite an obtuse angle. 

14. In the parallelogram ABCD, given AB=4in., AD= 5 in., and 
A = 38° 40’, find the two diagonals. 

15. In the parallelogram ABCD, given AB=7 in., AC=10 in, 
and Z BAC = 36° 7’, find the side BC and the diagonal BD. 

16. In the quadrilateral ABCD, given AC=3.6in., AD=4in., 
BC =2Ain., ZACB= 29° 40’, and ZCAD=71° 20’, find the other 
two sides and all four angles of the quadrilateral. 

17. In the pentagon ABCDE, given AB=3.4in., AC=4.1 in, 
AD=3.9in., AF=2,2in.,.Z BAC = 38°7', ZCAD= 41° 22', and 
ZDAE = 32° 5’, find the perimeter of the pentagon. 
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NS 


i= ee by the Law of Sines, it 
follows by the theory of proportion that 


112. Law of Tangents. Since 


a—b_ sinA— sinB 
a+6  sind+sinB 





This is easily seen without resorting to the theory of proportion. For, since 
asin B =b sin A (§ 105), we have 


asinB—bsinA=b sinA—asinB 


Adding, asin A —bsin B=asinA—bd sinB 
asin A + asin B—bdsin A —bdsinB=asinA—asinB + bsin A — bsin B, 
or (a — b)(sin A + sin B) = (a + 6) (sin A— sin B); 


a—6b_ sinA—sinB 

a+b sinA+sinB 
sinA—sinB_ tan}(A—B) 

pap by ste, sind+sinB tan}(4+B) 


a—b_tan3(A—B) 
a+b tani(A+B) 


whence, by division, 








Therefore 


By merely changing the letters, 

—c¢ tan}(A—C) . 
+e tang(A+C) 
= ¢ stan (BO) 
b+e tan}(B+C) 


Hence the Law of Tangents : 


g 





g 


S 





and 


The difference between two sides of a triangle is to their sum as 
the tangent of half the difference between the opposite angles is to 
the tangent of half their sum. 


In the case of a triangle, if we know the two sides a and 6 and 
the included angle C, we,have our choice of two methods of solving. 
From the Law of Cosines we can find c, and then, from the Law of - 
Sines, we can find A and B. Or we can find A + B by taking C from 
180°, and then, since we also know a+6 and a—46, we can find 
A—B. From 4+ 8B and A —B we can find A and B. This second 
method is usually the simpler one. 

If b>a,then B>A. The formula is still true, but to avoid negative numbers 
the formula in this case should be written 

b—a_ tan}(B—A) 
b+a tan}(B+A) 
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» Exercise 52. Law of Tangents 


a—6b_ tani(A—B) 
a+6 tani(44+B) 

1. C= 90°. See Bi Cr 

2.a=6. 4. A—B=90°, and B=C. 





Find the form to which 


reduces when: 


Prove the following formulas : 





b—c¢ 
5. ee ee) 
6, tm3(B— Cy a — coty A. 
2 b+e 2 


a+b _ cotZ(A—B) 

“a—6b eotd(A+B) 

5 sind-+sinB_ tan}(A +B). 
“sinA—sinB tan}(A—B) 

sinB + sinc at 2 sin 7(B+C)cos3(B—C) 
‘sinB—sinC 2cos$(B+C)sin}(B—C) 

10. 2 = tan }(4 +B)cot}(A—B). 

11. To what does the formula in Ex. 8 reduce when A=B? 

12. To what does the formula in Ex. 9 reduce when B=C = 60°? 

13. To what does the formula in Ex. 10 reduce when the triangle 
is equilateral ? 

14. To what does the Law of Tangents, in the form stated at the 
top of this page, reduce in the case of an isosceles triangle in which 
a=6? What does this prove with respect to the angles opposite 

the equal sides ? : 

15. By the help of the Law of Tangents prove that an equilateral 
triangle is also equiangular. 

16. By the help of the Law of Tangents prove that an equiangular 
‘triangle is also equilateral. 

17. Given any three sides and any three angles of a quadrilateral, 
show how the fourth side and the fourth angle can be found. Show 
also that it is not necessary to have so many parts given, and find 
the smallest number of parts that will solve the quadrilateral. 

18. What sides, what diagonals, and what angles of a pentagon is it 
necessary to know in order, by the aid of the Law of Tangents alone, 
to solve the pentagon ? 
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113. Applications to Triangles. The Law of Cosines and the Law 
of Tangents are frequently used in the solution of triangles. This 
is particularly the case when we have given two sides, a and 0, and 
the included angle C. 


There are two convenient ways of B 
finding the angles A and B, the first being 
by the Law of Tangents. This law may y % 
be written 
a—b EX 
nA Bs og ee A b D C 


Since $(A + B) = $(180°— C), the value of (A+B) is known, so 
that this equation enables us to find the value of }(A—B). We 
then have $(A+B)+4(A—B)=A, 
and $(A+B)—$(A—B)=B. 

The second method of finding 4 and B is as follows: In the above 
figure let BD be perpendicular to AC. 


BD BD 
Now BD = oO ein, 
and DC =acosC. 
asin 
ee A= -————_: 
ae 6—acosC 


Since A and C are now known, B can be found. 

This is not so convenient as the first method, because it is not so well adapted 
to work with logarithms. 

The side ¢ may now be found by the Law of Sines, thus: 


__asinCc _ bsinC 


; » (Ol 46 A 
sin A sin B 





Instead of finding A and B first, and from these values finding «¢, 
we may first find ¢ and then find A and B. To find ¢ first we may 
write the Law of Cosines (§ 111) as follows: 


e=Va' +b? — 2ab cosC. 
Having thus found ¢, and already knowing a, 6, and C, we have 


asinC bsinCc 
pase j 


sin A = 





sinB = 


In general this is not so convenient as the first method given above, because 
the formula for c is not so well adapted to work with logarithms. 
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114. Illustrative Problems. 1. Given C = 63° 35! 30", a =748, and 
b = 875, find A, B, and e. 

We see that a+6=1123, a—6= 873, and 4+ B=180°—C= 
116° 24' 30". Hence $(A +B) = 58° 12' 15". 








log (a — 6) = 2.57171 log 6 = 2.57403 

colog (a + b) = 6.94962 log sin C = 9.95214 

log tan }(A + B) = 0.20766 colog sin B = 0.30073 

log tan (A — B) = 9.72899 log c = 2.82690 
“. (A —B) = 28° 10' 54" d= OTL. 20 


After finding }(A —B) we combine this with 4(4 +B) and find 
A e186" 23’ 0" and B=<30° 1! 21!" 


In the above example, in finding the side ¢ we use the angle B rather than 
the angle A, because A is near 90°. The use of the sine of an angle near 90° 
should be avoided, because it varies so slowly that we cannot determine the 
angle accurately when the sine is given. 


2. Given a =4,c¢= 6, and B = 60°, find the third side 6. 


Here the Law of Cosines may be used to advantage, because the numbers 
are so small as to make the computation easy. We have 


b=Va? + c?—2accosB =V16 + 386 — 24=V 28; 
log 28 = 1.44716, log -V28 = 0.72358, ~V28 = 5.2915; 
that is, to three significant figures, 6 = 5.292. 


Exercise 53. Solving Triangles 


Solve these triangles, given the following parts: 

1 O= 17.99, 6 = 83.39, 1 C=T2" 15! 
pastes. o6527, 2 a $0. 
a=17, bade C= 59°17!. 
b= V5, c= V3, A= 85° 53!, 
E001 = 0312, C= 33° 709". 

@ =13.715, ~6=11.214,- B= 15° 22' 36". 
b = 3000.9, ¢=1587.2, A= 86°4' 4". 
pan | bas Bld, ~~ C= 66° 6! 27". 
a= 55.14, b= 33.09, C= 30° 24’. 

10. 09, = 3814, . C= 175° 19110" 
ee MOS, ++ O96? BQY 12", 
12. (ase £00,<4in = 900), | 6B". 


oO AHA Rw NV 
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Solve these triangles, given the following parts : 
13, Gx 409 dOo, Calin 
14. a=6.25, 6=5.05, C =105.77°. 
15. a = 3718, 6 =1507, C = 95.86°. 
16. a = 46.07, 6 = 22.29, C = 66.36°. 
17. 6= 445, C= 624, A=—1083. 
18, bex15.7, ¢= 436. A= 67.29% 


19. If two sides of a triangle are each equal to 6, and the in- 
cluded angle is 60°, find the third side by two different methods. 


20. If two sides of a triangle are each equal to 6, and the in- 
cluded angle is 120°, find the third side by three different methods. 


21. Apply the first method given on page 120 to the case in which 
a is equal to 6; that is, the case in which the triangle is isosceles. 


22. If two sides of a triangle are 10 and 11, and the included 
angle is 50°, find the third side. 


23. If two sides of a triangle are 43.301 and 25, and the included 
angle is 30°, find the third side. 


24. In order to find the distance between two objects, A and B, 
separated by a swamp, a station C was chosen, and the distances 
CA = 3825 yd., CB = 3475.6 yd., together with 
the angle ACB = 62° 31', were measured. Find 
the distance from A to B. 

25. Two inaccessible objects, A and B, are 
each viewed from two stations, C and D, on the 
same side of AB and 562 yd. apart. The angle 
ACB is 62°12', BCD 41° 8', ADB 60° 49’, and 
ADC 34° 51'. Required the distance AB. 

26. In order to find the distance between two objects, A and B, 
separated by a pond, a station C was chosen, and it was found that 
CA =426yd., CB= 322.4 yd., and ACB= 68° 42'. Required the 
distance from A to B. 





27. Two trains start at the same time from the same station and 
move along straight tracks that form an angle of 30°, one train at 
the rate of 30 mi. an hour, the other at the rate of 40 mi. an hour. 
How far apart are the trains at the end of half an hour? 


28. In a parallelogram, given the two diagonals 5 and 6 and the 
angle which they form 49° 18’, find the sides. 
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115. Given the Three Sides. Given the three sides of a triangle, it — 
is possible to find the angles by the Law of Cosines. Thus, from 
@=+ ¢— 2becosA, 
bec a" ; 
2 be 


This formula is not, however, adapted to work with logarithms. In order to 
remedy this difficulty we shall now proceed to change its form. 


we have cos A = 


Let s equal the semiperimeter of the triangle; that is, 
let @+d0+c=2s. ; 

Then b+c—a=2s—2a=2(s—a), 
c+a—b=2(s —3), 
and a+b—c=2(s—e). 


Hence . 1—oosani— Stee 2h Fete 
Se Oe) (Oe ae ba 2) 
2 be 2 be 
w2Ge DG =e). 
be 


In the same way the value of 1 + cos is 


P+e—@ 2e+P+4+C—a7 b+ceP7—e 


a 2 be Ze; 2 be 2 be 
_O@+e+a)O+e—a) _28(s—a) 
rs 2 be re be 


But from § 102 we know that | 
1—cosA=2sin*?1 A, and 1+ cosA = 2cos*} A. 


“. 2sin?t A= is Ms a) ,and 2 cos?}.A = oe. 


It therefore follows that 








s— b)(s—c 
sind A— aN Ki ) ’ 
2 bc 
oe Is(s — 4a) 
and cos 34 = es : 
Furthermore, since tan x = sm, we have 


co 


6-6-9 
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By merely changing the letters in the formulas given on page 123, 
we have the following : 


sing B= 4[S= 98-9, singo=[O=98—9, 
ac a 


cos p= C=, cos po ==, 


tan} B= Vast ae Ve 


There is then a choice of three different formulas for finding the value of 
each angle. If half the angle is very near 0°, the formula for the cosine will 
not give a very accurate result, because the cosines of angles near 0° differ little 
in value; and the same is true of the formula for the sine when half the angle 
is very near 90°. Hence in the first case the formula for the sine, and in the 
second that for the cosine, should be used. 

But in general the formulas for the tangent are to be preferred, the tangent 
as a rule changing more rapidly than the sine or cosine. 

It is not necessary to compute by the formulas more than two angles, for 
the third may then be found from the equation A + B+ C =180°. There is this 
advantage, however, in computing all three angles by the formulas, that we 

may then use the sum of the angles as a test of the accuracy of the results. 


116. Checks on the Angles. In case it is desired to compute all the 
angles for the purpose of checking the work, the formulas for the 


tangent may be put in a more convenient form. 
The formula for tan 4A may be written thus: 


tee (s — a) (s — 4) (s —¢) 








s(s — a)? 
22) NSD OCS 
bg tay Ss 
— EOE el 
Hence, if we put r= ee 
we have tanlA = : 
2 Sea 
Likewise, tant B=; ig ——, tan}C= TE 
= b se 


For example, if a= 3, b= and c= 4.5, we have s= 5.5, s—a=2.5, 
s—b=2, ands—c=1. 


2.5 x 2 
ore pbx 2x1 _ [B= 4/19 = 0.058 
5.5 5.5 Nii 


. tan }.A = 0.9584 + 2.5 = 0.8814. 
. fA = 20° 53’, 
. A = 41° 46”, 


THE OBLIQUE TRIANGLE 125 


Exercise 54. Formulas of the Triangle 


1. Given tan }.4= (s—5)(s—o) 
s(s — a) 


: : —b)(s— 
2. Givensin} A= \ GoBE=9 » express the value of log sin } A. 


3. Given r= eee) » express the value of log». 


» express the value of log tan 3.4. 








s 
4. Given tan} A= ' - 7? express the value of log tan }.A. 
5. Given tan} A =- —;? express the value of log». 


6. Of the three values for tan 44, . 
. 2 — cosA 
1+ cosA ( : ote) 
Gz 6) (s — 9) 
\ aC Hin) ’ (§ 115) 


and u (ESIC ie e (§ 116) 


(‘Siar s 





which is the easiest to treat by logarithms ? Express the logarithms 
of the results and show why your answer is correct. 


7. Given a = 4, b= 5, and c = 6, find the value of tan} A, and 
then find the value of A. 


8. Deduce the equation 


‘ Pe (s — 6) (s —¢) 
oe \ 8(s — a) 


from the equation 


1—cosA 
ao) = eee 
bang VG 


9. Discuss the formula 
a ceo 
s(s — a) 
ere Ga OGRE = os 


Sao Ss 


for the case of an equilateral triangle, say when a = 4. 
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117. Illustrative Problems. 1. Given a = 3.41, 6 = 2:60, c = 1.58, 


find the angles. 
Since it is given that a= 3.41, b= 2.60, and c=1.58, it follows 


that 2s=7.59 and s = 3.795. Therefore 
s— a= 0.385, s—b=1.195, s—c= 2.215. 


Using the formula of §115 and the corresponding formula for 
tan }B, we may arrange the work as follows: 


colog s = 9.42079 cologs = 9.42079 —10 
colog (s — a) = 0.41454 log(s —a)= 9.58546 — 10 
log (s — 6) = 0.07737 colog(s —6)= 9.92263 —10 
log (s — ¢) = 0.84537 log(s —¢)= 0.384537 
2 ) 0.25807 2 )19.27425 — 20 
log tan A = 0.12903 logtan} B= 9.63713 —10 
. $A = 53° 23/20" oi he = eo bol 
.. A = 106° 46! 40" . B= 46° 53! 14" 


“. A+ B=153° 39! 54", and C = 26° 20' 6". 


2. Solve the above problem by finding all three angles by the use 
of the formulas on page 124. 
Since it is given that a= 3.41, b= 2.60, and c=1.58, it follows 
that 2s =7.59 and s = 3.795. Therefore 
s— a= 0.385, s — 6 =1.195, s—¢e= 2.215. 


Here the work may be compactly arranged as follows, if we find log tan4A, 
etc., by subtracting log (s — a), etc., from log r instead of adding the cologarithm. 





log (s — a) = 9.58546 log tan A =10.12903 
log (s — 6) = 0.07737 log tani} B= 9.63713 
log (s — c) = 0.84537 logtan}C = 9.36912 

colog s = 9.42079 4A = 53° 23! 20" 

log 7? = 9.42899 1B= 23°26) 37" 

log r = 9.71450 C= 13°10! 3" 

A =106° 46’ 40" 

B= 46°53'14" 

C= 26°20! 6" 


Check. A+B+C=180° 0! 0" 


Even if no mistakes are made in the work, the sum of the three angles found 
as above may differ very slightly from 180° in consequence of the fact that 
computation with logarithms is at best only a method of close approximation. 
When a difference of this kind exists, it should be divided among the angles 
according to the probable amount of error for each angle. 
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Exercise 55. Finding the Angles 
Find the three angies of a triangle, given the three sides as follows: 


1. 51, 65, 20. 6. 43, 50, 57. 1 bes 10! 
2. 78, 101, 29. 4 87,.58, 79, 12. 6, 6, 10. 
3. 111, 145, 40. 8. 73, 82, 91. 13. 6, 6, 6. 
4, 21, 26, 31. a V5, V6.Vi7. 14, 6, 9, 12. 
5. 19, 34, 49. 105,21, 28-35. 15. 3, 4, 5. 


16. Given a =14.5, b = 55.4, and c = 66.9, find A, B, and C. 
17. Given a = 2, 6 =V6, and ec =V3 —1, find 4, B, and C. 
18. Given a = 2, b=V6, and ¢=V3 +41, find A, B, and C. 


19. The sides of a triangle are 78.9, 65. 4, and 97.3 respectively. 
Find the largest angle. 


20. The sides of a triangle are 487.25, 512.33, and 544.37 respec- 
tively. Find the smallest angle. : < 
V8 41 V3—1 


2V2 °° 2V2° 





21. Find the angles of a triangle whose sides are 
and ae respectively. 

22. Of three towns, A, B, and C, A is found to be 200 mi. from B 
and 184 mi. from C, and B is found to be 150 mi. due north from C. 
How many miles is A north of C’? 

23. Under what visual angle is an object 7 ft. long seen by an 
observer whose eye is 5 ft. from one end of the object and 8 ft. from 
the other end ? 

24. The sides of a triangle are 14.6 in., 16.7 in. and 18.8 in.’ 
respectively. Find the length of the perpendicular from the vertex 
of the largest angle upon the opposite side. 

25. The distances between three cities, A, B, and C, are measured 
and found to be as follows: AB=165 mi, AC=T72 mi. and 
BC =185 mi. B is due east from A. In what direction is C from A? 
What two answers are admissible ? 

26. In a quadrilateral ABCD, AB= 2in., BC =3in., CD=3in,, 
DA=4in., and AC=4in. Find the angles of the quadrilateral. 

27. In a parallelogram ABCD, AB=2in., AC = 3in., and AD 
=2.5in. Find ZCBA. 

28. Inarectangle ABCD, AB= 3.3 in.,and AC = 5}hin. Find the 
angles that each diagonal makes with the sides. 
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: 
118. Area of a Triangle. The area of a triangle may be found if 
the following parts are known: 
1. Two sides and the included angle; 
2. Two angles and any side; 
3. The three sides. 
These cases will now be considered. 


Casg 1. Given two sides and the included angle. 
Lettering the triangle as here shown, and designating CD by h 





and the area by S, we have C 
S=tch. 
But h=asin B. 
Therefore S=jacsin B. 
Also S=}absinC,andS=}besin A. 4 Gee B 


Exercise 56. Area of a Triangle 


Find the areas of the triangles in which it is given that : 
Vase 20. Gat OL, B= 40°. 
2. a = 35, c= 43, Raa. 
3. a, = 4.8, 6= bo, Bi SOT’. 
AL a == 9.8; €=7,.0. B= 48.5 
5. a=17.8, b=19.4, C= 56.25°. 
6. 6 = 48.55, b= 6432,. C= 62° 37'. 
To Gra 127.8, CS 1685, “Aa 2- 43% 
8. b= 423.9) ees AIT.) A= 6820 
9.. 0 = 92.78, = 29.62, A OT 32 20". ra 
10, 62 1487, cm 1634, A= 612 30" 30" 

11. Prove that the-area of a parallelogram is equal to the product 
of the base, the diagonal; and the sine of the angle included by them. 

12. Find the area of the quadrilateral ABCD, given AB= 3 in., 
AC = 4.2 in., AD= 3.8 in., ZBAD = 88°10', ZBAC = 36° 20’. 

13. In a quadrilateral ABCD, BC=5.1in., AC=4.8in., CD= 
3.7 in., ZACB =123° 42’, and ZDCA =117° 26’. Draw the figure 
approximately and find the area. ° ¢ 

14. In the pentagon ABCDE; AB= 3.1 in, AC=4,2in., AD= 
3.7in.) AE = 2.9 in., ZA =132°18!, CBAC = 38°16 and ZPAL = 
53° 9'. Find the area of the pentagon. 
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CasE 2. Given two angles and any side. 


If two angles are known the third can be found, so we may 
consider that all three angles are given. 











: sin A a 
Since - =-) 
sin C C 
it follows that EBIEG 
sin A 
And since S = fac sin B (Case 1), 
asin’ , . a sin B sind 
we have S=1 : np ee 
ae sin A a 2 sin A 


Since all three angles are known we may use this formula; or, 
since sin(B + C) = sin (180° — A) = sin A, we may write it as follows: 


# a’? sin BsinC 
~ 2s8in(B + C) 


Exercise 57. Area of a Triangle 


Find the areas of the triangles in which tt is given that: 


iva= di, B= 48°, C52? 
2.a=182, B= 63.5°, C = 78.4°. 
3. a=298, B= 78.8°, C = 95.5°. 
4.a=19.8, B= 39°20’, C = 88° 40’. 
5. a= 2487, B= 87° 28', C = 69° 32’. 
6. b = 483.7, A= 84° 32’, C = 78° 49). 
7. b= b2TA, Ae 73° 42!, C = 68° 37'. 
8 c= 296.3, A= 58°35’, B= 42° 36'. 
9. ¢=17.48, A=36°27'30", B= 73°50! 


rary 
o 


. €= 96.37, A= 42°23! 35",. B= 69° 52! 50". 


11. In a parallelogram ABCD the diagonal AC makes with the 
sides the angles 27°10’ and 32° 43! respectively. AB is 2.8 in. long. 
What is the area of the parallelogram ? 
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Casr 3. Given the three sides. 


Since, by § 101, sin B = 2 sin} Bcos $B, 


and, by § 115, sin} B= qemu 
cos ent, 


and 
by substituting these values for sin} B and cos $B in the above 
equation, we have 


; 2 
sin B= 7 Vs(s— a) (sD) (6 — 9). 


By putting this value for sin B in the formula of Case 1, we have 
the following important formula for the area of a triangle: 


Ss= Vs(s — a)(s— 6)(s— oc). 


This is known as Heron’s Formula for the area of a triangle, having been 
given in the works of this Greek writer. It is often given in geometry, but the 
proof by trigonometry is much simpler. 


A special case of finding the area of a triangle when the three 
sides are given is that in which the radius of the circumscribed 
circle or the radius of the inscribed circle is also given. 

If R denotes the radius of the circumscribed circle, we have, 


from § 106, b A 
sinB=——- 
2R 
By putting this value of sinB in the formula 
of Case 1, we have ee abe B lo 
4k 


If r denotes the radius of the inscribed circle, we may divide the 
triangle into three triangles by lines from the center of this circle to 
the vertices; then the altitude of each of the three triangles is equal 
to r. Therefore : ; 

S=;r(a+b+c)=ys. 


By putting in this formula the value of S from Heron’s Formula, 


we have 
nes (s— a) (s—d)(s—6) 


From this formula, r, as given in § 116, is seen to be equal to the 
radius of the inscribed circle. 


THE OBLIQUE TRIANGLE 131 
Exercise 58. Area of a Triangle 
Find the areas of the triangles in which it is given that : 
Leto, “Os 4, “eEsd: 4.10 =1.3, Goi. ¢= 21: 
2.a¢=16, 6=20, ¢= 25. 5. a= 5.3, 6=4.8, c= 46. 
3.¢=10, b= 10, c= 10, Crit 71, ODS. Cae O.4: 
7. There is a triangular piece of land with sides 48.5 rd., 52.3 rd., 


and 61.4rd. Find the area in square rods; in acres. 


Find the areas of the triangles in which it is given that : 


8..@=224, b= 3.2, 
Pos a 20, 0213.6, 
105 @= 13.9 b= 5.2; 
AiG =12.” b= 12. 
12. Given a= 60, B 


the inscribed circle. 


c=A, Wi ==' 2% 

e= 4.5, R= 2.25. 
€= 6.6, Ris 3:25. 
C=12, R= 6.9282 


= 40° 35'12", area =12, find the radius of 


Find the areas of the triangles in which it is given that: 


13. a= 40, = 13, Om OT. 

14. a= 408, 6= 41, c= 401. 

1b. a = 624, 6 = 205, c = 445. 

16: b= 8, C= 5, A= 60°. 

Le == 1, C= 3, A= 60°, 

18. 6= 21.66, c= 36.94, A = 66° 4'19", 
Boa 215.0.) oe = SOT, A= 25°91 31" 
20. 6=149, A= 70° 42'30", B= 39°18! 28". 
21. a= 4474.5, 6 = 2164.5, C = 116° 30! 20". 
22. a= 510, 6=173,; B= 162° 30! 28". 
23. If a is the side of an equilateral triangle, show that the area 


is } a? V3. 


24. Two sides of a triangle are 12.38 ch. and 6.78 ch., and the 


included angle is 46° 24’. 


Find the area. 


25. Two sides of a triangle are 18.37 ch. and 13.44 ch., and they 


form a right angle. Find 


the area. 


26. Two angles of a triangle are 76° 54' and 57° 33'12", and the 


included side is 9 ch. Fin 


27. The three sides of a 
Find the area. 


d the area. 
triangle are 49 ch., 50.25 ch., and 25.69 ch. 
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28. The three sides of a triangle are 10.64 ch., 12.28 ch., and 
9 ch. Find the area. 

29. The sides of a triangular field, of which the area is 14 A., 
are proportional to 3, 5,7. Find the sides. 

30. Two sides of a triangle are 19.74 ch. and 17.34 ch. The first 
bears N. 82° 30’ W.; the second 8. 24°15' E. Find the area. 

31. The base of an isosceles triangle is 20, and its area is 
100 + -V3; find its angles. 

32. Two sides and the included angle of a triangle are 2416 ft., 
1712 ft., and 30°; and two sides and the included angle of another 
triangle are 1948 ft., 2848 ft., and 150°. Find the sum of their areas. 

33. Two adjacent sides of a rectangle are 52.25 ch. and 38.24 ch. 
Find the area. 

34. Two adjacent sides of a parallelogram are 59.8 ch. and 37.05 ch., 
and the included angle is 72°10’. Find the area. 

35. Two adjacent sides of a parallelogram are 15.36 ch. and 
11.46 ch., and the included angle is 47°30’. Find the area. 

36. Show that the area of a quadrilateral is equal to one half the 
product of its diagonals into the sine of the included angle. 

37. The diagonals of a quadrilateral are 34 ft. and 56 ft., inter- 
secting at an angle of 67°. Find the area. 

38. The diagonals of a quadrilateral are 75 ft. and 49 ft., inter- 
secting at an angle of 42°. Find the area. 

39. In the quadrilateral ABCD we have AB,17.22 ch.; AD, 7.45 ch.; 
CD, 14.10ch.; BC, 5.25 ch.; and the diagonal AC, 15.04 ch. Find 
the area. 

40. Show that the area of a regular polygon of m sides, of which 

Sete . na 180° 
one side is a, is nat cot : 
41. One side of a regular pentagon is 25. Find the area. 





42. One side of a regular hexagon is 32. Find the area. 
43. One side of a regular decagon is 46. Find the area. 
44. If r is the radius of a circle, show that the area of the regular’ 


° 


» and the area of the 





circumscribed polygon of n sides is n7* tan es 
360° 





regular inscribed polygon is oc sin 


45. Obtain a formula for the area of a parallelogram in terms of 
two adjacent sides and the included angle. 


CHAPTER VIII 
MISCELLANEOUS APPLICATIONS 


119. Applications of the Right Triangle. Although the formulas 
for oblique triangles apply with equal force to right triangles, yet 
the formulas developed for the latter in Chapter IV are somewhat 
simpler and should be used when possible. It will be remembered that 
these formulas depend merely on the definitions of the functions. 


Exercise 59. Right Triangles 


A A the sun’s altitude is 30°, find the length of the longest 
shadow which can be cast on a horizontal plane by a 


stick 10 ft. in length. 
2. A flagstaff 90 ft. high, on a horizontal plane, aS 


easts a shadow of 117 ft. Find the altitude of the sun. x 


3. If the sun’s altitude is 60°, what angle must a stick make with 
the horizon in order that its shadow in a horizontal plane may be 
the longest possible ? 


4. A tower 93.97 ft. high is situated on the bank of a river. The 


angle of depression of an object on the opposite 
bank is 25°12’. Find the breadth of the river. eee 
5. The angle of elevation of the top of atower M™ Ye 


is 48°19’, and the distance of the base from the point of obser- 
vation is 95 ft. Find the height of the tower and the distance of its 
top from the point of observation. 


Ss 


6. From a tower 58 ft. high the angles of depression of two 
objects situated in the same horizontal line with — 
the base of the tower, and on the same side, are Hi 
80° 13' and 45° 46’. Find the distance between ——= 
these two objects. 

7, From one edge of a ditch 36 ft. wide the angle of elevation 
of the top of a wall on the opposite edge is 62° 39’. Find the 
length of a ladder that will just reach from the point of observation 


to the top of the wall. 
133 
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8. The top of a flagstaff has been partly broken off and touches 
the ground at a distance of 15 ft. from the foot of the staff. If the 
length of the broken part is 39 ft., find the length of the whole staff. 

9. From a balloon which is directly above one town the angle 
of depression of another town is observed to be 10°14'. The towns 
being 8 mi. apart, find the height of the balloon. 

10. A ladder 40 ft. long reaches a window 33 ft. high, on one 
side of a street. Being turned over upon its foot, the ladder reaches 
another window 21 ft. high, on the opposite side of the street. Find 
the width of the street. 

11. From a mountain 1000 ft. high the angle of depression of a 
ship is 27°35'11". Find the distance of the ship from the summit 
of the mountain. 

12. From the top of a mountain 3 mi. high the angle of depres- 
sion of the most distant object which is visible on the earth’s sur- 
face is found to be 2°13'50". Find the diameter of the earth. 

13. A lighthouse 54 ft. high is situated on a rock. The angle of 
elevation of the top of the lighthouse, as observed from a ship, is 
4°52', and the angle of elevation of the top of the rock is 4° 2’. 
Find the height of the rock and its distance from the ship. 

14. The latitude of Cambridge, Massachusetts, is 42° 22'49". What 
is the length of the radius of that parallel of latitude ? 

15. At what latitude is the circumference of the parallel of lati- 
tude equal to half the equator ? 

16. In a circle with a radius of 6.7 is inscribed a regular polygon 
of thirteen sides. Find the length of one of its sides. 

17. A regular heptagon, one side of which is 5.78, is inscribed in 
a circle. Find the radius of the circle. 

18. When the moon is setting at any place, the angle at the moon 
subtended by the earth’s radius passing through that place is 57'3". 
If the earth’s radius is 3956.2 mi., what is the moon’s distance from 
the earth’s center ? 

19. A man in a balloon observes the angle of depression of an 
object on the ground, bearing south, to be 35° 30’; the balloon drifts 
24 mi. east at the same height, when the angle of depression of the 
same object is 23°14'. Find the height of the balloon. 


20. The angle at the earth’s center subtended by the sun’s radius 
is 16’ 2", and the sun’s distance is 92,400,000 mi. Find the sun’s 
diameter in miles. 
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21. A man standing south of a tower and on the same horizontal 
plane observes its angle of elevation to be 54°16’; he goes east 
100 yd. and then finds its angle of elevation is 50° 8’. Find the 
height of the tower. 


22. A regular pyramid, with a square base, has a lateral edge 150 ft. 
long, and the side of the base is 200 ft. Find the inclination of the 
face of the pyramid to the base. 


23. The height of a house subtends a right angle at a window on 
the other side of the street, and the angle of elevation of the top of 
the house from the same point is Os The street is 30 ft. wide. 
How high is the house ? 

24. The perpendicular from the vertex of the right angle of a 
right triangle divides the hypotenuse into two segments 364.3 ft. 
and 492.8 ft. in length respectively. Find the acute angles of the 
triangle. 

25. The bisector of the right angle of a right triangle divides the 
hypotenuse into two segments 431.9 ft. and 523.8 ft. in length 
respectively. Find the acute angles of the triangle. 

26. Find the number of degrees, minutes, and seconds in an are 
of a circle, knowing that the chord which subtends it is 238.25 ft., 
and that the radius is 196.27 ft. 

27. Calculate to the nearest hundredth of an inch the chord which 
subtends an arc of 37° 43’ in a circle having a radius of 542.35 in. 

28. Calculate to the nearest hundredth of an inch the chord which 
subtends an arc of 14° in a circle having a radius of 475.23 in. 

29. In an isosceles triangle ABC the base AB is 1235 in., and 
ZA=ZB= 64 22'. Find the radius of the inscribed circle. 

30. Find the number of degrees, minutes, and seconds in an are 
of a circle, knowing that the chord which subtends it is two thirds 
of the diameter. 

31. Find the number of degrees, minutes, and seconds in an arc 
of a circle, knowing that the chord which subtends it is three fourths 
of the diameter. 

32. The radius of a circle being 2548.36 in., and the length of a 
chord BC being 3609.02 in., find the angle BAC made by two 
tangents drawn at B and C respectively. 

33. Find the ratio of a chord to the diameter, knowing that the 
chord subtends an are 27° 48’. If the diameter is 8 in., how long is 
the chord? If the chord is 8 in., how long is the diameter ? 
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34, Find the length of the diameter of a regular pentagon of 
which the side is 1 in., and the length of the side of a regular 
pentagon of which the diameter is 1 in. 

35. Two circles of radii a and d are externally tangent. The com- 
mon tangents AP, BP, and the line of centers CC'P are drawn as 
shown in the figure. Find sin APC. i 

36. In Ex. 35 find Z APC, know- . 
ing that a = 36. Age 

37. In AABC, ZA = 68° 26' 27", SS Py 
ZB=T75° 8! 23", and the altitude h, ie 
from C, is 148.17 in. Required the 
lengths of the three sides. ° B 

38. Two axes, OX and.OY, form a right angle at O, the center of 


a circle of radius 1091 ft. Through P, a point on OX 1997 ft. from 
O,a tangent is drawn, meeting OY at C, Re- 


ah 
quired OC and the angle CPO. C 
39. Find the sine of the angle formed by ea 
the intersection of the diagonals of a cube. oe x 


P 
40. The angle of elevation of the top of 


a tower observed at a place A, south of it, is 
30°; and at a place B, west of A, and at a distance of a from it, 
the angle of elevation is 18°. Show that the height of the tower 
so ; ae 
V2+2V6 V10 + 2-V5 
41. Standing directly in front of one corner of a flat-roofed house, 
which is 150 ft. in length, I observe that the horizontal angle which 
the length subtends has for its cosine V}, and that the vertical angle 


the tangent of 18° being 


subtended by its height has for its sine a - What is the height 
of the house ? eS 

42. Ata distance a from the foot of a tower, the angle of eleva- 
tion A of the top of the tower is the complement of the angle of 
elevation of a flagstaff on top of it. Show that the length of the 
staff is 2a cot 2A. 

43. A rectangular solid is 4 in. long, 3 in. wide, and 2 in. high. 
Calculate the tangent of the angle formed by the intersection of 
any two of the diagonals. 


44, Calculate the tangent as in Ex. 43, the solid being / units long, 
w units wide, and / units high. 
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120. Applications of the Oblique Triangle. As stated in § 119, when 
conditions permit of using a right triangle in making a trigono. 
metric observation it is better to do so. Often, however, it is impos- 
sible or inconvenient to use the right triangle, as in the case of an 
observation on an inclined plane, and in such cases resort to the 
oblique triangle is necessary. 


Exercise 60. Oblique Triangles 


1. Show how to determine the height of an inaccessible object 
situated on a horizontal plane by observing its angles of elevation 
at two points in the same line with its base and measuring the 
distance between these two points. 


2. Show how to determine the height of an inaccessible object 
standing on an inclined plane. 


3. Show how to determine the distance between two inaccessible 
objects by observing angles at the ends of a line of known length. 

4, The angle of elevation of the top of an inaccessible tower stand- 
ing on a horizontal plain is 63° 26'; at a point 500 ft. farther from 
the base of the tower the angle of elevation of the top is 32°14! 
Find the height of the tower. 

5. A tower stands on the bank of a river. From the opposite bank 
the angle of elevation of the top of the tower is 60° 13', and from a 
point 40 ft. further off the angle of elevation is 50°19’. Find the 
width of the river. ; 


6. At the distance of 40 ft. from the foot of a vertical tower on 
an inclined plane, the tower subtends an angle of 41°19’; at a point 
60 ft. farther away the angle subtended by the tower is 23° 45!. 
Find the height of the tower. 

7. A building makes an angle of 113°12' with the inclined plane 
on which it stands; at a distance of 89 ft. from its base, measured 
down the plane, the angle subtended by the building is 23° 27'. Find 
the height of the building. 

8. A person goes 70 yd. up a slope of 1 in 3} from the bank of a 
river and observes the angle of depression of an object on the oppo- 
site bank to be 21°. Find the width of the river. 

g. A tree stands on a declivity inclined 15° to the horizon. A man 
ascends the declivity 80 ft. from the foot of the tree. and finds the 
angle then subtended by the tree to be 30°. Find the height of 
the tree. 
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10. The angle subtended by a tree on an inclined plane is, at a 
certain point, 42°17’, and 325 ft. further down it is 21°47’. The 
inclination of the plane is 8° 53'. Find the height of the tree. 


11. From a point B at the foot of a mountain, the angle of elevation 
of the top A is 60°. After ascending the mountain one mile, at an 
inclination of 30° to the horizon, and reaching a point C, an observer 
finds that the angle ACB is 135°. Find the number of feet in the 
height of the mountain. 

12. The length of a lake subtends, at a certain point, an angle of 
46° 24', and the distances from this point to the two ends of the 
lake are 346 ft. and 290 ft. Find the length of the lake. 


13. Along the bank of a river is drawn a base line of 500 ft. The 
angular distance of one end of this line from an object on the oppo- 
site side of the river, as observed from the other end of the line, 
is 53°; that of the second extremity from the same object, observed 
at the first, is 79°12’. Find the width of the river. 


14. Two observers, stationed on opposite sides of a cloud, observe 
its angles of elevation to be 44° 56' and 36° 4'. Their distance from 
each other is 700 ft. What is the height of the cloud ? 


15. From the top of a house 42 ft. high the angle of elevation of 
the top of a pole is 14°13’; at the bottom of the house it is 23°19’. 
Find the height of the pole. 


16. From a window on a level with the bottom of a steeple the 
angle of elevation of the top of the steeple is 40°, and from a second 
window 18 ft. higher the angle of elevation is 37°30’. Find the 
height of the steeple. 


17. The sides of a triangle are 17, 21, 28. Prove that the length 
of a line bisecting the longest side and drawn from the opposite 
angle is 13. 


18. The sum of the sides: of a triangle is 100. The angle at A is 
double that at B, and the angle at B is double that at C. Determine 
the sides. 


19. A ship sailing north sees two lighthouses 8 mi. apart ina line 
due west; after an hour’s sailing, one lighthouse bears S.W., and 
the other 8S. 22° 30' W. (22° 30' west of south). Find the ship’s rate. 


20. A ship, 10 mi. S.W. of a harbor, sees another ship sail from 
the harbor in a direction 8. 80° E., at a rate of 9 mi. an hour. In what 
direction and at what rate must the first ship sail in order to catch 
up with the second ship in 1} hr.? 
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21. Two ships are a mile apart. The angular distance of the first 
ship from a lighthouse on shore, as observed from the second ship, 
is 85° 14'10"; the angular distance of the second ship from the light- 
house, observed from the first ship, is 42°11'53". Find the distance 
in feet from each ship to the lighthouse. 

22. A lighthouse bears N.11°15'E., as seen from a ship. The 
ship sails northwest 30 mi., and then the lighthouse bears east. How 
far is the lighthouse from the second point of observation ? 

23. Two rocks are seen in the same straight line with a ship, 
bearing N. 15° E. After the ship has sailed N.W. 5 mi., the first rock 
bears E., and the second N.E. Find the distance between the rocks. 

24. On the side OX of a given angle XOYa point A is taken such 
that OA=d. Deduce a formula for the length AB of a line from 4 
to OY that makes a given angle a with OX. From 
this formula, x is a minimum when what sine is 
the maximum? Under those circumstances what 
is the sum of Oand a? Then what is the size of 
ZB? State the conclusion as to the size of Za oa \—x 
in order that x shall be the minimum. 

25. Three points, A, B, and.C, form the vertices of an equilateral 
triangle, AB being 500 ft. Each of the two sides AB and AC is seen 
from a point P under an angle of 120°; that is, 7 APB=120°=Z CPA. 
Find the length of AP. 

26. A lighthouse facing south sends out its rays extending in a 
quadrant from S.E. to §.W. A steamer sailing due east first sees 
the light when 6 mi. away from the lighthouse and continues to see 
it for 45 min. At what rate is the ship sailing ? 

27. If two forces, represented in intensity by the lengths a and 4, 
pull from P in the directions PC and PA, respectively, and if Z APC 
is known, the resultant force is represented in 


C 
intensity and direction by f, the diagonal of 
the parallelogram ABCP. Show how to find f a 
and Z APB, given a, 6, and Z APC. P s 


28. Two forces, one of 410 lb. and the other ; 
of 3201b., make an angle of 51° 37’. Find the intensity and the 
direction of their resultant. 

29. An unknown force combined with one of 128 lb. produces 
a resultant of 200 lb., and this resultant makes an angle of 18° 
24' with the known force. Find the intensity and direction of the 
unknown force. 
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30. Wishing to determine the distance between a church A and a 
tower B, on the opposite side of a river, a man measured a line CD 
along the river (C being nearly opposite A), and observed the angles 
ACB, 58° 20'; ACD, 95° 20'; ADB, 53° 30'; BDC, 98° 45'. CD is 
600 ft. What is the distance required ? 

31. Wishing to find the height of a summit A, a man measured a 
horizontal base line CD, 440 yd. At C the angle of elevation of A 
is 87° 18’, and the horizontal angle between D and the summit of 
the mountain is 76° 18'; at D the horizontal angle between C and 
the summit is 67°14’. Find the height. 

32. A balloon is observed from two stations 3000 ft. apart. At the 
first station the horizontal angle of the balloon and the other station 
is 75° 25’, and the angle of elevation of the balloon is 18°. The hori- 
zontal angle of the first station and the balloon, measured at the 
second station, is 64° 30’. Find the height of the balloon. 

33. At two stations the height of a kite subtends the same angle A. 
The angle which the line joining one station and the kite subtends 
at the other station is B; and the distance between the two stations 
is a. Show that the height of the kite is }a@sin A sec B. 

34. Two towers on a horizontal plain are 120 ft. apart. A person 
standing successively at their bases observes that the angle of eleva- 
tion of one is double that of the other; but when he is halfway be- 
tween the towers, the angles of elevation are complementary. Prove 
that the heights of the towers are 90 ft. and 40 ft. 

35. To find the distance of an inaccessible point C from either 
of two points A and B, having no instruments to measure angles. 
Prolong C'A to a, and CB to 6, and draw AB, Ab, and Ba. Measure 
AB, 500 ft.; aA, 100 ft.; aB, 560 ft.; dB, 100 ft.; and Ad, 550 ft. 
Compute the distances AC and BC. 

36. To compute the horizontal distance between two inaccessible 
points A and B when no point can be found whence both can be seen. 
Take two points C and D, distant 200 yd., so that A can be seen 
from C, and B from D. From C measure CF, 200 yd. to F, whence 
A can be seen; and from D measure DE, 200 yd. to E, whence B 
can be seen. Measure AFC, 83°; ACD, 53° 30'; ACF, 54° 31'; BDE, 
54° 30'; BDC, 156° 25'; DEB, 88° 30'. Compute the distance AB. 

37. A column in the north temperate zone is S. 67° 30! E. of an 
observer, and at noon the extremity of its shadow is northeast of him. 
The shadow is 80 ft. in length, and the elevation of the column at 
the observer’s station is 45°. Find the height of the column. 
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121. Areas. In finding the areas of rectilinear figures the effort 
is made to divide any given figure into rectangles, parallelograms, 
triangles, or trapezoids, unless it already has one of these forms. 


ee 7... Ge 


For example, the dotted lines show how the above figures may be 
divided for the purpose of computing the areas. A regular polygon 
would be conveniently divided into congruent isosceles triangles 
by the radii of the circumscribed circle. 


Exercise 61. Miscellaneous Applications 


1. In the trapezoid ABC Dit is known that Z A = 90°, ZB=382°25', 
AB = 324.35 ft., and CD = 208.15 ft. Find the area. 

2. Find the area of a regular pentagon of which each side is 4 in. 

3. Find the area of a regular hexagon of which each side is 4 in. 

4, The area of a regular polygon inscribed in a circle is to that 
of the circumscribed regular polygon of the same number of sides 
as 3 to 4. Find the number of sides. 

5. The area of a regular polygon inscribed in a circle is the 
geometric mean between the areas of the inscribed and circumscribed 
regular polygons of half the number of sides. 

6. Find the ratio of a square inscribed in a circle to a square cir- 
cumscribed about the same circle. Find the ratio of the perimeters. 

7. The square circumscribed about a circle is four thirds the in- 
scribed regular dodecagon. 

8. In finding the area of a field ABCDE a surveyor measured 
the lengths of the sides and the angle which each side makes with 
the meridian (north and south) line through its 
extremities. AD happened to be a meridian line. 
Show how he could compute the area. 

9. Two sides of a triangle are 3 and 12, and 
the included angle is 30°. Find the hypotenuse of 
the isosceles right triangle of equal area. 

10. In the quadrilateral ABCD we have given AB, 
BC, ZA, ZB,and ZC. Show how to find the area of the quadrilateral. 

11; In Ex. 10, suppose 4B =175 ft., BC =198 ft, ZA= 95°, 
ZB = 92°15', and ZC = 96° 45'. What is the area? 





A 
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122. Surveyor’s Measures. In measuring city lots surveyors com- 
monly use feet and square feet, with decimal parts of these units. 
In measuring larger pieces of land the following measures are used: 


163 feet (ft.) = 1 rod (rd.)- 
66 feet = 4 rods = 1 chain (ch.) 
100 links (1i.) = 1 chain 
10 square chains (sq. ch.) = 160 square rods (sq.rd.)=1acre (A.) 


We may write either 7 ch. 42 li. or 7.42 ch. for 7 chains and 42 links. The 
decimal fraction is rapidly replacing the old plan, in which the word link was 
used. Similarly, the parts of an acre are now written in the decimal form 
instead of, as formerly, in square chains or square rods. 

Areas are computed as if the land were flat, or projected on a horizontal 
plane, no allowance being made for inequalities of surface. 


123. Area of a Field. The areas of fields are found in various 
ways, depending upon the shape. In general, however, the work is 
reduced to the finding of the areas of triangles 
or trapezoids. 


For example, in the case here shown we may draw a 
north and south line #’A’ and then find the sum of the 
areas of the trapezoids ABBA’, BCO’B’, CDDC’, and 
DEE’D’. From this we may subtract the sum of the 
trapezoids A GG’ A’, GFF’ G’ and FEE’F’. The result will 
be the area of the field. 

Instead of running the imaginary line H’A’ outside 
the field, it would be quite as convenient to let it pass 
through 7, A, H, or C. The method of computing the 
area is substantially the same in both cases. 

For details concerning surveying, beyond what is here given and is included 
in Exercise 60, the student is referred to works upon the subject. 





Exercise 62. Area of a Field 


1, Find the number of acres in a triangular field of which the 
sides are 14 ch., 16 ch., and 20 ch. 


2. Find the number of acres in a triangular field having two sides 
16 ch. and 30 ch., and the included angle 64° 15’. 


3. Find the number of acres in a triangular field having two angles 
68.4° and 47.2°, and the included side 20 ch. 


4. Required the area of the field described in § 123, knowing that 
AA'= 8 ch., BB'=12 ch., CC'=13 ch., DD'=12 ch., EE! = 8 ch., 
FF'=1ch, GG'=2ch., A'G'=6ch., G'B'=1.5 ch, BIF' = 2.3 ch., 
F'C' = 3 ch., C'D! = 4 ch., D/E!= 2.9 ch, 
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5. In a quadrangular field ABCD, AB runs N. 27° EH. 12.5 ch., 
BC runs N. 30° W. 10 ch., CD runs 8. 37° W. 15 ch., and DA runs 
S. 47° EH. 11.5 ch. Find the area. - 

That AB is N.27°E. means that it makes an angle of 
27° east of the line running north through <A. 

6. In a triangular field ABC, AB runs N. 10° E. 
30 ch., BC runs S. 30° W. 20 ch., and CA runs 8. 22° EK. 
13 ch. Find the area. 


7. In a field ABCD, AB runs E.10ch., BC runs 
N.12 ch., CD runs S. 68°12' W. 10.77 ch., and DA 
runs 8.8ch. Find the area. 


8. A field is in the form of a right triangle of which the sides 
are 15 ch., 20 ch., and 25 ch. From the vertex of the right angle a 
line is run to the hypotenuse, making an angle of 30° with the side 
that is 15 ch. long. Find the area of each of the triangles into 
which the field is divided. 





Using a protractor, draw to scale the fields referred to in the 
following examples, and find the areas: 


9. AB, N. 72° E. 18 ch., CD, N. 68° W. 21 ch., 
BO, N: 10° E. 12.5 ch., DA, 8.12° E. 26.3 ch. 
10. AB, N. 45° E. 10 ch., CD, 8. 15° W. 18.21 ch., 
BO, 8. 75° E. 11.55 ch., DA, N.45° W. 19.11 ch. 
11. AB, N. 5° 30! W. 6.08 ch., CD, 8. 3° E..8.33 ch., 
BC, 8. 82° 30! W. 6.51 ch., DA, E. 6.72 ch. 
12. AB, N. 6°15' W. 6.31 ch., CD, 8. 5° E. 5.86 ch., 
BC, S. 81° 50! W. 4.06 ch., DA, N. 88° 30! E. 4.12 ch. 


13. A farm is bounded and described as follows: Beginning at 
the southwest corner of lot No. 13, thence N.1}° E.132 rods and 
23 links to a stake in the west boundary line of said lot; thence 
S. 89° E. 32 rods and 15,4, links to a stake; thence N. 1}° E. 29 rods 
and 15 links to a stake in the north boundary line of said lot; thence 
S. 89° E. 61 rods and 18,5, links toa stake; thence 8. 325° W. 54 rods 
to a stake; thence 8. 351° E. 22 rods and 4 links to a stake; thence 
§. 48° E. 33 rods and 2 links to a stake; thence S. 73° W. 76 rods 
and 20 links to a stake in the south boundary line of said lot; thence 
N. 89° W. 96 rods and 10 links to the place of beginning. Containing 
85.65 acres, more or less. Verify the area given and plot the farm. 


This is a common way of describing a farm in a deed or a mortgage. 
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124. The Circle. It is learned in geometry that 
c=2nr, and a=", 
where c = circumference, r = radius, a = area, and m7 = 3.141594 
= 3.1416— = about 31. For practical purposes 22 may be taken. 
Furthermore, if we have a sector with angle n degrees, 


the area of the sector is evidently aa of wr. 


From these formulas we can, by the help of the 
formulas relating to triangles, solve numerous prob- 
lems relating to the circle. 


Exercise 63. The Circle 


1. A sector of a circle of radius 8 in. has an angle of 62.5°. 
A chord joining the extremities of the radii forming the sector cuts 
off a segment. Whatis the area of this segment? 


2. A sector of a circle of diameter 9.2 in. has an 
angle of 29°42'. A chord joining the extremities 
of the radii forming the sector cuts off a segment. 
What is the area of the remainder of the circle ? 





3. Ina circle of radius 3.5 in., what is the area included between two 
parallel chords of 6 in. and 5 in. respectively? (Give two answers.) 


4, A regular hexagon is inscribed in a circle of radius 4in. What 
is the area of that part of the circle not covered by the hexagon ? 


5. In a circle of radius 10in.a regular five-pointed 
star is inscribed. What is the area of the star ? What 
is the area of that part of the circle not covered by 
the star ? 


6. In a circle of diameter 7.2 in. a regular five- 
pointed star is inscribed.. The points are joined, 
thus forming a regular pentagon. There is also a regular pentagon 
formed in the center by the crossing of the lines of the star. The 
small pentagon is what fractional part of the large one ? 


7. A circular hole is cut in a regular hexagonal plate 
of side 8in. The radius of the circle is 4in. What is 
the area of the rest of the plate? 


8. A regular hexagon is formed by joining the mid-points of the 
sides of a regular hexagon. Find the ratio of the smaller hexagon 
to the larger. 


CHAPTER IX 
PLANE SAILING 


125. Plane Sailing. A simple and interesting application of plane 
trigonometry is found in that branch of navigation in which the 
surface of the earth is considered a plane. This can be the case 
only when the distance is so small that the curvature of the earth 
may be neglected. 


This chapter may be omitted if further applications of a practical nature are 
not needed. 


126. Latitude and Departure. The difference of latitude between 
two places is the arc of a meridian between the paralisls of latitude 
which pass through those places. 

Thus the latitude of Cape Cod is 42° 2’ 21” N. and the latitude of Cape Hat- 
teras is 85°15’ 14” N. The difference of latitude is 6° 47’ 7”. 

The departure between two meridians is the length of the arc 
of a parallel of latitude cut off by those meridians, measured in 
geographic miles. 

The geographic mile, or knot, as the lenge of 1’ of the equator. Taking the 


equator to be 131,385,456 ft., ve of a of this length is 6082.66 ft., and this 


is generally taken as the standard in the United States. The British Admiralty 
knot is a little shorter, being 6080 ft. The term ‘'mile’’ in this chapter refers 
to the geographic mile, and there are 60 mi. in one degree of a great circle. 
Calling the course the angle between the track of the ship and the 
meridian line, as in the case of N. 20° E., it will be evident by drawing 
a figure that the difference in latitude, expressed in distance, equals 
the distance sailed multiplied by the cosine of the course. That is » 
diff. of latitude = distance x cos C. 
In the same way we can find the departure. This is evidently 
given by the equation 
departure = distance x sin C. 
For example, if a ship has sailed N. 30° E. 10 mi., the difference 
in latitude, expressed in miles, is 
10 cos 30° = 10 x 0.8660 = 8.66, 


and the departure is 10sin 30°=10 x 0.5=5. 
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127. The Compass. The mariner divides the circle into 32 equal 
parts called points. There are therefore 8 points in a right angle, 
and a point is 11°15’. To sail two : 
points east of north means, therefore, 
to sail 22°30! east of north, or north- 
northeast (N.N.E.) as shown on the 
compass. Northeast (N.E.) is 45° east 
of north. One point east of north is 
called north by east (N. by E.) and one 
point east of south is called south by 
east (S. by E.). The other terms used, 
/and their significance in angular measure, 
/ will best be understood from the illustration and the following table : 





NorTH Points 


N. by E. | N. by W. 


N.E. by N. | N.W. by N. S.E. by S. | S.W. by S. 
a 


36 33 45 
39 22 30 
N.W. 42 11 15 


47 48 45 


50 37 30 
N.E. by E. | N.W. by W. 53 26 15 


70 18 45 
73 7 30 
75 56 15 


81 33 45 
84 22 30 
87 11 15 
90 0 0 





The compass varies in different parts of the earth; hence, in sailing, the 
compass course is not the same as the true course. The true course is the com- 
pass course, with allowances for variation of the needle in different parts of the 
earth, for deviation caused by the iron in the ship, and for leeway, the angle 
which the ship makes with her track. 
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Exercise 64. Plane Sailing 


1. A ship sails from latitude 40° N. on a course N.E. 26 mi. Find 
the difference of latitude and the departure. 

2. A ship sails from latitude 35° N. on a course S.W. 53 mi. Find 
the difference of latitude and the departure. 

3. A ship sails from a point on the equator on a course N.E. by 
N. 62 mi. Find the difference of latitude and the departure. 

4. A ship sails from latitude 43° 45'S. on a course N. by E. 38 mi. 
Find the difference of latitude and the departure. 

5. A ship sails from latitude 1° 45'N. on a course 8.E. by E. 25 mi. 
Find the difference of latitude and the departure. 

6. A ship sails from latitude 13°17'S. on a course N.E. by E.3 E., 
until the departure is 42 mi. Find the difference of latitude and the 
latitude reached. 

7. A ship sails from latitude 40° 20'N. on a N.N.E. course for 
92 mi. Find the departure. ; 

8. If a steamer sails S.W. by W. 20 mi. what is the departure 
and the difference of latitude ? 

9. If a sailboat sails N. 25° W. until the departure is 25n mi., what 
distance does it sail ? 

10. A ship sails from latitude 37° 40’N. on a N.E. by E. course 
for 122 mi. Find the departure. 

11. A yacht sails 64 points west of north, the distance being 12 mi. 
What is the departure ? 

12. A steamer sails S.W. by W. 28 mi. It then sails N.W. 30 mi. 
How far is it then to the west of its starting point ? 

13. A ship sails on a course between S. and E. 24 mi., leaving 
latitude 2° 52'S. and reaching latitude 2° 58'S. Find the course and 
the departure. 

14. A ship sails from latitude 32°18'N., on a course between N. 
and W., a distance of 34 mi. and a departure of 10mi. Find the 
course and the latitude reached. 

15. A ship sails on a course between S. and E., making a differ- 
ence of latitude 13 mi. and a departure of 20 mi. Find the distance 
and the course. 

16. A ship sails on a course between N. and W., making a differ- 
ence of latitude 17 mi. and a departure of 22 mi. Find the distance 
and the course. 
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128. Parallel Sailing. Sailing due east or due west, remaining on 
the same parallel of latitude, is called parallel sailing. 

129. Finding Difference in Longitude. In parallel sailing the dis- 
tance sailed is, by definition (§ 126), the departure. From the 
departure the difference in longitude is found as follows: 

Let AB be the departure. Then in rt. A OAD 

ZAOD= 90° — lat. 


TIA Ae Rr 
Hence O47 Sin (90° — lat.) = cos lat. 





The triangles DAB and OEQ are similar, the arcs being (§ 125) 
considered straight lines. 


Therefore Bees a or ey ee 
OE EQ’ OA EQ 
Hence cos lat. = a : 
E 
AB 
Therefore FQ = —— = AB sec lat. 
cos lat. 
That is, Diff. long. = depart. x sec lat. 


That is, the number of minutes in the difference in longitude is the product 
of the number of miles in the departure by the secant of the latitude, the 
nautical, or geographic, mile being a minute of longitude on the equator. 


Exercise 65. Parallel Sailing 


1. A ship in latitude 42° 16'N., longitude 72° 16’ W., sails due 
east a distance of 149 mi. What is the position of the point reached ? 
2. A ship in latitude 44°49'S., longitude 119° 42'E., sails due 
west until it reaches longitude 117° 16' E. Find the distance made. 
3. A ship in latitude 60°15'N., longitude 60°15! W., sails due 
west a distance of 60 mi. What is the position of the point reached ? 
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130. Middle Latitude Sailing. Since a ship rarely sails for any 
length of time due east or due west, the difference in longitude can- 
not ordinarily be found as in parallel sailing ($§ 128, 129). Therefore, 
in plane sailing the departure between two places is measured gen- 
erally on that parallel of latitude which lies midway between the 





parallels of the two places. This is called the method of middle 
latitude sailing. Hence, in middle latitude sailing, 


Diff. long. = depart. x sec mid. lat. 
This assumption produces no great error, except in very high latitudes or 
excessive runs, 


Exercise 66. Middle Latitude Sailing 


1, A ship leaves latitude 31° 14’ N., longitude 42°19’ W., and sails 
E.N.E. 32 mi. Find the position reached. 

2. Leaving latitude 49°57'N., longitude 15°16' W., a ship sails 
between S. and W. till the departure is 38 mi. and the latitude is 
49° 38'N. Find the course, distance, and longitude reached. 

3. Leaving latitude 42° 30'N., longitude 58° 51' W., a ship sails 
S.E. by 8.48 mi. Find the position reached. 

4. Leaving latitude 49° 57'N., longitude 30° W., a ship sails 
8. 39° W. and reaches latitude 49° 44'N. Find the distance and 
the longitude reached. 

5. Leaving latitude 37° N., longitude 32°16’ W., a ship sails be- 
tween N. and W. 45 mi. and reaches latitude 37°10'N. Find the 
course and the longitude reached. 

6. A ship sails from latitude 40° 28'N., longitude 74° W., on an 
E.S.E. course, 62 mi. Find the latitude and longitude reached. 

7. A ship sails from latitude 42° 20'N., longitude 71° 4’ W., on a 
N.N.E. course, 30 mi. Find the latitude and longitude reached. 
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S 

131. Traverse Sailing. In case a ship sails from one point to an- 
other on two or more different courses, the departure and difference 
of longitude are found by reckon- 
ing each course separately and com- 
bining the results. For example, 
two such courses are shown in the 
figure. This is called the method 
of traverse sailing. 

No new principles are involved in 


traverse sailing, as will be seen in solv- 
ing Ex. 1, given below. 





Exercise 67. Traverse Sailing 


1. Leaving latitude 37°16'S., longitude 18° 42’ W., a ship sails 
N.E. 104 mi., then N.N.W. 60 mi., then W. by 8.216 mi. Find the 
position reached, and its bearing and distance from the point left. 

For the first course we have difference of latitude 73.5 N., departure 73.5 E.; 
for the second course, difference of latitude 55.4 N., departure 23 W.; for the 
third course, difference of latitude 42.1S., departure 211.8 W. 

On the whole, then, the ship has made 128.9 mi. of north latitude and 42.1 mi. 
of south latitude. The place reached is therefore on a parallel of latitude 86.8 mi. 
to the north of the parallel left ; that is, in latitude 35° 49.2’S. 

In the same way the departure is found to be 161.3 mi. W., and the middle 
latitude is 36° 32.6’. With these data we find the difference of longitude to be 
201’, or 3°21’ W. Hence the longitude reached is 22° 3’ W. 

With the difference of latitude 86.8 mi. and the departure 161.3 mi., we find 
the course to be N. 61° 43’ W. and the distance 183.2 mi. The ship has reached 
the same point that it would have reached if it had sailed directly on a course 
N. 61° 48’ W. for a distance of 183.2 mi. 


2. Aship leaves Cape Cod (42° 2'N., 70° 3! W.) and sails 8.E. by S. 
114 mi., then N. by E. 94 mi., then W.N.W. 42 mi. Find its position 
and the total distance. 

3. A ship leaves Cape of Good Hope (34° 22'S., 18° 30'E.) and 
sails N.W.126mi., then N. by E. 84 mi., then W.S.W. 217 mi. Find 
its position and the total distance. 

4, A ship in latitude 40° N. and longitude 67° 4’ W. sails N.W. 
60 mi., then N. by W. 52 mi, then W.S.W. 83 mi. Find its position. 


5. A ship sailed S.S.W. 48 mi., then S.W. by S. 36 mi., and then 
N.E. 24 mi. Find the difference in latitude and the departure. 


6. A ship sailed 8.} E.18 mi., 8.W. 15S. 37 mi, and then 8.S.W. 
+ W. 56 mi. Find the difference in latitude and the departure. 


CHAPTER X 
GRAPHS OF FUNCTIONS 


132. Circular Measure. Besides the methods of measuring angles 
which have been discussed already and are generally used in 
practical work, there is another method that is frequently employed 
in the theoretical treatment of the subject. This takes for the unit 
the angle subtended by an are which is equal in length to the radius, 
and is known as circular measure. 


133. Radian. An angle subtended by an arc equal in length to the 
radius of the circle is called a radian. . 
The term ‘‘radian’’ is applied to both the angle and. 


arc. In the annexed figure we may think of a radius 
bent around the arc AB so as to coincide with it. Then A 
ZAOB is a radian. 


134. Relation of the Radian to Degree Measure. 
The number of radians in 360° is equal to the 
number of times the length of the radius is contained in the length 
of the circumference. It is proved in geometry that this number is 
2 for all circles, 7 being equal to 3.1416, nearly. Therefore the 
radian is the same angle in all circles. 

The circumference of a circle is 2 7 times the radius. 





Hence 27 radians = 360°, and 7 radians = 180°. 
Therefore 1 radian = ras ST.295TS° = 57° 17! 45", 
and 1 degree = a5 radian = 0.017453 radian. 


135. Number of Radians in an Angle. From the definition of radian 
we see that the number of radians in an angle is equal to the length 
of the subtending are divided by the length of the radius. 

Thus, if an arc is 6in. long and the radius of the circle is 4in., the number 


of radians in the angle subtended by the arc is 6 in. + 4in., or 1}. 
This may be reduced to degrees thus: 


1} x 57.29578° = 85.94367°, - 


or, for practical purposes, 1} x 57.3° = 85.9° = 85° 54’, 
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136. Reduction of Radians and Degrees. From the values found in 
§ 134 the following methods of reduction are evident: 


To reduce radians to degrees, multiply 57° 17' 45", or 57 29578°, 


by the number of radians. 
To reduce degrees to radians, multiply 0.017453 by the number 


of degrees. 

These rules need not be learned, since we do not often have to make these 
reductions. It is essential, however, to know clearly the significance of radian 
measure, since we shall often.use it hereafter. In solving the following problems 
the rules may be consulted as necessary. 

In particular the student should learn the following : 


360° = 27 radians, 60° = 47 radians, 
180°= 7 radians, 30° = 47 radians, 
90° = 47 radians, 15° = =4, 7 radians, 


45° = 1 7 radians, 22.5° = 47 radians. 


The word radians is usually understood without being written. Thus sin 27 
means the sine of 27 radians, or sin 360°; and tan} a means the tangent of 
47 radians, or 45°. Also, sin 2 means the sine of 2 radians, or sin 114.59156°. 


Exercise 68. Radians 


Express the following in radians : 


1. 270°. 3. 56.25°. 5. 196.5°. 7. 200°. 
2. 11.25°. 4. 7.5°. 6. 1440°. 8. 3000°. 
Express the following in degree measure : 

9. 1}7. 11. 1} 7. 13 a. 15. 67. 
10. 1} 7. 12. Ika. 14, 37. 16. 107. 


State the quadrant in which the following angles lie: 


17. 30. 19. 137. 21. 2.5 ar. Oecd: 
18. 47. 20. 14.7. 22. —3.4 qr. Oa 2, 
Express the following in degrees and also in radians : 

25. 3 of four right angles. 27. 2 of two right angles. 
26. 8 of four right angles. 28. 3 of one right angle. 


29. What decimal part of a radian is 1°? 1'? 

30. How many minutes in a radian? How many seconds ? 

31. Express in radians the angle of an equilateral triangle. 

32. Over what part of a radian does the minute hand of a clock 
move in 15 min. ? 
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137. Functions of Small Angles. Let AOP be any acute angle, and 
let x be its circular measure. Describe a circle of unit radius about 
O as center and take ZAOP'=—ZAOP. Draw the tangents to 
the circle at P and P', meeting OA in JT. Then we see that 


chord PP! < are PP' 











See ENP: 
Dividing by 2, MP = are AP SPT, 
or sinw< a < tan 2: 
Dividing by sin 2, ee nee a 
sin x E 
Whence 1 So “> cos ». 
sin x 





Therefore the value of lies between cosa and dL 


If, now, the angle « is constantly diminished, cos « approaches 
the value 1. 


Accordingly, the limit of ==“ 


eas ® approaches 0, is 1. 





Hence when «x denotes the circular measure of an angle near 0° we may 
use « instead of sina and instead of tan. 


For example, required to find the sine and cosine of 1. 
If x is the circular measure of 1’, 

en a. Lat bo 
~ 360 x 60° ~—- 10800 


the next figure in x being 8. 
Now sing > 0 but <x; hence sin 1! lies between 0 and 0.000290889. 
Again, cos 1! = -V1— sin?1' > -V1— (0.0003)? > 0.9999999. 


Hence cos 1'= 0.9999999 +. 
But, as above, sina > x cosa. 
.*. sin 1’ > 0.000290888 x 0.9999999 
> 0.000290888 (1 — 0.0000001) 
> 0.000290888 — 0.0000000000290888 
> 0.000290887. 
Hence sin 1' lies between 0.000290887 and 0.000290889; that is, 
to eight places of decimals, 
sin 1'= 0.00029088 +-, 
the next figure being 7 or 8. 


x = 0.00029088 +, 
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138. Angles having the Same Sine. If we let 7XOP =a, in this 
figure, and let P' be symmetric to P with respect to the axis YY', we 
shall have Z XOP'!=180°— a, orm—a. And 


; a : : 
since — = sinx = sin(m — 2) we see that « and 
TP 


a — « have the same sine. 

Furthermore, sin x = sin(360° +), and 
sin (180° — x) = sin (860° + 180° — x). That 
is, we may increase any angle by 360° without 
changing the sine. Hence we have sinw = sin(n- 360°+ ~), and 
sin (180° — x) = sin(n - 360° 4+ 180°— x). Using circular measure 
we may write these results as follows: 

sin # = sin(2ka + x), and sin (a — e)= sin(2k +17— 2). 





These may be simplified still more, thus: 
sin x = sin[nw +(—1)*«] 
where n is any integer, positive or negative. 


Thus if n = 0 we have sing = sin(0- 7 + (— 1)°a) = sina; if n=1 we have 
sina = sin(4—2); if n = 2 we have sing = sin(2m + 2); and so on. 

Since the sine is the reciprocal of the cosecant, it is evident that « and 
nia + (—1)"a have the same cosecant. 

To find four angles whose sine is 0.2588, we see by the tables that sin 15°=0.2588. 
Hence we have sin 15° = sin[na 4+ (— 1)” - 15°] = sin (7 — 15°) = sin (2 7 + 15°) 
= sin (3 7 — 15°); and so on. 


Exercise 69. Sines and Small Angles 
. Find four angles whose sine is 0.2756. 
. Find six angles whose sine is 0.5000. 
. Find eight angles having the same sine as 3 7. 


. Find four angles having the same cosecant as 3 7. 


oa F WO DY & 


. Find four angles having the same cosecant as 0.177. 


Given m = 3.141592653589, compute to eleven decimal places : 
6. cos 1!. Teestn 8. tan 1’. 9. sin 2’. 


10. From the results of Exs. 6 and 7, and by the aid of the formula 
sin 2% = 2 sin x cos x, compute sin 2’, carrying the multiplication to 
six decimal places. Compare the result with that of Ex. 9. 

11. Compute sin 1° to four decimal places. 


2 


12. From the formula cos x =1— 2 sin? = show that cos « >1— a 
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139. Angles having the Same Cosine. If we let ZXOP = oy mits 
this figure, and let P' be symmetric to P with respect to the axis 
XX', we shall have Z XOP' = 360° — x, or — a, 
depending on whether we think of it as a 
positive or a negative angle. In either case 


: Shi 
its cosine is —» the same as cosa. 
r 


In either case cos x = cos (n - 360° — x). 





In general, cosx = cos(2n7 + 2), 
where n is any integer, positive or negative. 


Thus if n = 0, we have cosx = cos(+ 2); ifn=1, we have cosz = cos (274+ @); 
if n = 2, we have cosx = cos(4m + 2); and so on. 

Since the cosine is the reciprocal of the secant, it is evident that and 2n7 +a 
have the same secant. 


140.. Angles having the Same Tangent. Since we have tanz = a 


and tan (180° + #)= = we see that tana = tan (180° + «). In 


general we may say that 
tan x= tan (2ka7+2x)= tan (2k7 +742). 
This may be written more simply thus: 





tan x = tan(n7 + x), 
where n is any integer, positive or negative. 


Thus if we have tan 20° given, we know that na + 20° has the same tangent. 
Writing both in degree measure, we may say that n-180°+ 20° has the same 
tangent. If n =1, we have 200°; if n = 2, we have 380°; if n = 3, we have 560°; 
and so on. Furthermore, if n =—1, we have —160°; and so on. 

Since the cotangent is the reciprocal of the tangent, it is evident that 2 and 
ni + @ have the same cotangent. 


Exercise 70. Angles having the Same Functions 


. Find two positive angles that have 4 as their cosine. 

. Find two negative angles that have 4 as their cosine. 

Find four angles whose cosine is the same as the cosine of 25°. 
Find four angles that have 2 as their secant. 

. Find two positive angles that have 1 as their tangent. 

Find two negative angles that have 1 as their tangent. 

Find four angles that have V3 as their tangent. 

. Find four angles that have V3 as their cotangent. 

. Find four angles that have 0.5000 as their tangent. 

. Find four negative angles whose cotangent is 0.5000. 


OO NAT PO DY 


jt 
oO 
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141. Inverse Trigonometric Functions. If y= sin, then x is the 
angle whose sine is y. This is expressed by the symbols « = sin-'y, 
or # = are siny. 

In American and English books the symbol sin—1y is generally used ; on the 
continent of Europe the symbol arc sin y is the one that is met. 


The symbol sin~'y is read “the inverse sine of y,” “the antisine 
of y,” or “the angle whose sine is y.” The symbol arc sin y is read 
“the arc whose sine is y,” or “the angle whose sine is y.” 


The symbols cos—1 a, tan—1z, cot—1 a, and so on are similarly used. 
The symbol sin—1y must not be confused with (sin y)—1. The former means 
the angle whose sine is y; the latter means the reciprocal of siny. 


‘We have seen (§ 138) that sin-? 0.5000 may be 30°, 150°, 390°, 510°, 
and soon. In other words, there are many values for sin-! a; that is, 


Inverse trigonometric functions are many-valued. 
142. Principal Value of an Inverse Function. The smallest positive 


value of an inverse function is called its principal value. 


For example, the principal value of sin—10.5000 is 80°; the principal value 
of cos—10.5000 is 60°; the principal value of<tan—1(—1) is 185°; and so on. 


Exercise 71. Inverse Functions 
Prove the following formulas : 
1. sin-*z + cos'a# = 4. 3. seca + csc-la = 4m. 
2. tan-*x + cota = 4m. 4. sin~'(— x) =— sin“1a. 
Find two values of each of the following : 


6. sin-?4-V3. 4. tans? Pay 3. O.see. 2: 
6. esc“? V2. 8. tan—1 oo. 10. cos~1(— 4V2). 


11. Find the value of the sine of the angle whose cosine is 4; 


q 


that is, the value of sin (cos—14). 


Find the values of the following : 
12. sin(cos-!4-V3). 13. sin(tan-11). 14. cos (cot-1). 


Prove the following formulas : 











ye ty ey 3 as 
15. tan (tan7*# + tan-ty) = ce 17. tan(2 tan-*x) = ae 
16. tan ( = = sin-1 2. i ya 

Ves s 18. sin(2tan-"x) = es 
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Find four values of each of the following : 


19. 
20. 
25. 
26. 
27. 


cot-10.5774. 21. sin-?0.9613. 23. tan-!0.2756. 
cot—! 0.6249. 22. sin-! 0.3256. 24. cos—!0.9455, 
Solve the equation y = sin-14. 


Find the value of sin (tan-*4 + tan-" 4). 
If sin-'xz = 2 cos—'z, find the value of x. 


Prove the following formulas : 


28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 


cos (sin-?a) = V1 — a 

cos (2 sin-*x) = 1 — 227. 

sin (sin-*x) = a. 

sin (sin-*w + sin-'y) = « V1 — 7 +y V1 — a2 
tan-12 + tan-+4=47. i 

Bian time tan-"*[2 a: dd — ao"), 

2 sin-1a = sin-1(2@ v1 2"), 

2 cos~*a = cos~*(2 a7 — 1). 

3 tan-'w = tan7"[(8.« — #):(1— 32*)], 

sin-?-Va: y = tan7? Va: (y — 2). 

sin-1-V (a — y): (« — 2) = tan-?-V (a — y): (y — 2). 
sin-t# = sec—1(1: V1 — x). 

2 seca = tan-?[2 Va? —1: (2 — a?) |. 

tan-'} + tan-?4 =1 7. 
tan-'3 + tan-*} = ae 4, 
sin-?? + sin-'13 = sin- 
sin-*, V8 Es fava + 
os + sec?13 = 75° AD5!, 

tan-1(2 + V3)— tan-1(2 — V3) = sec7!2. 
tan-?} + tan-1} + tan-*1 4 tan-*} =47. 
sin-tz + sin-?- V1 — = 47. 

sin-10.5 + sin-?4.-V3 = sin-11. 

tan-1} = tan-*4 + tan-*3. 

tan—10.5 + eae 2-4+-tan-'0.125 = 1 or. 
tan-*1+4 atin yo oti C alisha" 77F- 

tan-12 + tan-*}. 4+ tan? if =47. 

cos—*.3, V10 + sin-?1 V5 = 


a ~t 
wo 


ut 
T 


l= 
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143. Graph of a Function. As in algebra, so in trigonometry, it is 
possible to represent a function graphically. Before taking up the 
subject of graphs in trigonometry a few of the simpler cases from 
algebra will be considered. 

Suppose, for example, we have the expression 32+ 2. Since the 
value of this expression depends upon the value of a, it is called a 
function of x. This fact is indicated by the equation 


JOH 3x + 2, 


read “function « = 3a-+ 2.” But since f(a) is not so easily written 
as a single letter, it is customary to replace it by some such letter as 
y, writing the equation 


y=3u4+ 2. 
If a= 0, we see that y=2; if a =1, 


then y= 5; and soon. We may form a 
table of such values, thus : 





We may then plot the points (0, 2), (4, 5), (2, 8),---, (—1, — 1), 
(— 2, —4),---, as in §77, and connect them. Then we have the 
graph of the function 3a + 2. 

The graph shows that the function, y or f(x), changes in value much more 
rapidly than the variable, z. It also shows that the function does not become 
negative at the same time that the variable does, its value being 2 when's = 0, 
and 4 when « =— 4. This kind of function in which a is of the first degree 
only is called a linear function because its graph is a straight line. 


Exercise 72. Graphs 
Plot the graphs of the following functions : 


tie 5. 2 —1. 9. + 2 —-2. 1320 Sia ade. 
2. 42. 6. 2a) 4-4 10. 22 -- 3. 14s oo: 
Ba. 7 3—@. 11. 2% — 3. 15, —1Sa@ — 24. 
4. ¢+1. 8. 4— 4a. 12. 3— 22. 16. — 29% + 33. 


GRAPHS OF FUNCTIONS 159 


144. Graph of a Quadratic Function. We shall now consider func- 
tions of the second degree in the variable. Such a function is 
called a quadratic function. 

Taking the function 2?+a—2, we 
write 

y=ur+a— 2. 


Preparing a table of values, as on 
page 158, we have 











In order to see where the function lies between y =— 2 and y =— 2, we 
let ¢=—}. We find that when « =—},y=— 2}. Similarly if we give to x 
other values between 0 and — 1, we shall find that y in every case lies between 
0 and — 2. 


Plotting the points and drawing through them a smooth curve, we 
have the graph as here shown. 


This curveisa parabola. All graphs of functions of the form y = ax? + bu +e 
are parabolas. 

Graphs of functions of the form o? + y? = r?, or y =4+ Vr? — g%, are circles 
with their center at O. 

Graphs of functions of the form a?x? + b?y? = c? are ellipses, these becoming 
circles if a = b. 

Graphs of functions of the form ax? — b?y? = c? are hyperbolas. 

There are more general equations of all these conic sections, but these suffice 
for our present purposes. The graph of every quadratic function in x and y is 
always a conic section. 


Exercise 73. Graphs of Quadratic Functions 


Plot the graphs of the following functions : 

1. 2. ae 9. 2a? + 3a. 13. + V4 — 322 
2. 2a. 6. atati. 10. 322?—4a. 14. + V5 — 223, 
3. 4a? eae ely PP VA At 
4 8 


cee eee ee 1 19) WO a ae lee 2 oe 
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145. Graph of the Sine. Since sin z is a function of x, we can plot 
the graph of sin x. We may represent x, the arc (or angle), in de- 
grees or in radians on the z-axis. Representing it in degrees, as 
more familiar, we may prepare a table of values as follows: 


x=} 0° 15° 380° 45° 60° 75° 90° 105° 120° 185° 150° 165° 180°. 





CO eter) TA BOE een ow US ASC Sieh = SR = OG 0 


If we represent each unit on the y-axis by }, and each unit on the 
x-axis by 30°, the graph is as follows: 














The graph shows very clearly that the sine of an angle « is positive between 
the values = 0° and « = 180°, and also between the values 7 = — 360° and 
x = — 180°; that it is negative between the values s = — 180° and z = 0°, and 
also between the values x = 180° and x = 860°. It also shows that the sine 
changes from positive to negative as the angle increases and passes through 
— 180° and 180°, and that the sine changes from negative to positive as the 
angle increases ‘and passes through the values — 860°, 0°, and 360°. These facts 
have been found analytically (§ 84), but they are seen more clearly by studying 
the graph. 


If we use radian measure for the are (angle), and represent each 
unit on the z-axis by 0.17, the graph is as follows: 


caper 


-27_| | al 7 pean Air ee 7 
A =f 


bfitifeees NEE 
TN HA 
flee eee beat 


GAH 


The nature of the curves is the same, the only difference being that we have 
used different units of measure on the a-axis, thus elongating the curve in the 
second figure. 




















































146. Periodicity of Functions. This curve shows graphically what 
we have already found, that periodically the sine comes back to any 
given value. 

Thus sin «= 1 when x =— 270°, 90°, 450°, ---, returning to this value for 


increase of the angle by every 360°, or 27 ie The period of the sine is 
therefore said to be 360° or 27. 
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Exercise 74. Graphs of Trigonometric Functions 


1, Verify the following plot of the graph of cos a: 





a0 ia aaa an sue f 
at eh E 7 
on COCR qa \ EH 














2. What is the period of cos x ? 
3. Verify the following plot of the graph of tana: 
EHC Peo EEE 


Tt TY ela are 
ee Ee —- 
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4, What is the period of tan x ? 
5. Verify the following plot of the graph of cot x: 

















Ae Pe Ee athe 
EEE EE PEC 

6. What is the period of cot a ? 

7. Verify the following plot of the graph of seca: 
Pere RHC rH C] 

COCA 

FEE ECEE ASCE EEA 
secayna. teat Ere a 


rere 
Poe et | HEHE tH Sens 


(et 










































8. What is the period of sec x ? 
9. Plot the graph of esc x, and state the period. Also state at 
what values of x the sign of cscx changes. 


10. Plot the graphs of sin « and cos # on the same paper. What 
does the figure tell as to the mutual relation of these functions ? 
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Exercise 75. Miscellaneous Exercise 


Find the areas of the triangles in which: 

1. @= 25, b= 20) 6 = 20. 3. a= 14, b= 76, o= 92. 

2. a= 25, 6 = 334, ¢ = 412. 4.a=2}, b6=31, c= 4}. 

5. Consider the area of a triangle with sides 17.2, 26.4, 43.6. 

6. Consider the area of a triangle with sides 26.3, 42.4, 73.9. 

7. Two inaccessible points A and B are visible from D, but no 
other point can be found from which both points are visible. Take 
some point C from which both A and D can be seen and measure CD, 
200 ft.; angle ADC, 89°; and angle ACD, 50° 30’. Then take some 
point # from which both D and B are visible, and measure DE, 
200 ft.; angle BDE, 54° 30'; and angle BED, 88° 30’. At D measure 
angle ADB, 72° 30'. Compute the distance AB. 

8. Show by aid of the table of natural sines that sin x and x agree 
to four places of decimals for all angles less than 4° 40’. 


9. If the values of log x and log sin x agree to five decimal places, 
find from the table the greatest value # can have. 


10. Find four angles whose cosine is the same as the cosine of 175°. 
11. Find four angles whose cosine is the same as the cosine of 200°. 


12. How many radians in the angle subtended by an arc 7.2 in. 
long, the radius being 3.6in.? How many degrees ? 


13. How many radians in the angle subtended by an are 1.62 in. 
long, the radius being 4.86in.? How many degrees ? 


Draw the following angles: 


14. —7. 16. —} 7. 18. 2.7 a. 20. 37 —9. 
15.2. te). 19. 2ar—6. 21. 4—. 
22. Find four angles whose tangent is =, 
v3 
: 1 
23. Find four angles whose cotangent is —=- 
: V3 


24. Plot the graphs of sina and esc x on the same paper. What 
does the figure tell as to the mutual relation of these functions ? 

25. Plot the graphs of cos x and sec x on the same paper. What 
does the figure tell as to the mutual relation of these functions ? 

26. Plot the graphs of tana and cot on the same paper. What 
does the figure tell as to the mutual relation of these functions ? 


CHAPTER XI 
TRIGONOMETRIC IDENTITIES AND EQUATIONS 


147. Equation and Identity. An expression of equality which is 
true for one or more values of the unknown quantity is called an 
equation. An expression of equality which is true for all values of 
the literal quantities is called an identity. 

For example, in algebra we may have the equation 

47, —8= 6 
which is true only if = 2.5. Or we may have the identity 
; (a + 0)? = a? + 2ab + 02, 
which is true whatever values we may give to a and b. 

Thus sing =1 is a trigonometric equation. It is true for «= 90° or }a, 
g = 450° or 24.7, « = 810° or 44.7, and so on, with a period of 360° or 27. In 
general, therefore, the equation sinz = 1 is true for © = (2n+ 4)7z. It is this 
general value that is required in solving a general trigonometric equation. 

On the other hand, the equation sin?” = 1 — cos*z is true for all values of a. 
It is therefore an identity. 

The symbol = is often used instead of = to indicate identity, but the sign of 
equality is very commonly employed unless special emphasis is to be laid upon 
the fact that the relation is an identity instead of an ordinary equation. 


148 How to prove an Identity. A convenient method of proving 
a trigonometric identity is to substitute the proper ratios for the 
functions themselves. 

Thus to prove that sina = 1: cscx we have only to substitute - for sinz and - 


Coens 3 
for csca. We then see that - =n: 5: Similarly, to prove that tanz = sing sec g, 


we may substitute for tana, © tor sing, and ; for secx. We then have 
Es : 
Cee 
We can often prove a trigonometric identity oy reference to 
formulas already proved. 
This was done in proving the identity sin2a = 2sinz cosgz (§ 101), and in 
‘ tang + tany 
TO tan (x = ———_——_ (§ 98). 
i oD) 1— tang tany oe) 
In some cases it may be better to draw a figure and use a geometric 


proof, as was done in § 90. 
163 
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Exercise 76. Identities 


Prove the following identities : 


1. tanz = 


2. sinz = 


3. sn 22 = 
4. 2 sin + sin 2a = 


5. sn32= 


11. 


12. 


13. 


14. 


15. 


16. 
Ve 
18. 
19. 
20. 
21. 
. 22, 
23. 
24, 
25. 
26. 
27. 





2 tan 4 3 tana — tan®a 
_2tan ga oe 
1 — tan’4a 1— 3 tan’x 
2 tandx tan2xz+tanex sin3ea 
eee ve SSS SSS ee = > 
1+ tan’4e tan2e¢—tanzx singe 
2 tan 3 COs cos 3a 
—— 8. ee ON eae 
1+ tan’x 3 sing — sindz 
2 sin? x sin3a2+sin5xz 
——-: 9, ————————- = cotz. 
1— cosa cos 3a — cos 5a 
sin? 2 « — sin* x sin 3a2+sin 52 
nee ee ee 0. BER ea Oe oon 
sin x sina + sin 3a 
; ; : sin? 3.x 
sing + sin3”+sindSe = -——~-. 
sin x 


cos « + sinx 
cos x — sin x 


tn an ee a 


COS X COS Y 


tan 2” + sec 2a = 


sin 2a +sin2y 
cos 2% + cos2y 


sinz+cosy  tan[$(«+y)+ 45°] 


sina —cosy tan[4(% — y)— 45°] 


tan(@ + y)= 


sin 22+ sin 42 = 2 sin 3x cos2. 

sin 42 = 4sin x cos x — 8 sin®x cos x. 
sin 4a” = 8 cos*a sina — 4cosx sin2. 
cos 4a =1— 8 cos*x + 8 costa =1— 8 sin?x + 8 sin*z; 
cos 2% + cos 4a = 2 cos 3x cos @. 

sin 3a — sing = 2 cos 2esinz. 

sin’x sin 3 « + cos*x cos 3a” = cos? 2 x. 
cos*z — sin*ta = cos 22. 

cos‘x + sintg =1—4 sin? 2 a. 

cos°s — sin’x = (1 — sin*a cos*x) cos 2a. 
cos®’a + sin’s = 1 — 3 sin?x cos?a. 


esc x — 2 cot 2x cosx = 2 sina. 
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Prove the following identities : 


28. 
29. 
30. 
31. 
32. 
33. 


34, 


35. 


36. 
37. 
38. 
39. 
40. 


(sin 2a — sin 2 y)tan(x + y) = 2(sin’a — sin’y). 

sin 82 = 4 sina sin (60° + x) sin (60° — X). 

sin4dz = 2sinxcos3e++sin 2-2. 

sin x + sin(«x — $7) + sin (47 — x)= 0. 

cos @ sin (y — %)-+ cos y sin(z — x) + coszsin(x — y)= 0. 
cos (a + y)sin y — cos (# + z2)sinz 

= sin (@ + y)cos y — sin(x + 2) cos z. 
cos (x + y + 2)+ cos(x + y =) cos (@ — y + 2) 

+ cos (y + 2 — &) = 4 cos & COS y COS 2. 
sin (x + y)cos (a — y)-+ sin(y + 2) cos (y — 2) 

+ sin(z + x) cos (z —#)=sin 2x + sin2y + sin 22. 
sin (a + y)+ cos(a@ — y)= 2 sin(a# +47)sin(y+4}7). 
sin (x + y) — cos (a — y) =— 2sin(a — 47)sin(y —4}77). 
cos (@ + y)cos (@ — y) = cos’ — sin’y. ; 
sin(x + y)sin (# — y)= sin’ # — sin’ y. 
sing +2sin32+sin5a = 4 cos*z sin 32. 


If A, B, C are the angles of a triangle, prove that: 


41. 
42. 
43. 
44, 


sin2A+sin2B+sin2C = 4sinA sinBsin@. 
cos 2A + cos 2B + cos 2C =—1—4cosA cosB cosC. 
sin 3A + sin3B+sin3C =— 4 cos 34 cos 3B cos 30. 
cos?A + cos?B + cos?C = 1 — 2 cos A cos B cos C. 


Tf A+ B+ C= 90°, prove that: 


45. 
46. 
47. 
48. 
49. 


tan A tan B + tan B tanC + tanC tan A = 1. 
sin?A + sin?B + sin?C =1— 2ZsinA sinB sinC. 
sin 2A + sin2B+ sin 2C =4cosA cosBcosC. 
Prove that cot-! 3 + esc“! V5 =} 7. 

Prove that x + tan~1 (cot 2) = tan~' (cot x). 


Prove the following statements : 


50. 


51. 
52. 
53. 
54. 


sin 75° + sin 15° 
sin 75° — sin 15° 
sin 60° + sin 120° = 2 sin 90° cos 30°. 

cos 20° + cos 100° + cos 140° = 0. 

cos 36° + sin 36° = V2 cos 9°. 

tan 11°15' + 2 tan 22° 30’ + 4 tan 45° = cot 11°15" 


= tan 60°. 
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149. How to solve a Trigonometric Equation. To solve a trigonometric 
equation is to find for the unknown quantity the general value which 
satisfies the equation. 

Practically it suffices to find the values between 0° and 360°, since we can 
then apply our knowledge of the periodicity of the various functions to give us 
the other values if we need them. 

There is no general method applicable to all cases, but the follow- 
ing suggestions will prove of value: 


1. If functions of the sum or difference of two angles are involved, 
reduce such functions to functions of a single angle. 

Thus, instead of leaving sin (x + y) in an equation, substitute for sin (x + y) 
its equal sin @ cos y + cosa siny. 

Similarly, replace cos2a@ by cos*« — sin?%, and replace the functions of 4a 
by the functions of a. 

2. If several functions are involved, reduce them to the same 
Function. 


This is not always convenient, but it is frequently possible to reduce the 
equation so as to involve only sines and cosines, or tangents and cotangents, 
after which the solution can be seen. 

3. If possible, employ the method of factoring in solving the 
final equation. 

4. Check the results by substituting in the given equation. 

For example, solve the equation cosz = sin 22. 

By § 101, sin 2% = 2sin2 cosa. 

. COS = 2sin x cosa. 
“. (1— 2 sin) cos = 0. 
*, cosx = 0, orl—2sinz =0. 
-. & = 90° or 270°, 30° or 150°, or these values increased by 2 nar. 
Each of these values satisfies the given equation. 


Exercise 77. Trigonometric Equations 


Solve the following equations : 


1. sina = 2sin(¢7 +2). 7. sinz = cos 2a. 

2. sin2% = 2 cosa. 8. tanxz tan 2x = 2, 
3. cos 2a = 2 sina. ; 9. seca = 4 csca. 

4. sinx+cosx=1. 10. cos 6+ cos 20=0. 
5. sina + cos 2a” = 4 sin?a. 11. cot 40+ cscO=2. 
6 


. 4cos2x%+ 3cosx =—1. 12. cotx tan 2a = 3. 
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Solve the following equations : 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24, 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 


sinz + sin2x2= sin 3a. 
sin 2% = 3 sin?x — cos*a. 
cot 6 = } tan 0. 

2 sin 6 = cos 6. 

2 sin?a + 5 sinew = 3. 
tan x seca = V2. 

cos 2 — cos 24 =1. 

cos 8a + 8 cos*a = 0. 
tana + cote = tan 22. 
tana + seca =a. 

cos 2” = a(1 — cos“). 
sin-?42 = 30°. 

tan-!a. + 2 cot-tx = 135°. 


tan 2a tang =1. 


tan?x + cot?x = 12. 


4cos2x+ 6sinaz = 5. 


sec x — cotx = cscx — tana. 


sin z + sin 2a = 1—cos 2-2. 


33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41, 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
B2. 


= cos 2x. 
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sinz sec 24 =1. 

sin’z + sin2ae=1. 

cos x sin 2a%cscax =1. 

cota tan 2a = sec 2a. 

sin 2% = cos 44. 

sin 22 cot z — sin?z = ¢. 
tan*2 = sin 2. 

sec 2% +1= 2 cos. 

tan 2a + tan 3a = 0. 

esc x = cota ENS: 
tan x tan 3” =— 3. 

cos 5a + cos 3a2+cosx=0 
sin? a — cos*2 = k. 
sinz + 2cosx% =1. 

sin 4% — cos 34 = sin 2.x. 
sin x + cosx% = seca. 
2cosxcos3a2+1=0. 

cos 3a — 2 cos 2x%+ cosx=0. 
sin (a — 30°) = 4 V3 sin a. 


sin-1a + 2 cos-'w = $7. 


sin 4a — sin 2a = sin«. 
2 sin?a + sin? 2a = 2. 
53. sin-!a + 3 cos~4a = 210°. 
a 1— tan x 
1+ tan x 
55. 


56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 


tan (4 m7 + @) + tan (47 — x)= 4. 
V1 + sinz — V1 — sinz = 2 cosa. 
sin (45° + x) + cos (45° — x) =1. 

(1 — tan z)cos 24 = a(1 + tana). 
sin’a + cos®x = 5 sin? 2 x. 

sec (x + 120°) + sec (a — 120°) = 2 cos. 
sin? cos?a — cos?« — sin’a +1= 0. 
sing + sin22+sin3a2= 0. 

sing + 2sin26+ 3sin36= 0. 

sin 8x = cos 2x —1. 

sin (w + 12°) + sin (# — 8°) = sin 20°. 
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Solve the following equations : 


66. tan (60° + x) tan (60° — x) =— 2. 
67. tanzx + tan22= 0. 

68. sin (@ +120°) + sin (@ + 60°) = 3. 
69. sin(a + 30°) sin (a — 30°) = 3. 
70. sin26= cos 380. 

71. sin*x + cos*x = §. 

72. sin*z — costx = x4. 

73. tan (@ + 30°) = 2 cos a. 

74. seca = 2 tana +}. 

75. sinllaesin4dxeg+sindxsn2c¢=—0. 

76. cosx+cos3x+cos5a2+cosTx=0. 
77. sin (# +12°) cos (a —12°) = cos 33° sin 57°. 
78. sin-te + sin-14 4 =120°. 

79. tan-1x2 + tan-122 = tan-13 V3. 

80. tan-1(@ +1)+tan-!(# —1)= tan“1 22. 
81. (3 — 4 cos’) sin 2x = 0. 

82. cos 26sec d+ sec§ +1= 0. 

83. sinx cos 2x tan x cot 2x” seca csc 24 =1. 
84. tan(@ + 45°) = 8 tan 6. 

85. tan(@ + 45°) tan 0 = 2. 

86. sing +sin3a = cosxz — cos 32. 

87. sin }x(cos 2 # — 2) (1— tan’x) = 0. 

88. tana + tan 2a = tan 32. 

89. cota — tanz = sing + cosz. 


Prove the following identities : 


90. 
oe 
92. 
93. 
94. 
95. 
96. 
97. 


(1 + cota + tan x) (sinz a= 


2esc 2x cotz2 =1+ cot? x. 

sina + sind +sin(a + 6)=4cos tacos }bsin}(a+ 0). 
tan (45° + x) — tan (45° — x)= 2 tan 2a. 

cot? — cos*a = cot*x cos*z. 

tan?a — sin? = tan*x sin?x. 

cotta + cot? = ese*x — esc?a. 


cos*a + sin?x cos*y = cos*y + sin?y cos*a. 
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150. Simultaneous Equations. Simultaneous trigonometric equations 
are solved by the same principles as simultaneous algebraic equations. 


1. Required to solve for x and y the system 


xsina+ysinb=m (1) 
xcosa+ycoshb=n (2) 
From (1), zsina cosa + ysinb cosa = m cosa. (3) 
From (2), xsinacosa+ y cosbsina = nsina. (4) 
From (8) and (4), y sind cosa — y cosb sina = m cosa — nsina, 
or y sin(b — a) = mcosa— nsina; 
m cosa — nsina 
whence Soe 
sin (b — a) 
nsin b — mcosb 
mil il 
Similarly, Se ies 
2. Required to solve for «and y the system 
sing + siny=a (1) 
cos x + cosy=b ‘ (2) 
By § 103, 2sin 3 (x + y)cos}(a— y) =a, (3) 
and 2 cos} (x + y)cos$(e@— y) =. 
Dividing, tand(e+y)= - (4) 
a 
*, sin (a + Y) ———————s) 
; Va? + 0? 
Substituting the value of sin } (a + y) in (8), 
cos £(e@— y) = 4 Va? + 0. (5) 
From (4), c+y=2 tan-15. (6) 
From (5), xe— y = 2cos-1} Va? + 0B. (7) 
From (6) and (7), «=tan-! + cos! $ Va? + 0, 
and y = tan-1> — cos-1} Va? + 0. 
3. Required to solve for x and y the system 
y sinx=a (1) 
y cosx =b (2) 
a 
Dividing, tan z= = 
a 
ep ao heiner BS 
w= tan~?= 


Adding the squares of (1) and (2), 
y? (sin?x + cos?x) = a? + 0. 
Therefore y? = a? + , 


and Y See V a? + 02, 
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4, Required to solve for x and y the system 


y sin (# + a)=m (1) 
y cos(x +b) =n ' (2) 
From (1), y sing cosa + y cos” sina =m. 
From (2), y cosz cosb — y sing sinb =n. 


We may now solve for y sinz and y cosa, and then solve for # and y. 


5. Required to solve for 7, x, and y the system 


r cosa” siny = a : (1) 
r COS x Cosy = b (2) 
PsN #==¢ (3) 
a 
Dividing (1) by (2), tan y = = 
a 
Space dam =l oe 
. y = tan i 
Squaring (1) and (2) and adding, =? cos?a = a? + 62. (4) 
Taking the square root, r cosa = Va? + 02, (5) 
c 
Dividing (8) by (5 fae rs 
g (3) by (5), ere 
c 
*» © = tan—1—_____.. 
Vat + b? 
Squaring (8) and adding to (4), r? = a? + 0? + c2. 


f= Va? + 0? + c2, 


Exercise 78. Simultaneous Equations 


Solve the following systems for x and y: 


1. sing +siny= sina 5. sintax+y=m 
cos x + cosy =1-+ cosa cova +y=n 
2. sin’a + sin’y =a 6. sinx +siny=1 
cos’x — cos*y = b sing —siny=1 
3. sin x — sin y = 0.7038 7. cosx+cosy=a 
cos & — cos y = — 0.7245 cos 2x + cos2y=) 
4. sin 21°+ ycos44°=179.70 8. sina +siny=2msina 
x cos 21° + y sin 44° = 232.30 cosx + cosy = 2n cosa 


9. Find two angles, « and y, knowing that the sum of their sines 
is a and the sum of their cosines is &. 
Solve the following systems for r and x: 


10. rsing = 92.344 11. r sin (@ — 19° 18") = 59.4034 
r cos # = 205,309 7 cos (% — 30° 54") = 147.9347 
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151. Additional Symbols and Functions. It is the custom in advanced 
trigonometry and in higher mathematics to represent angles by the 
Greek letters, and this custom will be followed in the rest of this 
work where it seems desirable. 


The Greek letters most commonly used for this purpose are as follows: 


a, alpha @, theta - 
B, beta A, lambda 
Y, gamma ms, TU 

6, delta ¢, phi 

e, epsilon w, omega 


Besides the six trigonometric functions already studied, there are, 
as mentioned on page 4, two others that were formerly used and 
' that are still occasionally found in books on trigonometry. These 
two functions are as follows: 

versed sine of a = 1 — cos a, written versin a; 


coversed sine of a = 1 — sina, written coversin a. 


Exercise 79. Simultaneous Equations 


1. Solve for ¢ and a: 4, Solve for 6 and ¢: 
versing = x sin 6+ cosP=a 
1—sing =0.5 sind + cos = 6 

2. Solve for 6 and a: 5. Solve for 6 and ¢: 
1—sind=2 asin*@ —bsin*d=a 
1+sind=a a cos*6@ — b cos'hd = b 

3. Solve for X and p: 6. Solve for 6: 
sind = V2 sinp c sin?@ + 2 cos@= 2 
tand = V3 tanp cos 6 — cos?9 = 0 


152. Eliminant. The equation resulting from the elimination of 
a certain letter, or of certain letters, between two or more given 
equations is called the ediminant of the given equations with respect 
to the letter or letters. 

For example, if ax = b and a/c = V’, it follows by division that a: a’ =b:¥’, 
or that ab’ = a’b, and this equality, in which @ does not appear, is the éliminant 
of the given equations with respect to a. 

There is no definite rule for discovering the eliminant in trigo- 
nometric equations. The study of a few examples and the recalling 
of identities already considered will assist in the solutions of the 
problems that arise. 
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153. Illustrative Examples. The following examples will serve to 
illustrate the method of finding the eliminant: — 
1. Find the eliminant, with respect to ¢, of 
sing =a 
cos = b 


Since sin? ¢ + cos? ¢ = 1, we have a? + b? = 1, the eliminant. 


2. Find the eliminant, with respect to A, of 
secA = ™ 
tanrx =n 


Since sec? \ — tan?\ = 1, we have m? — n? =1, the eliminant. 


8. Find the eliminant, with respect to p, of 
m Sin p + cos p=1 
n sin p — cosp=1 
Writing the equations m sin » = 1— cos, nsinw = 1+ cosy, and multiplying, 
we have : : 
: mn sin? u = 1— cos?u = sin? yp. 


Hence mn = 1 is the eliminant. 


Exercise 80. Elimination 


Find the eliminant with respect to a, 0, r, “, or b of the follow 
ing equations : 


1. sngd+l=a 7. sing+sin2¢=m 
cos? —1=6 cos @ + cos2p=n 

2. tandn—a=0 8. a+ sin 6 = esc 6 
coti —b=0 6 + cos 06 = sec O 

8. sna+m=n 5 9. tana+sina=m 
cosa+p=q tan@~ —sina=n 

4.a+ secd=b 10. psin? » — p cos*w=r 
p+rctdp=¥q p' cos? py — p! sin? w= r'! 

5. csin2¢+cos2¢=1 11. sn2¢+tan2¢=k 
bsin2¢—cos2¢=1 ; sin2¢—tan2¢=1 

6. x= r(6 — sin 6) 12. p=acosOécos¢ 
y =7r(1— cos 6) q=bcosdsing 


@ = versine-1y/r. r=csing 


CHAPTER XII 
APPLICATIONS OF TRIGONOMETRY TO ALGEBRA 


154. Extent of Applications. Trigonometry has numerous applica- 
tions to algebra, particularly in the approximate solutions of equations 
and in the interpretation of imaginary. roots. 


These applications, however, are not essential to the study of spherical trigo- 
nometry, and hence this chapter may be omitted without interfering with the 
student’s progress. 


For example, if we had no better method of solving quadratic equa- 
tions we could proceed by trigonometry, and in some cases it is even 
now advantageous to do so, Consider the coe xo e+ pe—q=0. 
Here the roots are 


@=—tp+hVp+4q, 2,=—}p—hvVp'?+4¢. 





If we let oe = tan ¢, or p = 2 -Vq cot, we have 


a, =— Vy cot + V¢q Veot?d +1 





Va di 
=— V9 cot d + ——— ao Sass — cot $) 
=Vq =v tan 3 ¢. 

Similarly, 
L,=— Vq cot 3. 
For example, if x? + 1.1102” — 3.3594 = 0 ) we have 
whence log tan ¢ = 0.51876, 
and $ = 78° 9’ 2.6”. 
Therefore log tan } ¢ = 9.87041 —10, 
and log vq = log V3.3594 = 0.26318. 
Hence log x, = 0.18354, 
and £, = 1.360. 
Similarly, Ly =— 2.470. 
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155. De Moivre’s Theorem. Expressions of the form 
cos x + 7 sina, 
where i = V—1, play an important part in modern analysis. 
Since (cosa + isin x) (cos y + 7sin y) 
= C08 x cosy — Sing sin y + 1 (cos a sin y + sin & cos y) 
= cos (a + y) +7isin(« +), 
we have (cosx + isin x)?= cos2a+4isin2x; 
and again, (cosa+ésina)*=(cosx + 7sinx)*(cos# + isin #) 
= (cos 2% + 7 sin 2x) (cosa + 78in x) 
= cos3a%+isin 32. 
Similarly, (cosx% + 7sin x)"= cos nx + 7 sin na. 
To find the nth power of cos x +1 sin x, n being a positive integer, 
we have only to multiply the angle x by n in the expression. 
This is known as De Moivre’s Theorem, from the discoverer (c. 1725). 


156. De Moivre’s Theorem extended. Again, if 7 is a positive integer 
as before, P aN 
(cos + isin®) = cosa +isin2z. 

n n 


1 
F ee = x Sa 
.. (cos x + 78in x)” = cos— + 7 sin -- 
n n 


However, x may be increased by any integral multiple of 2 a with- 
out changing the value of cosx + 7sinaz. Therefore the following n 
expressions are the nth roots of cosx +7 sinz: 


a+ 2c xa+27 
n 








cos—+2zsIn—-» GOS +72sin ’ 
n n 


4 ; 
os FAT + isin E27, . 


oon eA ee oe ae 
n n 


Hence, if n is a positive integer, 
a 
(cos « + 7 sin x)” 


ap ee + EY es cage 
n n 


Cc ? 


(4=0,1, 2, --.,n—1). 
Similarly, it may be shown that 
(cos x +7 sin x)" = cos— (2 +2khir)+i sin (a + 2 kr). 


(k= 0,1,2,---,2—1, m and n being integers, positive or negative.) 
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157. The Roots of Unity. If we have the binomial equation 


x” —1=0, 
we see that oat, 
and x = the nth root of 1, 


of which the simplest positive root is V1 or 1. Since the equation 
is of the nth degree, there are m roots. In other words, 1 has n nth 
roots. These are easily found by De Moivre’s Theorem. 
There are no other roots than those in § 156. For, letting k = n, n + 1, and so 
on, we have 
32 +n (27) 
n 


= 008 (5 + an) + isin E+ 2) = cos + isin, 
n Nn nN Nn 


exe} + isin 2 727) 
n 


and cg ee es + pan Oe ee eee 
n n 
= 008 (427 an) + isin (227 4 2) 
nN Te 
eg ee ine 
% : 
and so on, all of which we found when k = 0, 1, 2,---,n—1. 


For example, required to find the three cube roots of 1. 


If cos¢@ + ising =1, the given number, 
then @=0,27,47,---. 

Also (cos@ + ising)? — 13 = the three cube roots of 1. 

: 2 

But (cos¢ ++ ising)? = cos Om) to ze + isin Herr? 2 az = 
where k = 0, 1, or 2, and ¢=0, 27, 47,---. 

Therefore 13 = cos27 + isin27 = ie 
or 1 = cos m7 + isinga7 = c0s 120° + isin 120° 

=—}4+1V3.i =— 0.5 + 0.86603, 

or 1 = cos 47 + isin $7 = COs 240° + isin 240° 


=— }—] V8.i=— 0.5 — 0.86603. 
The three cube roots of 1 are therefore 


1, —$+3V—-3, —}-}V-38. 


These roots could, of course, be obtained algebraically, thus: 


zv—1=0, 
whence (ce—1)(@% +241) =0; 
and either z—1=0, whencez=1, 
or e+e+1=0, whence a =— $+ 4V—3. 


Most equations like #* — a = 0 cannot, however, be solved algebraically. 


176 PLANE TRIGONQMETRY 


Required to find the seven 7th roots of —1; that is, to solve the 
equation «’=—1, or #’+1=0. 


If cos¢ + ising =—1, the given number, 
then ¢=7, 37, 57,++:. 
_ k(2 
aes (cos + ising)? = cos ED FE 4 sin CFS, 


where k= 0, 1,---, 6, and ¢=7, 37,::-. 
That is, in this case ae 
(cosp 4 ising)? = cog CET DE + isin erent. 


Hence the seven 7th roots of 1 are 


cost a isin? = cos 25° 42’ 513” + isin 25° 42’ 513”, 


cos + isin = cos 77° 8’ 342” 4 isin 77° 8’ 342”, 


and. oso + ene cos 7 + isin 7, boa + ae 
7 7 7 7 
Cos in pod rege 
7 7 7 7 


All these values may be found from the tables. For example, 
cos 25° 42’ 612” + isin 25° 42’ 512” = 0.9010 + 0.4339 V—1. 


Exercise 81. Roots of Unity 


. Find by De Moivre’s Theorem the two square roots of 1. 
. Find by De Moivre’s Theorem the four 4th roots of 1. 
. Find three of the nine 9th roots of 1. 
. Find the five 5th roots of 1. 
Find the six 6th roots of +1 and of —1. 
. Find the four 4th roots of —1. 
. Show that the sum of the three cube roots of 1 is zero. 
. Show that the sum of the five 5th roots of 1 is zero. 
. From Exs. 7 and 8 infer the law as to the sum of the nth 
roots of 1 and prove this law. 
10. From Ex. 9 infer the law as to the sum of the nth roots of k 
and prove this law. 


11. Show that any power of any one of the three cube roots of 1 
is one of these three roots. 


12. Investigate the law implied in the statement of Ex. 11 for the 
four 4th roots and the five 5th roots of 1. 


COM RAT PR O DY 
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158. Roots of Numbers. We have seen that the three cube roots 


f1 
me © 29 2, = 008 120° + isin 120° =— 44. 4V_—3, 
a, = cos 240° + isin 240° =— 1-1 V_ 3, 
and %, = cos 360° + 7 sin 360° = cos 0° + isin 0° = 1. 


Furthermore, x, is the square of x,, because 
(cos 120° + 7 sin120°)? = cos (2 - 120°) + isin (2 - 120°), 

by De Moivre’s Theorem. We may therefore represent the three 
cube roots by , w’, and either w® or.1. 

In the same way we may represent. all m of the nth roots of 1 by 
w, wo, w,-++, o or 1. 

If we have to extract the three cube roots of 8 we can see at once 
that th 

Beuney, er 2, Qu, and 20% 


because ody, (Zo) 2a = 5. Le, 
and (2 0)? = 2° w® = 2? (w*)? = 2°12 = 8. 
In general, to find the three cube roots of any number we may 


take the arithmetical cube root for one of them and multiply this 
by » for the second and by o? for the third. 


The same is true for any root. For example, if w, w?, w3, w4, and w® or 1 are 
the five 5th roots of 1, the five 5th roots of 32 are 2 w, 2 w?, 2 w®, 2 wt, and 2 w® or 2. 


Exercise 82. Roots of Numbers 


Find the three cube roots of 125. 

Find the four 4th roots of — 81 and verify the results. 
Find three of the 6th roots of 729 and verify the results. 
Find three of the 10th roots of 1024 and verify the results. 
. Find three of the 100th roots of 1. 


6. Show that, if 2 is one of the complex 7th roots of 128, two of 
the other roots are 2 w” and 2 w*. 


a Pe oe 


7. Show that either of the two complex cube roots of 1 is at the 
same time the square and the square root of the other. 


8. Show that a result similar to the one stated in Ex. 7 can be 
found with respect to the four 4th roots of 1. 


9. Show that the sum of all the nth roots of 1 is zero. 
10. Show that the sum of the products of all the nth roots of 1, 
taken two by two, is zero. 
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159. Properties of Logarithms. The properties of logarithms have 
already been studied in Chapter III. These properties hold true 
whatever base is taken. They are as follows: 


1. The logarithm of 1 is 0. 

2. The logarithm of the base itself is 1. 

3. The logarithm of the reciprocal of a positive number is the 
negative of the logarithm of the number. 

4. The logarithm of the product of two or more positive numbers is 
found by adding the logarithms of the several factors. 

5. The logarithm of the quotient of two positive numbers is found 
by subtracting the logarithm of the divisor from the logarithm of the 
dividend. 

6. The logarithm of a power of a positive number is found by 
multiplying the logarithm of the number by the exponent of the power. 

T. The logarithm of the real positive value of a root of a positive 
number is found by dividing the logarithm of the number by the index 
of the root. 


160. Two Important Systems. Although the number of different 
systems of logarithms is unlimited, there are but two systems which 
are in common use. These are 


1. The common system, also called the Briggs, denary, or decimal 
system, of which the base is 10. 

2. The natural system, of which the base is the fixed value which 
the sum of the series 

1 1 1 1 
1 i eo Lee Bon anes 

approaches as the number of terms is indefinitely increased. This 
base, correct to seven places of decimals, is 2.7182818, and is denoted 
by the letter e. 


Instead of writing 1-2,1.2.3, 1.2.8.4, and so on, we may write either 
21, 3!, 41, and so on, or |2,(8,|4, and so on. The expression 2! is used on the 
continent of Europe, |2 being formerly used in America and England. At pres- 
ent the expression 2! is coming to be preferred to|2 in these two countries. 


ee 


The common system of logarithms is used in actual calculation ; 
the natural system is used in higher, mathematics. 

The natural logarithms are also known as Naperian logarithms, in 
honor of the inventor of logarithms, John Napier (1614), although 
these are not the ones used by him. They are also known as hyper- 
bolic logarithms. 
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161. Exponential Series. By the binomial theorem we may expand 
4\nx 
(1 +2) and have ee ee 
ee ae —— +..., (1) 
This is true for all values of x and n, provided n>1. If n is not greater 


than 1 the series is not convergent; that is, the sum approaches no definite limit. 
The further discussion of convergency belongs to the domain of algebra. 


(1+ 2)=1404 
n 


When x = 1 we have 1 : (4 9 
= -DG-2 


alae n 
(14 5)a1+1+ ort 3! ar @) 


me [eT “OH 


Hence, from (1) and (2), 


EDD 


n 
i 










3! 
ed 1 2 
(a ie Oa rats 
Soe ear rT ais) ee (3) 
If we take n infinitely large, (3) becomes 
rd ¢ fea 
2 3 
that is, Palbata ah os 
In particular, if « =1 we have 
a oe. 
Gena at Stans a 
We therefore see that we can compute the value of e 1.000000 
2} 1.000000 


by simply adding 1, 1, 4 of 1, 4 of 4 of 1, and so on, 

1 i he value to only a few 3} 0:200000 

indefinitely, and that to compute the va y geaaeaor 

decimal places is a very simple matter. We have merely 5/9 041667 

to proceed as here shown. 6| 0.008333 
Here we take 1,1,4 0f 1,4 0f $of1,1o0f4o0f}o0f1, 7/0.001388 

and so on, and add them. The result given is correct ; ones 

to five decimal places. The result to ten decimal places : 

is 2.7182818284. e = 2.71828. 
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162. Expansion of sin x, cos x, and tanx. Denote one radian by 1, 


d let 
ae cos1+7sinl=k. 


Then cos a + 7%sinx =(cos1 + 7ésin1)” = k’, 
and, putting — x for a, 
cos (— w) +i sin(— #) = cosa — tsina = k~*. 
That is, cosx +isina =k’, 
and cosa — isina = k~*, 


By taking the sum and difference of these two equations, and 
dividing the sum by 2 and the difference by 27, we have 


cos 2 = 5 (ee ole *), 


; 1 
and sing = 7, (eS: 
But ke — (ele*)2 — Gene and k-t = e~logk 


2] 2 8 ky 
ee = 14 alogh + COB 4 ECB 
2 2 8 (] ky? 
and e-*ek =1—awlogk+~ Cog eee 5... 
2 (1 2 4] 4 
on pists Ge =e ee ee Ee fine 
2 2! 4! 
3 8 5 (] ky® 
and sine =; {alogk +7 pee + TO el 
Dividing the last equation by x, we have 


: 2 8 4 6 
ee + Ugh fevl. 


x 





But remembering that x represents radians, it is evident that the 
smaller x is, the nearer sin comes to equaling x; that is, the more 
nearly the sine equals the arc. 


sin x 
Therefore the smaller x becomes, the nearer 





comes to 1, and 
the nearer the second member of the equation comes to Sige k. 
v 


We therefore say that, as « approaches the limit 0, the limits of 
these two members are equal, and 


Ay 


whence log & = ty 
and k= o. 


APPLICATIONS TO ALGEBRA 181 


Therefore, we have 
eens (a ae 

cosa = 5 (¢ +e™)=1 ait a Tienes 

i Ni te x e.g 

me ee sy oT. 


From the last two series we obtain, by division, 


sin x 20° 172’ 
a ee ee ee 


By the aid of these series, which rapidly converge, the trigonometric func- 
tions of any angle are readily calculated. 
In the computation it must be remembered that a is the circular measure of 


the given angle. 
Thus to compute cos1, that is, the cosine of 1 radian or cos 57.29578°, or 


approximately cos 57.38°, we have 
1 1 1 
1=1-—- — — 
on a aren 6 


=1—0.5 + 0.04167 — 0.00139 + 0.00002 — --- 
= 0.5403 = cos 57° 18’. 


163. Euler’s Formula. An important formula discovered in the 
eighteenth century by the Swiss mathematician Euler will now be 


considered. We have, as in § 162, 
: Cree eee 

sine = x% — aE 

men babe 


and cose=1— pi t+a,— ete 


By multiplying by 7 in the formula for sin x, we have 
ec ENN a Oa ee bee, 
gain ST Bl yt 


Adding, ag ane 
eo 1 ta 


cosa +téisinge=1+ia#— Fie Si i 4t Bl 


By substituting ix for x in the formula for e”, we see that 
, : CODEC CRS Cx 
é et ie oy ager an 
Gan tas Gs pee 


— eee, 


=1+ tw — om Posi gh 


In other words, 
e* = cosa +isina. 
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164. Deductions from Euler’s Formula. Euler’s formula is one of 
the most important formulas in all mathematics. From it several 
important deductions will now be made. 

Since e* = cosx + isinz, in which x may have any values, we 
may let x= 7. We then have 

é™=cos7T +isin7 =—1+4+0, 
or e =—1. 

In this formula we have combined four of the most interesting numbers of 
mathematics, e(the natural base), i (the imaginary unit, ay) al ); a (the ratio of 
the circumference to the diameter), and — 1 (the negative unit). 


Furthermore, we see that a real number (e) may be affected by an imaginary 
exponent (im) and yet have the power real (— 1). 


Taking the square root of each side of the equation e’* =—1, 
we have oe 
e? =V—1=i. 
Taking the logarithm of each side of the equation e" =—1, 
we have iT = log (— 1). 


Hence we see that — 1 has a logarithm, but that it is an imaginary number 
and is, therefore, not suitable for purposes of calculation. 


Since cos ¢ + 7¢sin ¢ = cos(2km + $)+isin(2kmr+¢), we see 
that e*, which is equal to cos¢ + sin ¢, may be written e@*™+ 9%, 
or we may write 

ef! = e@lr + — cos f + isin d = cos(2kmr + ) + isin (2k + ¢). 

Hence (2km + $)t = log[cos(2 ka + $)+ isin(2 ka + >) |. 

If ¢=0, 2 kai = log 1. 

If k = 0, this reduces to 0 = log 1. 


If k=1 we have 27i = log1; if k = 2, we have 47i = log1,and so on. In 
other words, log 1 is multiple-valued, but only one of these values is real. 


Ifg=a, (2hr+m)i=(2k+1)7i =log(—1). 


Hence the logarithms of negative numbers are always imaginary ; for if k = 0 
we have wi = log(— 1); if &=1 we have 3 i = log(— 1); and so on. 


If we wish to consider the logarithm of some number N, we have 
Ne?*"' — N (cos 2ka + isin 2 kr). 
Hence log N + 2kai = log N +.log (cos 2k + isin 2 kr) 
= log N + logi=log N. 


That is, log VN =log N + 2kmi. Hence the logarithm of a number is the 
logarithm given by the tables, + 2kmi. If k = 0 we have the usual logarithm, 
but for other values of k we have imaginaries. 
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Exercise 83. Properties of Logarithms 


Prove the following properties of logarithms as given in § 159, 
using b as the base: 


1. Properties 1 and 2. 3. Property 4. 5. Property 6. 
2. Property 3. 4. Property 5. 6. Property 7. 
Find the value of each of the following : 
TO S071 9. 6! 10. 8! 11. 10! 
Simplify the following : 
10! 10! ae 15! 20! 
12. 31 13. 81 . 14. Bl 15. iat 16. 7 
2 
17. Find to five decimal places the value of (1 spade n + a +.. ‘ : 
, eae 4 
18. Find to five decimal places the value of (2 + a + A +-- : ; 
By the use of the series for cosa find the following 5 
19. cos }. 20. cos }. ! 21. cos2. 22. cos 0. 


By the use of the series for sina find the following : 
23. sin 1. 24, sin}. 25. sin 2. 26. sin 0. 


By the use of the series for tana find the following : 
27. tan 0. 28. tan 1. 29. tan 4. 30. tan 2. 


Prove the following statements : 


$1 @%=1. 32 6%=8 33. e7=V—1. 34. f= VAT. 
Given log,2 = 0.6931, find two logarithms (to the base e) of: 
35. 2. 36. 4. oreo. oo 


Given log,5 = 1.609, find three logarithms (to the base e) of: 
39. 5. 40. 25. 41, 125. 42. — 5. 


Given log,10 = 2.302585, find two logarithms (to the base e) of : 
43. 100. 44, — 10. 45. 1000. 46. V10. 
47. From the series of § 162 show that sin(— ¢)=— sin ¢. 


48. Prove that the ratio of the circumference of a circle to the 
diameter equals — 2 log(*) =— 27 logz. | 
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Exercise 84. Review Problems 


1. The angle of elevation of the top of a vertical cliff at a point 
575 ft. from the foot is 32°15’. Find the height of the cliff. 

2. An aeroplane is above a straight road on which are two observers 
1640 ft. apart. Ata given signal the observers take the angles of ele- 
vation of the aeroplane, finding them to be 58° and 63° respectively. 
Find the height of the aeroplane and its distance from each observer. 

3. Prove that (Wesex + cot x — Vese x — cot)’ = 2(cse x —1). 

4. Given sina = 2m/(m? +1)and siny = 2n/(n? +1), find the 
value of tan (@ + y). 

5, Find the least value of cos?a +- sec?x. 

6. Prove that 1 — sin’x/sin?y = cos’ (1 — tan?x/tan’y). 

7. Prove this formula, due to Euler: tan~13 + tan“44 = } a. 

8. Prove that cot La — cotx = csex. 

9. Prove that (sinx+7cosx)"=cos n(4 r—a) +7 sin n(47—2). 

10. Show that log? = 4. mi and that log (— i) =— 4 mi. 

11. Through the excenters of a triangle ABC lines are drawn 
parallel to the three sides, thus forming another triangle A'B'C’. 
Prove that the perimeter of AA'B'C' is 4r cot 3A cot $B cot }C, 
where v is the radius of the circumcircle. 

12. Given two sides and the included angle of a triangle, find 
the perpendicular drawn to the third side from the opposite vertex. 

13. To find the height of a mountain a north-and-south base line is 
taken 1000 yd. long. From one end of this line the summit bears 
N. 80° E., and has an angle of elevation of 13°14'; from the other 
end it bears N. 43°30'E. Find the height of the mountain. 

14. The angle of elevation of a wireless telegraph tower is observed 
from a point on the horizontal plain on which it stands. Ata point a 
feet nearer, the angle of elevation is the complement of the former. 
Ata point 6 feet nearer still, the angle of elevation is double the first. 
Show that the height of the tower is [(a + b)? — } ay. 


Prove the following formulas : 


15. 2cos?x = cos2a+1. 17. 8cos*z = cos 4a-+4cos2a+3 
16. 2sin’a—=—cos2a+1. 18. 4cos’x=cos3z + 3008 x. 
19. 4sin’a =— sin3a+ 3sinz. 


20. 8sin*x = cos 42 — 4 cos 2a + 3. 


1. y=rsin ¢. 4.x=ycotd?. 
2. ©=T7 COS >. 5. r= 2 sec d. 
3. y=axtand. 6. r= ycse d. 


10. 
11. 


26. 


27. 


30. 


31. 


35. 


FORMULAS 


THE MOST IMPORTANT FORMULAS OF PLANE 
TRIGONOMETRY 


Rieur Trraneves (§§ 15-21) 


RELATIONS OF Funcrions (§§ 13, 14, 89) 
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: i 1 : Cos 

- ok 2 12. t — 7 1 a => . 
ae CSC p ee tan } a cot d 
sin d 

: = » 13. = $ 18. t = . 
ab sec h we COS d a cos d 
Cos d 

e t = . 14, = e 19. = . 
os 2 cot p ae sin } oe sin } 

sing@cscd=1. 15. tan@dcotd=1. 20. t+ tan?d=sec’d. 


cos @ secP=1. 16. sin’d+cos*p=1. 21. 1+ cot? p=cse*¢d. 


Functions or x + y (§§ 90-100) 
22. sin(« + ¥)= sina cos y + Cos x sin y. 
23. sin (# — y) = sin x cos y — cos@ sin y. 
24. cos(x + y)= cos # cos y — Sin x Sin y. 
25. cos(a@— y)= COs @ cos y + sina sin y. 


tan(a@+y) = eee 28. cot(a+y) = Se 

tee) = Fr eastany, OHO) ay cote 
Functions oF Twick an AnGueE (§ 101) 

sin 2¢ = 2sin ¢ cos ¢. 32. cos 2¢ = cos’ — sin’¢. 

tan 26 = yee 33. cot 26 = Fe. 


Functions or Harr an Anewz (§ 102) 


; injg eae eee. 36. ton 3g 4 Pt. 


1 1 + cos 
cos £p a er 37. cot $d = VPs, 
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Functions invotvine Hair Aneuxs (§ 101) 


38. sin « = 2sin 5 cos 5 40. cos x = cos"s — sin*S- 
i gt 
2 tans cot 5 al 
39. (ah. = 41. cotxz= - 
— te _ 
stan 5 2 cots 


Sums anp DirreRENcEes oF Functions (§ 103) 
42. sn A+ sinB = 2sin}(A+ B)cos}(A— B). 
43. sinA — sinB = 2 cos }(A+ B)sin }(A— B). 
44. cosA + cosB = 2 cos (A+ B)cos 3(A— B). 
45. cos A — cosB =— 2sin}(A+ B)sin}(A—B). 


nes sind+sinB _ tan}(A+B) 


sind—sinB tan}(A—B) 


Laws oF Sinzs, Cosines, AnD TAncEnTs (§§ 105, 111, 112) 











47. Law of sines, <= se ’ 
6 sinB 
ier g Day Ane ; 
sind sinB_ sinC 
48. Law.of cosines, a=? + 2 — 2becosd. 


a—b  tan}(A—B) 
a+b tan}(A+B) 


e, Lee 
b ee) ey, 


b+a tan}(B+4A) 





49. Law of tangents, »ifa>sb; 





Formu.Las In Terms oF Sipxs (§§ 115, 116) 


50. ot ettus 53. JE 2e == 9 =r, 
s 


51. snj3A =~ SahC= 9, 54, tandA= ee 
1 55. tant d=— 


52. cos4 A= 
a bc s—a@ 





AREAS OF TRIANGLES (§ 118) 
56. Area of triangle ABC=}acsinB=}ra+b+o=rs= 
ee ; 
Vs(s — a)(s — b)(s —e _ we _ vw snBsinc | 
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Exercise 1. Page 5 



































b c 
cosB="; tanB=-; cot B= * : sec B= —; escB =<. 
oe a 6 a b 
tan A. 4, cot A. 5. sec A. = ese A. 
sin A =3; cosA=#; tandA= zie cot A = 4; secA = 3; ne ae 
sinA =;; cosA = 12; tandA = Ta cota = 12; secA = 12; = 
sinA = 7°,; cosA = 15; tanA=+8; cot A= AB; ;secA= 12; a = 
sinA = 9, ; cosA = $9; tan A=; cotA= ayes cA=41; oxen 
sin A = 32; cosA = $9; tan A = 32; cot dA = 89; secA = 88; csc A = $3. 
ons tee cosA = 129; tand = 118; cot d= 129; secA = 183; 
escA = 199. 
a? + b? = ¢?, 
n = 24 
sin A = aC = i tan A = $ cota = ‘| 
24] 241 2n 
244 244 
sec A = s ; Az = 
n?—1 2n 
2n n? — 2 n? — 
sin A = ac = y tana + COUAL— r 
n2+1 n? +1 n n 
244 n? +1 
secA =~, eee 
— n 
: 2 m2 — n2 2mn m2 — n2 
pe ees cosh tan A = ———; cot A = —_—_ 
m? + n? m? + n? m? — v2 2mn 
2 iene 
sec A = sites SCS EAE cole 
m* —n 2mn 
2 2mn m? — n2 
sinA = ue ue Pyle ; tan A = ; cot.A = R 
m2 + 72 24 2 m2 2 2mn 
m? + n? m* + n? 
pees ee Fe pe ees 
m2 — n2 2mn 


sinA = 4-V2=cosA; tand=1=cotA; secA= =V2 = csc. 

sinA Bt ve 1 V5; tanA =2; cotA=4}; secA= V5; 
esc A =} V5. 

al = a cos A = 1V5; awe 2V5; cotA = 1v65; secA = 3-V5; 
esc.A = 3. 

; cosB= ~4,; tanB=1f3; cotB= PA; secB= 155; 


afer orf09 


sinB = yo's cosB= 1$8; tan B= pers 3 cot B= 4,88 ; sec B= 133; 
193 : 

sinB = 25,; cosB= 364; tanB= 23,; cotB=%$;+; seoB= $38; 
2 


227.3 1 


28, 
29. 
30. 
31, 
32, 
33. 
34 
35. 
36, 


Po wr 


PLANE TRIGONOMETRY 





S 




















2V pq p-4q 2Vpq Die Oe 
. si = » COs b= ————) tan. = ; cot B = —— V 9g; 
25. sin B ee ak p+q° pq’ 2 pq ; 
Dag Pee an 
secB = ; esc B= —— V pq. 
pq" 2p 
tonne >/ 
26. sinA = NE cosB; cotA = yA DD Cue 
pt+q V p2 + g? 
cos A = 209 _ sin B; secA = P44 — csc B; 
ptrq V2 pq 
2, 2 
tanA = eee cotB; cscA = ais = sec B. 
V2 pq Vip? + @? 
hme 
; oe VP 
27. sinA = a co =cosB; cota = = tanB; 
1 
cosA = =sinB; secA=Vp+1=cscB; 
Vp +1 
y/ 2 
tan.A = Vp = cotB; sod =~ PT? — soo B. 
12.3. 87, 2.5; 1.5. 47. a= 4.501; b = 5.362. 
1.54. 88, 1.5 mi.; 2 mi. 48, a = 6.8801; b = 8.1962. 
9. 40, a = 0.342; b= 0.94. 49. a =160.75; 6=191.5. 
6800. 41. a =1.868; b = 3.76. 50. a=1.88; b= 0.684. 
4000. 42, a=1.197; 6 = 3.29. dlc: = 2.128)520 = Or 7128. 
227.84. 48, a= 1.6416; b=4.512. 52. c = 5.848; a = 5.494. 
iv lone: AL, a = 2.565; b = 7.05. 58. c = 26.6; b= 9.1. 
45. a = 0.648; b = 0.766. 54, a = 412.05; c = 438.6. 


£V8;% 8. 
Dis 


> 


cos 60°. 5. cos 40°. 


. sin 70°. 6. cot 30°. 


cot 50°. 7%. esc 15°. 
esc 65°. 8. sec 5°. 


25, csc 2°. 
26. cos 124°. 


0.5. 5. 1.1547. 
. 0.8660. 6. 2. 
. 0.5773. 7. 0.8660. 
. 1.7320. 8. 0.5. 





0 = 9291 Or 25208, 55. 142.926 yd. 


56. 11; 24 ft. 


Exercise 2. Page 7 


9. cos80°. 18. cos14°30’. 17. cos 25°. 21. tan 29° 
10. sin 30°. 14. cot 7°15’. 18. cot 10°. 22, sec 12°. 
11. cot 45°. 15. csc 21°45’. 19. csc 13°. 28. cos1°. 
12. csc 45°. 16. sin1°50’. 20. sin38°. 24. sin 4°. 
27. sin 73°. 29. 45°. 81. 30°. 
28. cot-1.4°. 30. 45°. 32, 30°. 


Exercise 3. Page 9 


91,7820.) 18) VB) AT dis 32 Slee. 
10. 0.5778. 14 4-V6. 18. 1V2. 22, 8. 
in. 15 VBR 4 AS da/ BP =. 8d Ve. 


12. 1.1547. .16.3-V8. 20. V3. . 94, V3. 





» COS 27° 42’ 20”. 27. csc 2° 277 9”. 29. cos 14.2°. 31. cot 21.18°. 
cot 14°31/25”, 28. sin 1°59 88”.: 80, sin 7.25°. 8. esc 4.05°. 
90°. 90° 40. 22°80. 484-76. 47.29-—V8. 51. 1. 

‘o 37. Oo 

. 60°, n+1 41, 18°. 44.9. 48, 2: 52. 1-3, 
22°30’. 88, 90°. 90° 45. V6. 49, 1V3. 

. 18°. 89. 60°. n+l 46.2-V38. 50. 1-V3. 


1, 0.0872. 
2. 0.2419. 
3. 0.3584. 
4, 0.5000. 
5. 0.0872. 
6. 0.2419. 


12. 


37.6. 


1.736. 
3.882. 
» 41.01. 


10.83. 
. 18.46. 
25.58. 
. 31.86. 
65.73. 
. 1.878. 
5.972. 


12.02. 
11.04. 
28.84. 
45.04. 


98. 


. 26.11. 
12.35. 
162.6. 


40.40. 
61.77. 
101.2. 


7 


Oo oo 


10 
11 


37. 2cos 15°. | 


| 


Exercise 4. 


0.3584. 13. 0.9185. 
, 0.5000. 14. 0.9135. 
. 0.9945./ 15. 0.8192. 
. 0.9945.) 16, 0.8192. _ 
. 0.9708.) 17, 11.4301. 
12, 0.9708., 18, 11.4301. 


ANSWERS 


Page 


19, 5.1446. 
20. 5.1446. 
21. 0.3889. 
22, 0.3839. 
23. 1.0000. 
24, 1.0000. 


10 


38, 3 sin 20° > sin(3 x 20°) and > sin (2 x 20°). 
39. 3 tan 10° < tan(8 x 10°) and > tan(2 x 10°). 
40. 3 cos 10° > cos(8 x 10°) and > cos(2 x 10°). 
41. No. 
42, The sin, tan, sec increase and the cos, cot, csc decrease. 


13. 1. 


o 2 


10. 
11. 
12. 
13. 
14, 


Exercise 5. Page 12 


14. 100. 


15, 60, 


16. 12.86. 


Exercise 6. Page 15 


4, 57.45. 


5. 12°. 
6. 20°. 


5.935. 
» 4.884. 
7.311. 
107 
ies 
26°. 


6. 5.928. 
7. 14.78. 
8. 44.01. 
9. 107.1. 
10. 453.8. 


oor 


6. 


oe 


6. 


85.81. 
544.0. 
26.84. 


33.63. 
. 55.50. 
839.4. 


7. 89°. 

8, 43°, 

9. 30°. 
2 


10. 54ft. . 
11, 4.326 ft. 
12, 479.9 ft. 


Exercise 7. Page 16 


15, 68° 
16. 70° 


. 22. 411.4 ft. 
. 28, 
17. 54°. 
18. 60°. 
19. 70°. 
20. 84°. 
21, 60°. 


383 ft. 
24, 43°. 
25, 
26. 
27, 


28, 


5.657. 
27.71 ft. 


7.794 in. 
166.272 sq. in. 


29, 6 in. 


25. 1.0000. 
26. 1.0000. 
27. 1.0353. 
28. 1.0353. 
29. 4.8097. 
30. 4.8097. 


31, 1.4896. 
32, 1.4896. 
33, 0.0038. 
34, 0.0054. 
35, 2sec 10°. 
36. 2 csc 10°. 


17. 22.64. 


13, 449.9 ft. 


30. 28.19 ft.; 21.21 ft.; 
12.68 ft.; 30ft.; Oft 


81. 60°; 0°. 
82, 25°; 65°. 


33, 30° and 60°; 
31° and 59°. 
34, 749.9 ft. 


Exercise 8. Page 19 


11, 
12, 
18. 
14, 
15. 


45°. 
8e, 
os 
19°. 
22°, 


16. 64°. 

17, 148 ft. 8 in. 

18, 29°, 

19, 2.517 mi; 
3.916 mi. 


Exercise 9. Page 20 


Exercise 10. 


7. 26.60. 
8. 68.80. 
9. 45°. 


T. 40°. 
8. 60°. 
9, 22.65 ft. 


10, 25°. 
11, 28.87 ft. 
12, 428.4 ft. 


Page 21 


10, 57.74 ft. 
11. 1369 ft. 
12, 91.64 ft. 


20, 159.7 ft. 
21, 45°; 90°; 45° 
22, 15.76 ft. 
28, 6.14 ft. 
24, 1.08in. 


13. 118 ft. 
14, 123.6 ft 


13. 26.11 ft 


- 


PLANE TRIGONOMETRY 


Exercise 11. Page 22 


. 49,50. 3. 80.62. 5. 81.19. 7. 64°. 9. 65°. 11. 1113 ft. 
» 64.87. 4, 64.60. 6. 152.8. 8. 28°. 10, 45°. 12. 13.69 mi 


13. 19.82 mi. 14, 267.0 ft. 15. 57.51 ft. 16, 17.23 in. 


Exercise 12. Page 23 


8. tana. 4 secx. 5.secxr. 6. csca. 7%. cotg. 8.cscz. 16.18°. 35. rsina. 


=H 


6. 


ONDIAKPwnve 


86. a=cm; b=cV1—m*. 37. a=bm; c=bVmi +1. 


Exercise 13. Page 26 
8. No. 13, 2.8109. 19, 37°. 25. 19°. 31. 16° 


0. 
1, 9, 45°. 14, 0.53873. 20, 46°. 26, 48°. 32. 37°. 
@. 10. 0.6462; 15. 6°. 21. 6°. 27. 34°. 33. 3. 
0. 0.76381. 16, 24°. 22. 13°. 28. 40°. 
Thetangent. 11. 0.3680. 17, 44°. 23, 22°. 29. 54°. 
No. 12, 2.7178. 18, 26°. 24, 14°. 30. 30°. 
Exercise 14. Page 29 
. 0.7547. 7. 0.7428. 18. 0.8708. 19. 58.47. 25. 69.388. 31. 19.70 ft.; 
0.9004. 8. 0.6563. 14. 0.8708. 20. 20.90. 26. 49.83. 22.62 ft. 
. 0.7545. 9, 0.66938. 15, 1.1483. 21. 25.27. 27. 94.85. 32. 19.72 ft.; 
0.9015. 10, 0.6567. 16, 17.73. 22, 48.29. 28. 74.93. 22.61 ft. 
0.7538. 11. 0.6700. 17. 32.16. 23. 66.48. 29. 88.35. 33. 120.5ft. 
0.7545. 12. 0.6700. 18. 46.01. 24, 64.84. 30. 47°56’. 34, 71.77 ft. 


Exercise 15. Page 30 


. 0.0087. 6. 0.0715. 11. 0.9972. 16, 1.0000. 21. 12.66in. ; 


0.0070. 7. 0.9972. 12. 0.9974. 17. 0.0715. 0.9970 in. 
. 0.0698. 8. 0.0769. 18. 0.0767. 18, 148.2. 22. 390 ft. 

0.9973. 9, 12.71. 14, 13.95. 19. 0.0052. 28. 0.7477 in.; 

0.0787. 10. 13.62. 15. 0.0769. 20. 0.0734. 9.530 in. 


Exercise 16. Page 33 


. 0.4567. 14, 12.1524. 24, 70°45’ 30”; 35. 10.7389. 48, 44°38’ 30”. 

» 0.6725. 15, 15.3140. < 0.3490. 36. 0.9808. 49. 69°15’. 
0.8338. 16. 10.4652. 25. 79°30'15”; 37, 4.5787. 50. 78° 8’ 30”. 
0.9099. 17, 8.7149. 0.1852. 38. 4.1525. 51. 78° 8’ 15”. 
0.8065. 18, 7.2246. 26, 0.4305. 39. 3.6108. 52. 14° 45’. 
0.7289. 19, 6.5585, 27, 0.4813. 40, 3.3502. 53. 0.7658. 

. 0.4835. 20, 6.0826. 28, 0.5410. 41. 31°30’. 54. 0.6438. 
0.5438. 21. 39° 43’30”; 29. 0.6646. 42, 35° 15’. 55. 0.5639. 

. 0.6418. 0.7691. 30. 0.9045. 43, 41°18’ 30”. 56, 33°10’ 15”, 
0.9209. 22. 50°16’ 380”; 31. 0.1990. 44, 44° 36’ 30” 1.5298. 
1.2882. 0.6391. 82. 4.9550. 45. 38°15’. 57, 31°8’ 30”; 
2.5018. 28, 71°29°40”; 33. 0.1490. 46, 39° 30’. 0.6042. 
3.1266. 0.9488. 84, 7.8279. 47, 17° 45’, 


ANSWERS 


Exercise 17. Page 37 


1, A = 36°52’, B= 58°8’, c=5. 

2. A= 82°35’, B= 57°25’, 6 = 10.95. 
8. B=77°48, b= 24.84, c= 24.98. 
4, A= 46°42’, b=9.801, c=14.29. 
5. B= 52°18’, a=15.90, b= 20.57. 
6. A = 65°48’, a=127.7, b= 57.39. 
7. A= 84°18’, B= 65° 42’, a = 12.96. 


8. A = 43°33’, B= 46°27, a= 98.14. 

9, B= 57°46’, a= 26.78, c= 60.12. 
10, A = 48°49, a=191.9, c= 277.2. 
11, A = 68°43’, B= 21°17’, c= 102.0. 
12. A= 3°20’, B=86°40’, b= 102.8. 
13, A = 84°52’, b= 0.2802, c= 38.138. 
14, A= 70°48’, B=19°12’, b= 5.916. 


15. B=51°31’, a=385.47, b = 44.62. 

16. A = 22°87’, B= 67°23',a=5, c=13. 

17. A=53°8’, B=36°52’,a=40, c=50. 

18, A = 22°87’, B= 67° 23’, a= 12.5, c= 82.5. 
19, B = 54° 49’ 80”, b=3.547, c= 4.340. 21. A= 60°41’ 30”, b=3.598, c=7.339. 
- 20. B = 47° 47 30”, b=6.284, c=8.485. 22, A = 53°39’ 30”, b=5.812, c=9.808. 
23. B = 60°17 30”, a = 3.370, b= 5.906. 

24, B = 55°39’ 30”, a = 203.08, b = 297.25. 

25. B = 48° 49’ 20”, a = 218.68, c¢ = 382.14. 

26. B = 64.5°, b = 100.6, c= 111.5. 
27. B = 65.5°, a = 10.37, b = 22.75. 30. B = 26.54°, a = 67.10, b= 33.51. 
28. B = 57.45°, a = 21.52, b = 33.72. 31, A = 89.419, b = 54.77, c = 70.88. 
29, B = 34.49°, a= 65.94, b = 45.80. $2, B =21.75°, a = 225.6, c = 242.8, 


83. 29.20 in. $7. 438.30 in. 41, 13.26 ft. 
34, 23.738in. 38. 60.05in. 42. 16.82 in.; 18.50 in. 
85, 42.25in. 39, 56° 18’ 36”, 33° 41’ 24”, 43, 12.42 ft. 
86, 54.26in, 40, A = 41°24’ 30”, B= 48°35’ 30”. 44. 66.89in, 
45. 9° 35’ 40”. 
Exercise 18. Page 41 
esas 6) 7. 8) 0G) 1188, 18, 8. 16.44, 1) 8. 19, 6. 
2.2. 4.4. 67. 8 5. 10.4 12.2., 143. 16.2. 18.5. 20.,—1. 
21,—2; —3; —4. 24,1; 2; 3; 6; 9; 10; —2; —4; 
22. land 2; 2and3; 8 and 4; —5;—6; -—7; —8. 
4and 5; 5and6; 8 and 9. 25.1; 4; 6; 7; 8; —1; —2; —8; 
23. —2 and —1; —3 and —2; —4; —5; —6; —7. 
—4dand —38; —land0; 26. 0; —4: —5; 7; 8: 
—2and —1; —3 and — 2. 
27, Land 2. $1. 2 and 3. 35. 3 and 4. 39. 5 and 6. 
28. 1 and 2. 82, 2 and 3. 86. 3 and 4. 40. 6 and 7. 
29. 1 and 2. 33, 2 and 3. 37. 3 and 4. 41. 6 and 7. 
30. 1 and 2. 84, 2 and 3. 88. 83and4. ~ 42. 7 and 8. 
Exercise 19. Page 45 
Lele 6. 3 11. —1. 16. — 4. 21. 1.58681. 
Qaals 7. 2 12, — 2. 17, — 3. 22. 0.58681. 
3. 2. 8. 1 18. —1. 18, — 5. 23. 2.58681. 
4.0 9. 0 14, —1. 19. —1. 24, 4.58681. 
5. 3 10. 4 15. —3. 20. — 2. 25. 5.58681. 


6 


26. 
27. 
28, 
29. 
30. 
31, 


- 


~o 


Po 


oO 


6. 
7 
8. 
10. 
11, 
12, 
13. 


© 


11, 
12. 
13. 


Le 


OD TD 


7.58681. 
1.58681. 
2.58681. 
4.58681. 
3.67724. 
0.67724. 


0.30108. 
1.80103. 
2.30108. 
3.30108. 
3.82222. 
3.38244. 
3.33365. 
0.33365. 
3.54220. 
3.64953. 
3.74671. 
3.84553. 
3.72804. 


3. 
8000. 


. 0.003. 


804.5. 


. 87,020. 


46. 
467.5. 
0.000056. 


» 5505. 
» 0.05795. 


0.0006095. 
0.66. 
6.695. 


24. 
15. 
385. 


21. 
12. 


> 18. 


9. 


10 
11 


12, 
138, 
14, 
15. 


16 
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82, 4.67724. 
83, 7.67724. 
34, 2.67724. 
35, 5.67724. 
36. 0.40603. 
1.40603. 


37, 


88. 1.40603. 
39. 3.40603. 
40, 4.40603. 
41, 7.40603. 
42, 0.39794. 
43, 1.39794. 


Exercise 20. Page 47 


39, 
40. 
41, 
42. 


43. 
44, 
45. 
46, 
47. 
48. 
49. 


14, 1.83556. 27, 4.09157. 40, 3.20732. 

15. 0.89905. 28, 2.09157. 41, 4.86198. 

16, 2.92158. 29, 2.87087. 42. 0.48124. 

17, 1.84510. 30. 1.61624. 43, 0.95424. 

18, 1.87506. 81. 1.75087. 44, 0.903809. 

19. 1.87852. 32. 1.61576. 45, 4.22472. 

20. 1.87892. 38. 5.51409. 46, 2.87595. 

21. 2.40654. 84, 2.56155. 47. 5.82828. 

22. 3.55630. 35, 7.82948. 48, 12.70040. 

28. 4.95424. 36, 17.72562. 49. 19.58460. 

24, 2.25042. 37, 9.19605. 50. 0.15052. 

25, 4.09132. 38, 5.26893. 51, 1.65052. 

26. 4.09150. 89, 2.51989. 52, 1.17969, 

Exercise 21. Page 49 
14. 7.6. 27. 6846.5. 
15. 7,805,000,000. 28. 685.55. 
16. 79,950,000. 29. 77,553. 
17. 1.7102. 80. 785.65. 
18. 27.005. 81. 7917.3. 
19. 370.15. 82. 8.5552. 
20. 0.38055. 338, 875.18. ' 
21. 0.0043142. Stee 
22, 48,144. 85. 3.45591 ; 
28, 4.3646. 8.45864. 
24, 0.049074. 36. 2955. 
25. 594,640,000. 87. 0.0066062. 
26. 0.00067555. 38. 0.65163. 
Exercise 22. Page 50 
56. 17. 12,000. 25. 603.9. 

. 18, 18. 18,000. 26, 1282.8. 

. 100. 19. 560,000. 27, 184,670. 
2400. 20. 180,000. 28, 11,099. 
1500. 21. 1084.6. 29. 1609.9. 
8500. 22, 2192.3. 80. 17,458. 
8000. 28,. 18.81. $1. 18.212 in. 

. 21,000. 24, 20.265. 82. 113.04 ft. 


. 56, 


44, 1.39794 
45, 2.39794. 
46, 4.39794. 
47, 7.39794. 


0.46458. 
0.64167. 
1.08030. 
2.16224. 
0.79034. 
1.14477. 
0.54254. 
0.99155. 
2.00072. 
0.75343. 
1.19855. 


53. 
54, 
55. 


57. 
58, 
59. 
60. 
61, 
62. 
63. 


91.226. 
58,159,000. 
0.000010745, 
5.72784; 
584,360. 
358,780. 
7.2388. 

107. 

25,459. 
16,693,000. 
129.66, 
4.9841. 


33, 210. 
84, 945, 
35. 5005. 
36. 88,645. 
87. 627,400 
88, 276.67, 


ANSWERS a 


Exercise 23. Page 51 


1. 7.68964.  %. 4.08989. 18. 0.1248. 19, 0.02240. 25. 22.936, 
2. 8.68964. 8. 2.00010. 14. 0.0001248. 20. 0.00015725. 26. 34.108, 
8. 7.68964. 9. 1.99999. 15. 0.0043707. 21, 1.3020. 27, 16.51. 
4. 3.09497. 10. 0.00000. 16, 0.11422. 22. 38.079. 
5. 0.00000. 11. 1,248,000. 17. 0.0000008125. 28. 3309.6. 
6. 1.99999. 12. 124.8. 18, 0.25121. 24, 452.27. 


Exercise 24. Page 53 


1, 1.97519. 13, 3.89100. 25. 5. 37. 0.00999. 49, 60.87. 
2. 3.66078. 14, 2.00000. 26, 84. 38. 0.0709. 50. 0.6527. 
3. 1.68618. 15, 2.11220. 27, 82.002. 39. 0.0204. 51. 20. 
4, 3.70404. 16. 2.00286. 28. 76. 40. 0.065. 52, 50. 
5. 5.00000. zeus 29, 35.6. 41. 0.48001. 53, 700. 
6. 9.70000. 18. 5. 30. 73.002. 42, 2.143. 54, 800. 
7. 7.00000. 19. 5. 81. 92. 43, 0.4667. 55. 9000. 
8. 7.00000. 20. 3. 82. 105. 44, 0.004667. 56, 11,000. 
9. 3.76439. 91. 4, 33, 63. 45, 1.913. 57. 120,000 
10. 2.00000. 22. 3 84, 77. 46. 1.123. \ 58. 0.01. 
11. 2.90000. 23, 5. 35. 0.0129. 47, 12.86. 59, 871.1; 2. 
12, 6.90000. 24.3 36. 1290. 48, 5.184. 
Exercise 25. Page 54 
1. 2.60206. 5. 4.42585. 9. 0.30108. 13, 1.52187. eet 
2. 3.88606. 6. 3.36927. 10. 0.14267. 14, 2.20698. 18, 0.1, 
3. 2.56225. 7, 2.28727. 11. 1.08092. 15, 3.22185. 19. 0. - 
4, 1.23433. 8, 1.14188. 12, 2.13906. 16. 4.15490. 20. 1. 
Exercise 26. Page 55 
rte 8. 0.44272. 15. 6.1649. 22, 105.47. 
2. 6 9. 1.7833. 16. 0.42742. 23, 3,013,400. 
3. 3 10. 1000. 17, 1.4179. 24, 0.081528. 
4, 0.5 11. 0.092. 18, 0.031169. 25, 232,24. 
5. 1 12, 1.8. 19. 40.464. 26. 0.0000007237 
6. 2. 13. 0.01. 20. 0.14621. 27, 103:88. °- 
% 0.11111. 14, 0.21. 21. 2893.2. 
Exercise 27. Page 56 
ea 6. 728.98. 11. 4,782,800. 16. 83,522. 
2, 8. 1, 64. 12. 16,777,000. 17, 15,625. 
ae 8, 125. 13, 19,486,000. 18, 6,103,600,000 
4, 1024. Out: 14, 11,391,000. 19, 15,625. 


15, 11.391. 


5. 80.998. 10, 40,355,000. 20, 244,140,000. 
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21. 16,413,000,000,000,000. 29. 0.05765. 87. 0.023551. 
22, 7,700,500. 80. 0.00000011765. 88. 0.00015228. 
23. 31,137,000,000. 81. 0.018741. 39. 0.0000075624. 
24, 292,360,000,000,000. 82, 154.85. 40. 0.000000126038. 
25. 2.1435. 33. 157.5. 41, 9.8696 ; 31.006. 
26, 180.11. 34. 41,961. 42, 21.991; 153.94; 
27. 0.000000000001. 35. 2.0727. 3053.6. 
28. 0.00000002048. 36. 0.0019720. 
Exercise 28. Page 57 
1, 1.4142. 7, 5.6569. 13. 0.54773. 19, 3.9095. 
Sonneeks 8, 3.0403. 14, 0.3684. 20. 0.0028827. 
8. 1.3205. 9. 3.3166. 15. 0.067405. 21; 1.7725; 1.4645. 
4, 1.2894. 10, 1.4422. 16. 0.064491. 22. 1.8313; 2.1450; 
5. 1.1487. 11. 2.802. 17. 20.729. 5.5684; 0.42378 ; 
6. 2.2795. 12, 1.2023. 18. 1.9733. 0.40020 ; 0.79587, 
Exercise 29. Page 59 
Vico 6. © = 4.2479. Le Ne 16. 2=3, y=4. 
2a = 4. 7%. x = 8.9300. 12, x = 3.3219. LO ele 
3. 7=4. 8. v = 4.2920. 13. « =— 0.087515. LS clea ele 
4,2=4 9. x = 5.6610. 14, « = 4.4190. LO ti 
5. 2=8 10. « = 3.0499. 15. « =— 0.047954. 20. 7= 3, y = 2. 
Pl i.e) 27. 7=2, —1. 35. 2; 7.2780; 
99, q — 08 %— logy 28.0.0 0.062457. 2.0009 ; 2.0048. 
Tog (1 + 1) 29, 3.1389. 5a 1: log a fy tnae 
ee log r + log 1— log a 30. 0.036161. ’ logb’ 
ona logr 31. 0.03475. ree log b 
24, 2=1, —3. 82. 6. eee ton O" 
he ee EP 33, 282. $8. —1, 
log (1 + rt) log a 
9g, x — sls’ —1) + a) — loge, 84, log n 
logr log 5 
Exercise 30. Page 62 
1, 9.65705 —10. 18. 8.89464—10. 25. 9.95840—10. 87. 8.11503 —10. 
2. 9.97015—10. 14. 9.99651—10. 26. 11.13737—10. 38. 8.00469 — 10. 
8. 9.90796 —10. 15. 9.28510—10. 27. 9.74766—10. 39. 8.24915 — 10. 
4, 9.82551—10. 16. 9.87099—10. 28. 9.66368—10. 40, 8.24915 — 10. 
§. 10.57195 —10. 1%. 9.68826—10. 29. 10.17675—10. 41. 8.68254— 10. 
6. 9.82747—10. 18, 10.10706—10. 30. 9.82332—10. 42. 8.63205 — 10. 
7. 10.57195 —10. 19. 9.55763—10. 31.,6.51165 —10. 48, 9.82507 — 10. 
8. 9.32747—10. 20. 9.96966—10. 382. 8.25667—10. 44. 9.32507 — 10. 
9. 9.20613 —10. 21. 9.98436—10. 33. 6.79257—10. 45. 10.39604— 10. 
10. 9.99526—10. 22. 9.42095—10. 34. 8.56818—10. 46. 7°30’. 
11, 9.14412—10. 23. 9.48632—10. 35, 7.45643—10. 47. 32°21’. 
12. 9.14412—10. 24. 9.68916—10. 386. 8.15611—10. 48. 58°27’. 








ANSWERS 


49, 85°30’. 55. 63° 41’ 23”, 61. 49° 34’ 12”. 
50. 4°30’. 56. 77° 6’. 62, 51° 47’ 86”. 
51. 31°33’. 57. 79°. 63. 37° 8’ 48”. 
52. 58° 35’, 58. 70°. 64, 50° 48’ 15”. 
53. 50° 32’. 59. 20° 13’ 30”. 65. 8° 49’ 30”. 
54. 39° 2’. 60. 32° 22’ 15”. 66. 8° 46’ 380”. 
Exercise 31. Page 67 
1.4=30°, B=60° b = 10.89, 
2.0 = 309, a = 6.928, C= 8, 
3. B= 60°, b = 5.196, C=.6: 
4, A = 45°, B= 45°, c = 5.657, 
5. A = 48°47, B= 46°13, bb = 2.086, 
6. B= 66° 30’. a = 250, 6 = 575, 
7. B= 61°55’, a = 1078, b = 2012, 
8. B= 50° 26’, a = 45.96, b = 55.62, 
-9, B= 54°, a=0.5878, b= 0.8090, 
10. A = 68° 13’, a = 185.7, © 6 = 74.22, 
11. A = 13°35’, a = 21.94, b = 90.79, 
12, B= 85°25’, b= 7946, __ —~e-= 7972, 
18, B= 58°16’, b= 65.08, . c= 81.14, 
14, B= 4°, b = 0.0005594, c = 0.00802, 
15, A = 46° 12’, a = 538.12, c = 73.60, 
16,..A = 86° 22’, a = 81.50, c = 81.56, 
17, A = 18°41’, b = 4075, c = 4194, 
18. A= 21°8, b=188.9, c = 202.5, 
19. A = 44°35’, b = 2.221, c = 3.119, 
20. B= 52°94, a= 8.118, c = 6.071, 
21, A = 31°24’, B= 58°36, bb = 7333, 
22. A = 56°93’, B= 33°57, 6 = 48.32, 
23, A = 65° 14’, B= 24° 46’, = 3 9Li, 
24. A = 53°15’, B= 36° 45’, a = 1758, 
25, A = 53°31’, B= 36°29, a= 24.68, 
26. A= 63°, B= 27°, c = 43, 
27, A= 4°42, B=85°18, c=15, 
28, A = 81°30’, B= 8° 30’, c = 419.9, 
PA = 38°50, Be oS 21,76, 
80:04 = 1°22, B= 88238- b= 91.89, 
81. A = 39° 48’, B= 50° 12’, Codes 
32. A = 30 12”, B= 89° 29’ 48”, b = 70, 
33, A = 48°20’, B= 46°40, a= 1.189, 
34, B= 71° 46’, b = 21.26, C= 2231, 
35. B= 60° 52’, a = 6.688, ¢ = 13.74, 
36. B= 20°6’, a = 63.86, b = 23.37, 
87, A = 45° 56’, a = 19.40, b= 18°78, 
38, 4 = 41°11’, b = 53.72, ¢ = 71.88, 
89. A = 55°16’, a = 12.98, c = 15.80, 
40, A = 3°56’, a = 0.5805, b = 8.442, 


67. 57° 42”, 
68, 49°25’ 7”, 
69. 38° 22’ 30”, 
70, 2°38’ 30": 
71. 89° 49’ 10”. 


S= 31.18. 
S = 18.86. 
S= 7.794. 
S18: 

S = 2.086. 
S = 71,880. 
S = 1,079,500. 
S = 1278. 
S = 0.2878. 
S = 6892. 
S = 995.8. 


_S = 2,581,000. 


S= 1578. 

S = 0.000002238. 
S = 1858. 

S = 81.50. 

S = 2,021,000. 
S = 68938. 

S= 2.431. 

S = 6.235. 

S = 16,410,000. 
S=1734. 

S= 16.63. 

S = 1,154,000. 
IS 225.28 

S = 373.9. 
S= 9.187. 

S = 12,890. 

S = 115.8. 
S= 100.6. 
Sls 

S= 21.638. 
S= 0.7488. 

S = 74.87. 
S= 40.18. 

S = 746.15. 

S = 182.15. 

S = 1262.4. 
S= 58.42. 
S= 2.450, 
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41. S=}c?sinA cosA. 43, S= 3b? tanA. 
42, S= ha? cotA. 44, S=lave?—a?. 
45. A = 40°45’ 48”, B= 49°14 12”,b=11.6, ¢=15.815. 
46, A = 55° 18’ 20”, B= 84° 40’ 40”, a= 7.2, | ¢ = 8.766. 


47 B= 61°, a = 8.647, b= 16.58, ic = 7.623. 

48, A = 27°2’30’, B= 62°57 30’, a= 10.002, b = 19.595. 
49, 19°28’ 17”; 70°31’ 48”. 51. 15.498 mi. 
50, 3112 mi.; 19,553 mi. 52, Between 1° 15’ 30” and 1°19’ 10”. 
538, 212.1 ft. 58. 59° 44’ 35”. 63, 7.071 mi. ; 67. 685.9 ft. 
54, 782.2 ft. 59. 95.84 ft. 7.071 mi. 68. 5.657 ft. 
55. 3270 ft. 60, 23° 50’ 40”. 64, 19.05 ft. 69. 136.6 ft. 
56. 37.3 ft. 61. 36° 1’ 42”. 65. 20.88 ft. 70. 140 ft. 
57. 1° 25’ 56”, 62, 69° 26’ 38”. 66. 56.65 ft. 71. 84.74 ft. 


Exercise 32. Page 71 


1. C =2(90°—A), c=2acosA,h=asinA. 
2. A= 90°—434C, c=2acosA,h=asind. 





c 
8) C= 290° =A) 0 = Fe sin A. 
( ), 2cos A’ - 
Liha Oe AO t=, Lean 
- 2 cos A 


5. C=2(90°— A), a= os » €=2acosA, 
sin A 





» C= 21 COSA. 





6.A=90°—3C, a=— 
h sin A 
% sind ==) C = 2(90°— A), c= 2acosa. 


h 
sin A 
9, A = 67° 22’ 50”, C = 45° 14’ 20”, h = 18.2. 

10. c = 0.21943, h = 0.27384, S = 0.03004. 
11. a = 2.055, h = 1.6852, S = 1.9819. 
12. a= 7.706, c = 3.6676, S = 13.725. 
13, A = 25° 27’ 47”, C = 129° 4’ 26”, a = 81.41, h = 35, 
14, A = 81°12’ 9”, C = 17° 85’ 42%, a =17, ¢ = 6.2. 
15, c= 14.049, h = 26.649, S = 187.2. . 

16. S=a*sin}CcoshC. 19, 28.284 ft. ; 21. 94°20’. + 24, 37.699 sq. in. 





G, dad Oo OP = aye 
Cc 


17, S=a?sin A cos A, 4525.44sq.ft. 22, 2.7261. 25. 0.8775. 
18, S=h? tan }C, 20. 0.76536. 28, 2ebe ss", 


Exercise 33. Page 72 


1. r=1.618, h=1.5888,9=7.694. 4, r= 1.0824, c = 0.82842, S = 3.3187. 
2, h = 0.9848, p = 6.2514, S= 8.0782. 5, r= 2.5942, h = 2.4891, c= 1.461. 
8. h= 19.754, c= 6.257, S=1236. 6. 7=1.5994,h=1.441, p=9.716. 


7. 0.51764 in. 9, 0.2288 sq. in. 18. 6.288. 
Shoe 10. 0.810 in. 14, 0.635 sq. in. 
a Oe 11. 1.0235 in. 
n 12, 0.062821 ; 6.2821. 
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Exercise 34. Page 73 
2, 29.76 sq. in. 13, 52° 85’ 42”, 25, 362.09 ft. 86. 2675.8 mi. 
3. 104.07 sq: ft. 14, 60° 36’ 58”, 26, 59° 2710”. 37, 25.775 ft. ; 
4. 36463 sq. in. 15, 6.38509 in. 27, 14.772 in. ; 19.45 ft. 
5. 20.284 in. 16. 20 in. 15.595 in. 38. 10.941 ft. ; 
%. 37.319 ft. 17. 7.7942 in. 28. 73.21 ft. 20.141 ft. 
8. 342.67 ft. 18, 40° 7’ 6”. 29. 25° 86’ 9”. 39. 55.406 ft. 
9, 36.602 ft. ; LON Saeilate 30, 26.613 in. 40. Between 131’ 
861602 ft. 20. 94.368 ft. ; $1, 7.5 £6. and 132’. 
10. 120.08 ft. 25° 42” 58”. 32. 59° 58’ 547 ; . 48° 18’ 48”. 
11. 2.9101 mi.; 21, 24.652 ft. 173.08 ft. 42, 2.6068 in. 
8.531 mi. 22, 196.93 ft. 88, 7.2917 ft. . 14.542 in. ; 
122 114i: 23. 220.8 ft. 34, 19.051. 26.87 in. 
49,206 ft. 24, 1915.3 ft. 85, 1.732 in. 44, 6471.7 ft. 
Exercise 35. Page 80 
99,10) 6S8, 1}. 87.0. 41. 5.10. 45. 28Lin. 49. 3-V8. 
30. 15. 34, 33. 38. 7. 42. 5.10. 46. 9.48in. 50. Yes. 
81, 13. 35. 3. 39, 5. 43, 8.24. 47, 2. 51. Octagon ; 
82.21. 36, 5. 40.15. 44,424. 48. 3V3. 2.829. 
Exercise 36. Page 84 
16. I. 18, II. 20. III. 22. I. 24, III. 26. I. 28, III. 
Airemeles 197 TL. 21. IV. 23. II. 25. IV. 27, II. 29. On OY’. 
30. On OX. 64. sin = } V2; cos =—}V2; tan=-1; 
61. Veuve, V53 4 6. esc =V2; sec=—V2; cot=—1. 
62. 90°. 65. sin =0; cos=—1; tan=0; 
63. 60°. CSC = «©; sec =—1; cot = ow. 
Exercise 37. Page 88 
52. 2; one in Quadrant I, one in Quadrant Il. 
53. 4;.two in Quadrant I, two in Quadrant IV. 
aie mlecmell ante 
55. Between 90° and 270°; between 0° and 90° or between 180° and 270°; 
between 0° and 90° or between 270° and 360°; between 180° and 360°. 
57. 1;.0; 0; w; 65. — 2(a? + 0%). 81. 60°; 240°; 
1; 0; 1; 0. 66.0. 420°; 600°. 
59. III; II. 67. 0. 82. 210°; 330°. 
60. 40; 20. 76. 30°; 150°; 390°; 510°. 83. 120°; 240°. 
61. 0. 7. 30°; 830°; 390°; 690°. ~ 84, 225°; 815°. 
62. 0. 78. 60°; 120°; 420°; 480°. 85, 135°; 225°. 
63. 0. 79. 60°; 300°; 420°; 660°. 86, 135°; 315°. 
64, a? — b? + 4ab. 80. 30°; 210°; 390°; 570°. 87, 135°; 815°. 
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1. sin 10°. 9. tan 78°. 17. — cot 65°. 25. — sin 7°10’3”. 
2. — cos 20°. 10. cot 82°. 18. — cot 13°. 26. cos 85° 54’ 46”. 
8. — tan 32°. 11. — sin 85°. 19. — sin 0°. 27. — tan 87° 51’ 45”, 
4, —cot 24°. 12, — sin 15°. 20. cos 0°. 28. cot 15° 10’ 3”. 
5. sin 0°. 13.. — tan 78°. 21, sin 31° 50’. 29, sin 82.25°, 
6, — tan 0°. 14. — tan 35°, 22, — cos 12°20’. 30. — cos 52.25%, 
7. — sin 20°. 15. cos 70°. 23. tan 85° 80’. 
8. — cos 45°. 16. cos 10°. 24, — cot 72° 20’. 
Exercise 39. Page 93 
1, cos 10°. 10. — cot 9°. 19. — sin 86°. 28. — cot 9.1°. 
2. cos 80°. 11. — cot 29°. 20. cos 75°. 29. 0.0262. 
3. cos 20°. 12, — cot 39°. 21. cos 87°. 30. — 0.5483. 
4. cos 40°. 13. — tan 4° 1’. 22, — sin 5°. 31. — 0.7729. 
5. — sin 5°. 14. — tan 7° 2’. 23. tan 80°. 32. 0.5040. 
6. — sin 7°. 15. — tan 8° 3’. 24, tan 30°. 33, — 0.1304. 
7. — sin 21°. 16, — tan 9° 9’. 25. — tan 20°. 34. 0.8686. 
8. — sin 87°. 17. — sin 8°. 26. — cot 1.5°. 35. 0.1357. 
9. — cot 1°. 18. — sin 9°. 27. — cot 7.8°. 36, — 0.1354. 
87. 9.89947 — 10. 40. — (10.52286 — 10). 43. 10.14753 — 10. 
38. — (9.83861 — 10). 41, — (9.91969 — 10). 44, — (9.82489 — 10). 
89, — (9.79916 — 10). 42, 9.92401 — 10. 46, 225°; 315°; 585°; 675° 
Exercise 40. Page 95 
AS ene 1 ; 19, 45°. 27. 60°. 
Veot?a +1 20. 30°. 28. 60° or 180°. 
eon gs a i : 21, 60°. 29, 45°. 
Vtan22 +1 22, 45°. 30. 30°. 
gscore 1 é 23. 45°. 31. 45°. 
Vi1—sin?z 24, 45°. $2. 1 V5; 2-V5. 
Scams ie re 25. 60°. $3, 1-V/15; V15. 
V1— cos? x 26, 45°, 84, 2; 5. 
35. sing = V5, cosa = } V5, tant 2) csea = 1V5, sec ae = V5, cota = 4. 
96. 4, V 17s ap V IT. 41, 45° or 225°. 45, 270° or 30°. 
37. 27; #4. 42, 45°, 135°, 225°, 46. 30° or 150°. 
38, When z = 0°. or 315°. 47, 45°, 185°, 225° 
39. 0° or 180°. 43, 45° or 225°. or 815°. 
40. 38°10’. 44, 0° or 60°. 48. 60°. 
58, cosA=1V5, tand= 2/5, csc A= 3, secA=3-V5, cot A= 1 V5. 
54, sin d= 4-V7,. tan’ = 4V 7 escA = $-V7, secA= 4, cotA = 3V7, 
55. sin A= 3,-V13, cos A = 25-18, csc A= 4-13, sec A=} -V13, cot A= 2. 
56. sn A=%, cosA=#, tanA=4, cscA=3, sec A= 8. 
6%. sindA=1V5, cosA= 2, tanA=1V5, cscA=2-V5, cot A= 2V5. 
58. cosA = 7s, tan A = 12, esc d = 13, sec dA =43, cot A= qs: 
59. cosaA=3, tand=4%, escA= §, secA=§, cotA=3 


60. 


: 4 
iA lea = let we 
sind = 7}, tand=11, escA = § 
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Exercise 38. Page 91 


+, sec A = 61 cot A = $ 
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61. sin A = $4, tan A = 24, csc A = 25, sec A = 28, cot A= gq. 
62. sin d=, cosA=3, csoA=$, secA=8, cotA=3. 
63, sin. A =} -V2, cos A = } V2, Pret CSCLAn= V2, ee V2. 
64. sind = 2/5, Ne tan A = 2, cso. A = 1 V6, secA = V5. 
65. sin A = 3 V3, cos A = j, tan A = V3, esc. A = 2-3, cot A = 1 V3. 
66. sin A = } V2, cond =4V5, ee sec A = V2, cot = 1, 
67. cosA =V1— m2, tan A = —___.,, 68, 
1— m? Ihe WE 
ayo 24 y2 
Genes sco een 1 aos 
m V1— m2 m 2mn 
70. cos 0°= 1, tan 0°=0, csc 0°= ww, sec 0°=1, cot 0M=o. 
71. cos 90° = 0, tan 90° = o, esc 90° = 1, sec 90° = a, cot 90° = 0. 
72. sin 90° = 1, cos 90° = 0, esc 90° = 1, sec 90° = o, cot 90° = 0. 
78, sin 22° 30’ = —_ _, cog 22°30’ = | __, tan 22°30” = V2-1, 
V4 4 2V2 /4~—2V2 
ese 22° 30’ = /4 + 2-V2, sec22°30’ — /4— 2-2. 
"4 1— cos? A cos? A 
"cos A 1— cos? A 
Exercise 41. Page 98 
1, 0.25875. 5. 1. 9. 0.866. 13. 0.5. 
2. 0.96575. 6. 0. : 10. — 0.5. 14, — 0.866. 
3. 0.96575. 7. 0.96575. 11. 0.707. 15. 0.25875. 
4, 0.25875. 8. — 0.25875. 12, — 0.707. 16. — 0.96575. 
Exercise 42. Page 99 
1. 0.268. 5. ©. 9. — 1.7382. 13, — 0.577. 
2. 3.7382. 6. 0. 10. — 0.577. 14. — 1.7382. 
3. 3.732. 7. — 3.782. 11. —1. 15. — 0.268. 
4, 0.268. 8. — 0.268. : 12, —1. 16. — 3.732. 
Exercise 43. Page 102 
6 = = 
1. 28. 14, eee Yy. 2", 1— tan y 
2. 48. 15. — siny. 1+ tany 
3. 33. 16. sin y. 28 V3 coty—1 
4, 63. 17. sin x. cot y +-V3 
5. 123. 18. — ae: go) 4V38 cot y le 
3: AP eee coty— V3 
7. cosy. 20 eS COUe, 30. tan y. 
8. siny. Tn 81. 0.8571; 0,2222. 
9. cot y. 22. — tana. B23. 782 0.268. 
10. cosy. 23. cot x. : Soniye sro 
11. sin y. 24, — siny. 34. « + y = 90°, 270° in 
12. — siny. 25. 1V2 (cosy — sin y). the three cases. 
18. — cosy. 26. 1-V2(cosy + siny). 37, 135°, 405°, 
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Exercise 44. Page 103 


5. 1. 7% —3. 9 0.8492. 11, —1.1776. 18. $23. 15. 3sina— 4 sin8z, 
6. LV3. 8. ws. 10. 0.5827. 12. 1.7161. 14. $23. 16. 4cos*x — 3 cosa, 
Exercise 45. Page 104 
1, 0.2588. 3. 0.2679. 5. 7.5928. 7. 0.9239. 9, 2.4142. 
2, 0.9659. 4, 3.7321. 6. 0.3827. 8. 0.4142. 10, 5.0280. 

11. 0.10051; 0.99493. 12. 0.38780 ; 0.92196 ; 0.42009 ; 2.3805. 
Exercise 46. Page 105 
8. 0. 18. os (@ + y). 99. eon a Y) 
9. 4 V3. sin % cos y sin z sin y 
2 
sac 2 19, tan2e. 98. cos( + y/) 
sin 2x 99, 28 (@—y) sin x sin y 
16. 2 cot 2a. * cos x cos y 24. tanz tan y. 
— 1 
1", cos (& y). 91, Co8(@ + ¥). 27. 4. 
sin z cos y COS Z@ COS ¥ 
Exercise 47. Page 109 
1. a=bsnA; b=asinB; a@=6; sin A =sin B. 6. 8.5450 in.; 4.2728 in. 
4, 8in. 7. 27.6498 in. 
5. 1000 ft. 8, 9.1121 in. 
Exercise 48. Page 110 
1. C= 128° 12’, b = 2051.5, c = 2362.6. 11. Sides, 600 ft. and 1039.2 ft. ; 
2. C= 55°20’, 6 = 567.69, c = 663.99. altitude, 519.6 ft. 
8. C= 35°4, 6 = 577.31, c = 468.98. 12, 855: 1607. 
4.10 =25°12, (b = 2276.6, ¢= 1673.9. 18. 5.438; 6.857. 
5. C=47914, a= 1840.6, b= 1113.8. 14, 15.588 in. 
6. A = 108° 50’, a = 53.276, c = 47.324. 15. AB = 59.564 mi.; 
7. B= 56° 56’, 6b = 5685.9, ¢ = 5357.5. ACO = 54.285 mi. 
8. B= 77°, a = 630.77, c = 929.48. 16. 4.1365 and 8.6416. 
9.a=5; c=9.659. 17. 6.1433 mi. and 8.7918 mi. 
10. d@=7;~ 6= 8.573: 18. 6.4343 mi. and 5.7673 mi. 
19. 8 and 5.4728. 
20. 4.6064 mi.; 4.4494 mi.; 3.7733 mi. 
21, 5.4709 mi. ; 5.80138 mi. ; 4.38111 mi. 
Exercise 50. Page 115 
1, Two. 3. Nosolution, | 5. One. 7. No solution. 
2. One. 4. One. 6. Two. 8. One. 


9. B= 12°18’ 34”, O = 146° 15’ 26”, ¢ = 1272.1. 
10, B= 57° 28’ 40”, C= 2°20”, c= 0.88525. 
11, B= 41°12 56”, C = 879384”, c¢=116.83. 
12,4= 54°81, C=47°45’, c= 650.496. 
13, B= 24°57’ 26”, C = 188° 48’ 84”, c = 615.7; 
B’= 155° 2’ 84”, C’= 8° 48/26”, c’= 55.414. 
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14, A = 51°18'27”, C= 98°21'33”, c= 48.098; 
A’ = 128° 41’ 88”, CO’ = 20° 5827”, c’= 15.598. 
15. 4 = 147° 27°47", B= 16° 48'13”, a= 35.519; 
A’= 0°54 18”, B’= 168° 16’ 47”, a’ = 1.0416. 
16. B= 44°1/ 28”, C= 97°44' 20”, c= 13.954; 
B’= 185° 58’ 82”, O’= 5°47 16”, c= 1.4202. 
17, B= 90°, CO = 82°29’ 48”, ¢= 2.7901. 
18, 420. 19, 124.62. 20. 3.2096 in. 
21, AB=38.8771in.; BC = 2.3716in.; CD=3.7465in.; 4D = 6.1817 in. 
22, C = 125°6’, D= 98°24’; AB = 4.8075 in.; BC = 8.1288 in.; CD = 6.481 in.; 
DE = 4.4186 in.; AE = 5.0522 in. 


s 


Exercise 51. Page 117 


b? + c? — a2. 


2.b=acosC+ccosA; B “ces 90° 


16. AB = 1.9249 in.; 

















a=bcosC+ccosB; 2bc i CD = 4.4431 in. ; 
c=bdcosA. 14, AC = 8.499 in.; A = 109° 26’; 
4. Impossible. BD = 3.1254 in. B= 112° 13’ 40”; 
5. 5. 15. BC = 5.9924 in.; : C = 88°11’ 40”; 
6. 7.655. BD = 8.3556 in. D = 50° 8’ 40”. 
ss a 17. 13.3157 in. 
Exercise 52. Page 119 . 
a? 2 end — 459, evens 
2. ti : A— B)=0. ae : 
8. aay oe oes zie =» VB. 
4.a+6=(a—b)(2 + V8). 14, tan}(A—B)=0; A=B, 
11. 2sin A es tan A Bata 17. 5. 
0 0 18. Sides AB, BC, AE; diagonal AD; 
anglesB, CAD, DAE. 
Exercise 53. Page 121 
1, Ar "619 15 B= 56° 30’, c = 95.24. 
2, B= 60° 45/2”, C= 39°14’ 58”, a = 984.83. 
8. A= 77° 12’ 58”, B= 48°30'7’, c= 14.987. 
4, B= 938° 28’ 36”, C= 50° 38’ 24”, a = 1.3181. 
5. A = 182° 18’ 27”, B= 14° 84’ 24”, c = 0.6775. 
6, A = 118° 55’ 49”, C = 45° 41’ 35”, 6 = 4.1554. 
7%, B= 65° 13’51”, C= 28° 42’5”, a= 8297.2. 19. 6. 
8, A = 68° 29°15”, B= 45°24’18”", c= 4449. 20. 10.3892. 
9, A= 117° 246327, B= 82°11228¢— ¢ = 81.481. 21. A= B= 90° — $C, 
10, A = 2° 46’ 8”, B= 1°54 42”, c=81.066. ee asin Cc 
11, A = 116° 33’ 54”, B= 26° 33’ 54”, ¢ = 140.87. sin A 
12. A= 6° 1’ 55”, B= 108° 58’ 5”, c=862.5. 22. 8.9212. 
13, A = 45°14’ 20”, B=17°3'40”, c= 510.02. 23, 25. 
14, A = 41° 42’ 33”, B= 382°31’15”, c= 9.0398. 24, 3800 yd. 
15. A = 62°68’ 26”, B=21°9' 58%, c= 4151.7. 25. 729.67 yd. 
16. A = 84°49’ 58”, B= 28°48’ 26”, c= 42.374. 26. 430.85 yd. 
17, B= 24°11’ 20”, C= 144° 55’ 62”, a = 205. 27. 10.266 mi. 


18, B= 20°36’ 34”, C= 102°10 14”, a= 387.5. 28, 2.33885 and 5.0082. 


16 


= 


w 


= 
= 
e 
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Exercise 54. Page 125 
3 [log(s — b) + log(s — c)+ cologs + colog(s—a)]. 4. logr + colog(s — a). 


7. VY}, or 0.87796; 41° 24 34”. 
Exercise 55. 
38° 52/ 48” ; 126° 52’ 12”; 14°15’, 


82° 10’ 55” 5; 136° 28’ 50” ; 11° 25’ 15”. 


27° 20’ 82” ; 148° 7’ 48” ; 9° 31’ 40”. 
42° 6’ 138” ; 56° 6’ 36” ; 81°47’ 11”. 
16° 25’ 36” ; 30° 24’; 183° 10’ 24”. 


. 46° 49° 35” ; 57° 59’ 44” ; 75° 10’ 41”. 


26° 29” ; 43° 25’ 20” ; 110° 34’ 11”. 
49° 34’ 58” ; 58° 46’ 58” ; 71°38’ 4”, 


. 51° 58’ 12” ; 59° 31’ 48” ; 68° 35’. 


86° 52’ 12” ; 58° 77 48”; 90°. 
86° 52’ 12” ; 53° 7’ 48”; 90°. 


» 83° 83’ 27” ; 83° 83’ 27” ; 112° 53’ 6”. 


60°; 60°; 60°. 
28° 57’ 18”; 46°34’ 6”; 104° 28’ 86”. 


. 86° 52’ 12”; 58° 7 48”; 90°. 


8° 19’ 9” ; 33° 33’ 86” ; 188° 7 15”. 


Exercise 56. 


277.68. 4, 27.891. 
. 452.87. 5. 189.58. 
. 8.0824. 6. 1380.7. 


. 4 [log (s — 6) + log (s — c) + colog b + colog c]. 
. 4[log(s — a) + log(s — b) + log(s—c) + cologs]. 6. The second. 


5. log(s—a)+log tan $A. 


9. A = 60°. 
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17. 
18. 
19, 


20. 
21. 


22, 
23. 
24, 
25. 
26. 


27. 
28. 


45° ; 120°; 16°. 
45° ; 60°; 75°. 

84° 14’ 84”. 

54° 48’ 54”, 

105°; 15°; 60°. 
54.516. 

60°. 

12.434 in. 

4° 93’ 2” W. of N. or W.of S, 
A = 90° 87 3”; 

B= 104° 28’ 41”; 

C = 96° 55’ 44”; 
D= 67° 58’ 32”, 

82° 49 10”. 

36° 52’ 11”; 

53° 7 49”, 
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7. 10,280.9. 10. 1,067,750. 
8. 82,362. 12, 10.0067 sq. in, 
9, 409.63. 13. 18.064 sq. in. 


14, 18.41 sq. in. 


Exercise 57. Page 129 
7. 176,384. 9. 92.963. 


. 85.926. 8, 436,540. «+5. 7,408,200. 


. 23,681. 4, 157.63. 6. 398,710. 8. 25,848. 10. 3176.7. 
11. 5.729 sq. in. 
Exercise 58. Page 131 
6. 14, 8160. 29, 13.98 ch., 23.21 ch., 82.50 ch. 
150. 15. 26,208. 30. 14 A. 5.54sq. ch. 
43.301. 16. 17.3206. SlieS0? B0l 120°. 
11367. 17, 10.392. 82. 2,421,000 sq. ft. 
10.279. 18. 365.68. 33, 199 A. 8 sq. ch. 
» 16.807. 19. 29,450; 6982.8, 34, 210 A. 9.1 sq. ch. 
. 1224.8 sq.rd.; 20, 15,540. 35, 12 A. 9.78 sq. ch. 
7.655 A, 21. 4,333,600. 37. 876.34 sq. ft. 
3.84. 22. 13,260. 38, 1229.5 sq. ft. 
4.8599. 24, 3 A. 0.892 sq. ch. 39, 9 A. 0.055 sq. ch. 
10.14. 25, 12 A. 3.45 sq. ch. 41, 1075.3. 
. 62.354. 26. 4A. 6.634 sq. ch. 42, 2660.4. 
. 0.19975, 27. 61 A. 4.97 sq. ch. 43. 16,281. 
. 240. 28. 4A. 6.633 sq. ch. 45. Area = absin A. 


21, 


22. 
28. 


wo 


1, 
2. 


8. 3.583 sq. in. ; 27.6565 sq. in. 


20 ft. 13, 
. 87° 34’ 5”, 
30°. 14, 
199.70 ft. 15. 
. 106.69 ft. ; 16. 
142.85 ft. 17, 
. 43.12 ft. 18, 
. 78.36 ft. 19. 
S78 tt. 20. 
. 1.4442 mi. 21, 
56.649 ft. 22. 
. 2159.5 ft. 23, 
7912.8 mi, 24. 
. 460.46 ft. : 8. 
. 88.936 ft. 9. 
. 56.564 ft. 10. 
51.595 ft. 11. 


. 13.657 mi. per hour. 
. N. 76° 56’ E. ; 
13.938 mi. per hour. 


3121.1 ft.; 
3633.5 ft. 

25.433 mi. 
6.3397 mi. 


35. 536.28 ft. ; 500.16 ft. 


19,647 sq. ft. 


. 27.527 sq. in. 

. 11.124A. 4, 

. 21.617 A. 5. 

. 15,129 A. 6. 
6.5223 sq. in. 


66.2343 sq. in. 


ANSWERS 


Exercise 59. Page 133 
260.21 ft. ; 25. 50° 29’ 35” ; 
3690.3 ft. 39° 30’ 25”. 
2922.4 mi. 26. 74° 44’ 14”, 
60°. 27. 350.61 in. 
3.2068. 28. 115.83 in. 
6.6081. 29. 38°.62 in. 
238,410 mi. 30. 83° 87’ 40”. 
1.38488 mi. 81. 97° 11’. 
861,860 mi. 32. 89° 50’ 18”. 
235.81 yd. 83. 0.2402 ; 
26° 34’. 1.9216 in. ; 
69.282 ft. 33.306 in. 
49° 1842”; 84, 1.7in.; 
40° 41’ 18”. 0.588 in. 

Exercise 60. Page 137 
422.11 yd. 12. 255.78 ft. 
41.411 ft. 13. 529.49 ft. 
234.51 ft. 14, 294.69 ft. 
12,492.6 ft. 15. 101.892 ft. 

gue Cen oe 28. 

S10 @ 
sina ; 29, 
90°; B= 90°; 
Za= 90° — O. 30. 

25. 288.67 ft. 31, 

26, 11.314 mi. per hour. 32. 

36. 345.46 yd. 

Exercise 61. Page 141 

8. 41.569 sq. in. 
4, 6. 

Exercise 62. Page 142 
14A. 7 10A. 
13.77A. 8. 4.53848 A. ; 
10.026 A. 10.4652 A. 

Exercise 63. Page 144 

4, 8.6965 sq. in. 
§. 112.26 sq. in.; 
201.9 sq. in. 


Le 


a—b 
ane bd 
86. 30°. 
37. 97.86 in. ; 
153.3 in. ; 
159.31 in. 
1802.5 ft. ; 
33° 6 51”. 
0.9428. 
45 ft. 
0.9524. 
2hV2 + w 
“RHP yw 





38. 


39. 
41. 
43. 


16. 210.44 ft. 
18, 19.8; 35.7; 
44.5, 


658.36 Ib. ; 22° 23’ 47” 
with first force. 
88.326 lb. ; 45°37’ 16” 
with known force. 
757.50 ft. 

520.01 yd. 

1866.4 ft. 


37. 61.238 ft. 


6. 3; 4v2. 
9. 6. 
11, 40,320 sq. ft. 


9, 36.38 A. 
10. 20.07 A. 
11. 3.766A. 
12, 2.485 A. 


6. 0.14279. 
7. 116.012 sq. in. 


8. 3. 
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Exercise 64. Page 147 


1, 1828”; 5. 13’ 58”; 10. 101.44 mi. 
18.385 mi. 20.787 mi. 11, 11.488 mi. 

2, 37 29” ; 6. 19’ 52”; 12. 44.5 mi. 
37.4775 mi. 12°57’ 8” S. 13. 8. 75°31’ 20’ E.; 

8, 51’ 33” ; 7. 35.207 mi. 23.2374 mi. 
34.445 mi. 8. 16.6296 mi.; 14, N.17°6' 14” W.; 

4, 37°16”; 11’ 6.7”. 32° 50’ 30” N. 
7.4135 mi. 9, 59.155 mi. 15. 23.854 mi.; 

16, 27.808 mi.; N.52°18’ 21” W. S. 56° 58’ 34” E. 


Exercise 65. Page 148 
1 42°16’N.; 68° 54’ 39” W. 2. 103.57 mi. 8. 60°15’ N.; 62°15’ 55” W. 


Exercise 66. Page 149 


1, 31°26’ 15” N.; 8. 41° 50’ 5” N.; 6. 40° 4’ 16” N.; 
41° 44’ 23” W. 58°15 1” W. 72° 44’ 56” W. 
2. S. 68° 26’ W.; 4, 16.727 mi.; 4, 42°47 48” N.; 
42.486 mi. ; 80°16’ 19” W. 70° 48’ 25” W. 
16° 14’ 52” W. 5. N.77° 9 88” W.; 
33°11’ W. 


Exercise 67. Page 150 


1, 85°49’ 10”S.; 22°92’ 44” W.; N. 61°42’ W.; 183.16 mi. 
2. 42° 15/29” N.; 69°5/11” W.; 44.989 mi. 

8. 82°53’ 34” S.; 1891753” E; 287.16 mi. 

4, 41°91’ 40” N.; 69°54 1” W. 

5. 677197; 21.4 mi. 

6. 1°37 8”; 45.652 mi. 


Exercise 68. Page 152 


1. 37. Bo Fabo. | 8S 2T0 1S. s0 1, 21. II. 

2. pom. 6. 87. 10. 240°. 14. 540°. 18. II. 22. II. 

3. 35) 7. a iis bs a (a 15. 1080°, 19. III. 23. I. 

4. sm. 8. 5,07. 12; 225°. 16. 1800°. 20. IV. 24, III. 

25. 216°, $7. 28. 33° 45’, 7. 30. 3487.75’; 206,265”. 

26. 300°, 37. 29. 0.017453 ; 31. 47 radians. 

27, 120°, 2a. 0.0002909. $2. } 7 radians. 
Exercise 69. Page 154 

1, 16°, 164°, 376°, 524°. ‘ 5. 18°, 162°, 378°, 522°. 

2. 30°, 150°, 890°, 510°, 750°, 870°. 6, 0.99999995769. 

3. 30°, 150°, 390°, 510°, 750°, 870°, 1110°, 1280°. 7. 0.00029088820. 

4. 67° 30’, 112° 30’, 427° 30’, 472° 80’. 8. 0.00029088821. 


9. 0.00058177632. 10, 0.000582. 11. 0.0175. 


2, 
3. 


4 


5. 


19, 


~ 20. 


21, 


Po mo 


10. 
11. 
12, 
18. 
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Exercise 70. Page 155 
60°, 300°. 5. 45°, 225°. 9, 26° 84’, 206° 84’, 
— 60°, — 300°. 6. — 135°, — 315°. 886° 34’, 566° 34’. 
25°, 335°, 7. 60°, 240°, 10. — 116° 34’, — 296° 34’, 
885°, 695°. 420°, 600°. — 476° 84’, — 656° 34’. 
60°, 300°, 8. 30°, 210°, 
420°, 660°. 390°, 570°. 
Exercise 71. Page 156 
60°, 120°. 7. 80°, 210°. 9,60", 800°. -- 11. 2-V8.° 18. BAV2. 

. 45°, 135°. 8. 90°, 270°. 10. 185°, 225°. 12, 3. 14, 1V2. 
60°, 240°, 22. 19°, 161°, 25. 19° 28 17”, 
420°, 600°. 879°, 521°. 160° 31’ 48”. 
58°, 238°, 28. 15° 24’ 30”, 195° 24’ 80”, 26. 4. 1-3. 
418°, 598°. 375° 24’ 30”, 555° 24’ 80”. 27. + 4-V3 or 0. 
74°, 106°, 24, 19°, 341°, — 
434°, 466°, 379°, 701°. 

Exercise 74. Page 161 

. 860° or 27. 6. 180° or 7. 9, 180° and 360°. 

180° or 7. 8. 360° or 2 7. 10. Complements. 
Exercise 75. Page 162 

. 270.63. 9. 40’ 9”. 13, dL radian ; 

. 416.65. 10. — 175°, 185°, 19° 5’ 55”, 

. 2695.8. 585°, 545°. 22. 30°, 210°, 
4.163. 11. — 200°, 160°, 890°, 570°. 
Impossible. 560°, 520°. 28. 60°, 240°, 

. Impossible. 12, 2 radians ; 420°, 600°. 
845.48 ft. 114° 85’ 30”. 

Exercise 77. Page 166 

_7o0r3n. 16. 26° 34’ or 206° 34’, 

. 90° or 270°. 17. 30° or 150°. 

. 21° 28’ or 158° 32’. 18. 45° or 185°. 
0° or 90°. 19. 60°, 90°, 270°, or 300°. 

. 80°, 150°, 199° 28’, or 340° 32’. 20. 60°, 90°, 120°, 240°, 270°, ox 

. 51°19’, 180°, or 808° 41’. 800°. 
30°, 150°, or 270°. 21, 32°46’, 147°14’, 212°46’, or 327914’, 

. 35°16’, 144° 44’, 215° 16’, or 24°44’. 29. tan-1 a*—1 
75° 58’ or 255° 58’. . ao 
60°, 180°, or 300°. 31{—@+VvVa?+8a+8 
90° or 143° 8’. Be COST ere : 
30°, 150°, 210°, or 880°. 24, 1. 
0°, 120°, 180°, or 240°. 25. 1. 
45°, 161° 84’, 225°, or 841° 84’, 26. 0°, 45°, 90°, 180°, 225°, or 270°. 


14, 
16. 


60°, 120°, 240°, or 800°. 


27. 


30°, 150°, 210°, or 330°. 


20 
28, 


29. 
30. 
31. 


382, 
33, 
34, 
35. 
36, 
37. 
38. 
39, 
40, 
41, 


42. 
43. 
44, 


45. 


46. 
47. 
48. 
49. 


50. 
61. 
52. 
53. 
54, 
55. 
56. 
57. 
58. 
59. 


2. 


o 


PLANE TRIGONOMETRY 


80°, 60°, 120°, 150°, 210°, 240°, 300°, 
or 880°. 

0°, 65° 42’, 180°, or 204° 18’. 

14° 29’, 80°, 150°, or 165° 31’. 

0°, 20°, 100°, 140°, 180°, 220°, 260°, 
or 340°. 

45°, 90°, 135°, 225°, 270°, or 315°. 

80°, 150°, or 270°. 

26° 34’, 90°, 206° 34’, or 270°. 

45°, 135°, 225°, or 815°. 

45°, 135°, 225°, or 315°. 

15°, 75°, 185°, 195°, 255°, or 315°. 

45°, 185°, 225°, or 315°. 

0°, 45°, 180°, or 225°. 

0°, 90°, 120°, 240°, or 270°. 

0°, 36°, 72°, 108°, 144°, 180°, 216°, 
252°, 288°, or 324°. 

120°. 

54° 44’, 125° 16’, 234° 44’, 305° 16’. 

80°, 60°, 90°, 120°, 150°, 210°, 240°, 
270°, 300°, or 330°. 

ik —1 

hone 

90°, 216° 52’, or 328° 8’. 

30°, 90°, 150°, 210°, 270°, or 880°. 

0°, 45°, 180°, or 225°. 

45°, 60°, 120°, 135°, 225°, 240°, 300°, 
or 815°. 

0°, 45°, 135°, 225°, or 315°. 

90° or 270°. 

iv. 

3. 

0°, 45°, 90°, 180°, 225°, or 270°. 

30°, 150°, 210°, or 880°. 

60°. 

105° or 346°. 

135°, 315°, or }sin-1(1— a). 

80°, 60°, 120°, 150°, 210°, 240°, 300°, 
or 880°. 


sin-1! + 


Exercise 78. 


.o= 0, y= 05 or 7 = 07) =a. 


a—b 
2 


y= sin-1 2’. 


% = 76°10’, y = 15°30’. 


a= sin-1+ 





? 


60. 
61. 
62. 
63. 


64, 
65. 
66. 
67. 
68, 
69. 
70. 
71. 


72. 
73. 
74. 
75. 


76. 


77. 
78. 
79. 
80. 
81. 


82. 
83, 
84, 
85. 
86. 
87, 
88. 
89. 


a 
60°, 90°, 120°, 240°, 270°, or 800°. 
0°, 90°, 180°, or 270°. 
0°, 90°, 120°, 180°, 240°, or 270°. 
0°, 74° 5’, 127° 25’, 180°, 232° 35 
or 285° 55’. 
0°, 180°, 220° 39’, or 319° 21’. 
8° or 168°. 
40°12’, 189°48’, 220° 12’, or 319° 48’ 
0°, 60°, 120°, 180°, 240°, or 800°. 
302 or ere. 
60°, 120°, 240°, or 300°. 
18°, 90°, 162°, 234°, 270°, or 306°. 
80°, 60°, 120°, 150°, 210°, 240°, 300°, 
or 380°. 
53° 8’, 126° 52’, 233° 8’, or 806° 52’. 
80°. 
22° 87 or 148° 8’. 
0°, 20°, 30°, 40°, 60°, 80°, 90°, 100°, 
120°, 140°, 150°, 160°, 180°, 200°, 
210°, 220°, 240°, 260°, 270°, 280°, 
800°, 320°, 330°, or 340°. 
224°, 45°, 674°, 90°, 1123°, 135°, 
1574°, 2023°, 225°, 2474°, 270°, 
2923°, 315°, or 337}°. 
45° or 225°. 
+1lor+ 1V21. 
4-3 or —h V3. 
0 or 21. 
0°, 30°, 90°, 150°, 180°, 210°, 270°, 
or 330°. 
120° or 240°. 
60°, 120°, 240°, or 300°. 
10° 12’, 34° 48’, 190° 12’, or 214° 48’, 
29°19’, 105°41’, 209° 19’, or 285° 41’. 
0°, 45°, 90°, 180°, 225°, or 270°. 
0°, 45°, 135°, 225°, or 315°. 
0°, 60°, 120°, 180°, 240°, or 800°. 
27° 58’, 135°, 242° 2’, or 315°. 
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4, 


a = 100, y = 200. 


5. ©=sin-14 A monet 


6. 


_m+n—1 
is 
© ==1902, 
y = 0° or 180°. 


an FP woOYMe 


PF won ere 


m= £ V8ry— PF + rversin-12. 12 


ANSWERS 21 


1. & = cos-11.(@+voU a4 2)s;y= cos-13.(a+vb— a? + 7) 


m 
8. 2= tan~?— tana + } cos~1[2 m? — (2m? — 2n?) cos?a — 1]; 
y= tan-1 = tana — $cos-1[2 m2 — (2m? — 2n?2) cos?a — 1]. 


oe = tan-1 cos-1 3} Va?+b?; y= tan-1 5 — cos-1 3 Va? + 62, 


10. & = 24° 13’, r = 225.12; x = 204° 13’, r =— 225.12. 
11, & = 42° 28’, r= 151; & = 222° 28’, r =— 151. 


Exercise 79. Page 171 
1. ¢ = 30° or 150°; « = 0.1384 or 1.866. 
2. @=sin-1(a—1); e=2 —a. 
3. A = 45°, 185°, 225°, or 315°; uw = 30°, 150°, 210°, or 330°. 











: a2 + 62 a a? — 62 
4 9= $sin—1(—_—__— 1) + J sin-1—__,, 
: g Sin ( 9 )+ Sin eae 
; a? + b? 3 a? — b? 
=1gin-1 — 1 )\ = bsin=—2 5 
¢=4sin ( 5 ) + sin PLP 
4 b2 4 a 
5. 6=co =] ae, ‘ = cos-1] | 
ve Nisesay SiN (exe 
6. 9=0°. 
Exercise 80. Page 172 
a? + B® — 2(a—b) =— 1. 7. (m? + n2 — 1)? = (n+ 1)2 + m2, 
ab = 1. 8. 0363 + atb$ = 1. 
; —m)? —py=1. ————— 
ie wie P) 3 9. (m+ n)V4— (m—n)? =2(m—n) 
Bee een Ae 2 
b a p p taan 10. pr=— rp. 
»bc=1. 11, kt + If = 2kl (kl — 2). 


. ab2r?2 4+ g2c2g?2 + 62¢%2 = g22c?, 


Exercise 81. Page 176 
a 


Plan) ao Veit ee 
. 1; 0.7660 + 0.64284; 0.1736 + 0.98484. 
1; (V5 —144V104 2V5); 3(—V5—-144Vi10—2V8); 


1(— ¥5—1-iV10— 25); 4(V5—1—iV10 42-5). 


4 


eee es a 


ey oy eaten Bd ye ae yy 
A381 VS Td, 


EN 2 ein ope bo 2s 8 Sb OO aN 9, 


22 


ap oO DO 


4, 

8. 

9. 
10. 
ly. 
12. 
13. 
14, 
15. 
16. 
17. 


qs 
2. 
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Exercise 82. Page 177 


Vege ee 


, 8V94 8V—2; — 8Vo4 8V— 9; —§V2-—EV—2; gv2—3V—2. 
Pt eVv— ss Ft eV—s5 8s. 
. 2(cos 36° + i sin 36°) ; 2(cos 72° + isin 72°) ; 2(cos108° + 7 sin 108°). 
. 0.9980 + 0.06287; 0.9921 + 0.12537; 0.9828 + 0.18747. 


Exercise 83. Page 183 


120. 18. 1.64871. 

5040. 19. cos 28° 39’. 

720. 20. cos 7°10’. 

40,320. 21. cos 114° 25’ 32”. 
3,628,800. 22. cos 0°. 

604,800. 23. sin 57°17’ 48”. 
90. 24, sin 28° 38’ 40”. 
42. 25. sin 65° 24’ 45” or 
15. sin 114° 35’ 15”. 
6840. 26. sin 0° or sin 180°. 
7.38883. 27. tan 0°. 


28. 
29, 
30. 
35. 
36. 
37, 
38, 
39. 


40. 


tan 56° 40’ 12”. 

tan 28° 38’ 20”. 

tan 86° 23’ 16”, 

0.6931 + 277; 0.6931 + 4 zi. 
1.3862 + 277i; 1.38862 + 4 mi. 
0.8465 + 27i; 0.8465 + 4 zi. 
0.6931 + mi; 0.6931 + 3 zi. 
1.609 + 27i; 1.609 + 47i; 
1.609 + 6 zi. 

8.218 + 2mi; 3.218 + 477i; 
8.218 + 677i. 


41, 4.827 + 2 mi; 4.8274 4i; 4.827 + 6ai. 
42. 1.609 + wi; 1.609 + 37%; 1.609 + Bai. 
48. 4.605170 + 2ai; 4.605170 + 477i. 

44, 2.302585 + mi; 2.802585 + 3 zi. 

45. 6.907755 + 27i; 6.907755 + 4 ari. 

46. 1.151292 + 2a; 1.151292 + 4 ai. 


Exercise 84. Page 184 


362.8 ft. 2m (n? — 1) + 2n(m2—1) 12. bsin C. 
1445.67ft.; 1704.7 ft. ; "(m2 — 1) (n? — 1)— 4mn * 18. 794.78 ft. 


1622.5 ft. 5. 2 
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PREFACE 


In preparing this new set of tables for the use of students of 
trigonometry care has been taken to meet the modern requirements 
in every respect, while preserving the best features to be found in 
those tables that have stood the test of long use. In our country 
the large majority of teachers prefer five-place logarithmic tables, 
and for this preference they have cogent reasons. While a five-place 
table gives the results to a degree of approximation closer than is 
ordinarily required, nevertheless if a student can use such a table it 
is a simple matter to use one with four or six places. One who has 
been brought up to use a table with only four places, however, finds 
it less easy to adapt himself to a table having a larger number of 
places. On this account the basal tables of logarithms given in this 
book have five decimal places. For the natural functions, however, 
four decimal places are quite sufficient for the kind of applications 
that the student will meet in his work in trigonometry, and the gen- 
eral custom of using four places has been followed in this respect. 

Following the usage found in the best tables, unnecessary figures 
have been omitted, thus relieving the eye strain. Where, as on 
page 28, the first two figures of a mantissa are the same for several 
logarithms, these figures are given only in the line in which they 
first occur and in the lines corresponding to multiples of five. Where, 
however, a table is to be read from the foot of the page upwards, as 
well as from the top downwards, the first two figures are given both 
at the bottom and at the top of the vacant space, as on page 51, so 
that the computer may have no difficulty in seeing them in what- 
ever direction the eye is moving over the table. 

It will also be seen that great care has been bestowed upon the 
selection of a type that will relieve the eye from fatigue as far as 
possible, and upon an arrangement of figures that will assist the 
computer in every way. It is believed that this care, together with 
the attention given to spacing and to the general appearance of 
the page, has resulted in the most usable set of trigonometric and 
logarithmic tables that has thus far been printed. 

ill 


iv PREFACE 


In recognition of the tendency at the present time to use four-place 
tables in certain lines of work, Table I has been prepared. Teachers 
are advised, however, for the reasons already stated, to use the five- 
place table first and until it is clearly understood, taking Table I 
for the work that requires only a low degree of approximation. 

The tendency to use decimal parts of a degree instead of minutes 
and seconds is one that will undoubtedly increase. This tendency 
is therefore recognized by the introduction of a conversion table. 
By its use the student can instantly adapt the common tables to 
the decimal plan. At the same time it is apparent that students 
will be called upon to use the sexagesimal division of the degree 
almost exclusively for years to come, and for this reason the empha- 
sis should be placed, as it is in the authors’ Plane and Spherical 
Trigonometry, upon the sexagesimal instead of the decimal division. 

It is confidently believed that teachers and students will find in 
these tables all that they need for the purposes of the computation 
required in every line of work in trigonometry. 


GEORGE WENTWORTH 
DAVID EUGENE SMITH 
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INTRODUCTION 


1. Logarithm. The power to which a given number, called the 
base, must be raised to equal another given number is called the 
logarithm of this second given number. 

For example, since 10% = 1000, 
therefore, to the base 10, 3 = the logarithm of 1000. 

In this case 1000 is called the antilogarithm of 3, this being the number 
corresponding to the logarithm. — 

In this Introduction only the most important facts relating to logarithms 


are given. For a more complete treatment see the Wentworth-Smith Plane 
and Spherical Trigonometry, Chapter III. 


2. Symbolism. For “logarithm of N” it is customary to write 
log N. If we wish to specify log N to the base 6 we write log, N, 
reading this “logarithm of N to the base 6.” 


For example, since 28 = 8, we see that log,8 = 3; and since 5? = 25, log,25 = 2. 
3. Base. We may take various bases for systems of logarithms, 
but for practical calculation in trigonometry, 10 is taken as the base. 


Logarithms are due chiefly to John Napier of Scotland (1614), but the 
base 10 was suggested by Henry Briggs of Oxford. Hence logarithms to the 
base 10 are often called Briggs logarithms. ; 


4. Logarithm of a Product. The logarithm of the product of several 
numbers is equal to the sum of the logarithms of the numbers. 


For if Ar Oe, then e = losA; 
and if B=10", then y = log B. 

Therefore AB=10°t+¥, and «+y=log AB. 

For example, log (247 x 7.21) = log 247 + log 7.21. 


5. Logarithm of a Quotient. The logarithm of the quotient of two 
numbers is equal to the logarithm of the dividend minus the logarithm 
of the divisor. 


For if PAN elie then “= log A; 
and if B= 10", then y = log B. 
A 

Therefore 2 == and Ci logs : 


For example, log (9.2 + 6.7) = log 9.2 — log 6.7. 
1 


2 TABLES 


6. Logarithm of a Power. The logarithm of a power of a number 
is equal to the logarithm of the number multiplied by the exponent. 


For if C= lots thene Al 1075 
Raising to the pth power, AP NORE, 

Hence log AP = px = plog A. 
For example, log 7.25 = 5 log 7.2. 


7. Logarithm of a Root. The logarithm of a root of a number is equal 
to the logarithm of the number divided by the index of the root. 





For if goo A then, Av 10%, 
1 x 
Taking the rth root, Ar = 10". 
1 
Hence log A? =~ = bee) 
r r 
For example, log V9.36 = 4 log 9.36. 


8. Characteristic and Mantissa. Usually a logarithm consists of an 
integer plus a decimal fraction. 

The integral part of a logarithm is called the characteristic. 

The decimal part of a logarithm is called the mantissa. 

Thus, if log 2353 = 8.37162, the characteristic is 3 and the mantissa is 
0.87162. This means that 108-87162 — 2358, or that the 100,000th root of the 
837,162d power of 10 is approximately 23538. 


The logarithms of integral powers of 10 are, of course, integers, the mantissa 
in every such case being zero. For example, since 1000 = 103, log 1000 = 3. 


9. Finding the Characteristic. The characteristic is not usually 
given in a table of logarithms, because it is easily found mentally. 


The characteristic of the logarithm of a number greater than 1 is 
positive and is one less than the number of integral places in the 
number. 

The characteristic of the logarithm of a number between 0 and 1 is 
negative and is one greater than the number of zeros between the deci- 
mal point and the first significant figure in the number. 


For example, since 10? = 1000 and 10 = 10,000, it is evident that log 7250 
lies between 3 and 4, 


For further explanation see the Wentworth-Smith Plane Trigonometry, § 46. 


10. The Negative Characteristic. The mantissa is always consid- 
ered as positive. If log 0.02 =— 2 + 0.301038, we cannot write it 
— 2.30103 because this would mean that both mantissa and character- 
istic are negative. Hence the form 2.30103 has been chosen, which 
means that only the characteristic 2 is negative. 


In practical computation it is more often written 0.30103 — 2, or 8.80103 —10, 
but when written by itself the form 2.30103 is convenient. 
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11. Mantissa independent of Decimal Point. Zhe mantissa of the 
logarithm of a number is unchanged by any change in the position 
of the decimal point of the number. 

For if 1038-87107 — 2350, then log 2350 = 8.37107. 

Dividing by 10, 10?-87107 — 235, and log 235 = 2.37107. 

That is, the mantissa of log 2350 is the same as that of log 235.0, and so on, 
wherever the decimal point is placed. 


This is of great importance, for if the table gives the mantissa for only 235, 
we know that this is the mantissa for 0.235, 2.35, 23.5, 235,000, and so on. 


12. Logarithms Approximate. Logarithms are, in general, only 
approximate. Although log 1000 is exactly 3, log 7 is only approxi- 
mately 0.84510. 


To four decimal places, log 7 = 0.8451 ; to five decimal places, 0.84510; to 
six decimal places, 0.845098, and so on. 

In a four-place table there is a possible error of 4 of 0.0001 ; in a five-place 
table, of 4 of 0.00001, and so on, but in each case the probable error is much less. 

If several logarithms are added the possible error is correspondingly increased. 

In finding antilogarithms the first figure found by interpolation is usually 
accurate, the second is doubtful, and the third is rarely trustworthy. 


13. Cologarithm. The logarithm of the reciprocal of a number is 
called the cologarithm of the number. 


The cologarithm of x is expressed thus: colog a. 


Since colog 7 = loge = log 1 — logx = 0 — loga, we have 
wD 
colog x =— loga. 
That is, colog 2 =— log 2. 


To avoid a negative mantissa this may be written 
cologa = 10 — loga — 10. 
For example, colog2 =— log2 = 10— 0.30103 — 10 
= 9.69897 — 10. 


14. Use of the Cologarithm. Since to divide by a number is the 
same as to multiply by its reciprocal, instead of subtracting the 
logarithm of a divisor we may add its cologarithm. 

The cologarithm of a number is easily written by looking at the logarithm 
in the table. Thus, since log 20 = 1.30103, we find colog 20 by mentally sub- 
tracting this from 10.00000 — 10. This is done by beginning at the left and 
subtracting the number represented by each figure from 9, except the right- 
hand figure, which we subtract from 19. 

For example, if we have to simplify 

625 x 7.51 

2.73 x 14.8" 
it is easier to add log 625, log 7.51, colog 2.78, and colog 14.8, than to add log 
625 and log 7.51, and then to add log 2.78 and log 14.8, and finally to subtract. 
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15. General Use of the Tables. In writing down a logarithm always 
write the characteristic before looking for the mantissa. Otherwise 
the characteristic may be forgotten. 

Some computers find it convenient to paste paper tabs so that 
they project from the side of the first page of each table, thus allow- 
ing the book to be opened quickly at the desired table. 

Although a table of proportional parts is given, it is best to ac- 
custom the eye to interpolate quickly from the regular table. 


TABLE I 


16. Nature of Table I. This is a table of logarithms of integers 
from 1 to 1000, and of the sine, cosine, tangent, and cotangent, the 
mantissas extending to four decimal places and the characteristics 
being 10 too large, as in Table VI. For the ordinary computations 
of physics and mensuration this is sufficient, the results in general 
being correct to four figures. 

There is a growing disposition to use the convenient four-place table for 
ordinary work. Most teachers prefer, however, to use a five-place table, since 
the student who can use this will have no trouble with the simpler four-place 
table. For this reason the computations in the Wentworth-Smith Plane and 
Spherical Trigonometry are based upon the five-place table. 

17. Arrangement of the Table. The vertical columns headed N con- 
tain the numbers, and the other columns the logarithms. On page 17 
the characteristics as well as the mantissas are given, but on pages 18 
and 19 only the mantissas are given, the characteristics being deter- 
mined by §9. To find the mantissa for 16, look on the line to the right 
of 16 and in the column marked 0. This mantissa, 0.2041, is the same 
as that for 1.6, 160, 1600, and soon. To find the mantissa for 167, look 
on the line to the right of 16 and in the column marked 7. This man- 
tissa, 0.2227, is the same as that for 0.167, 16.7, 167,000, and so on. 

The table of trigonometric functions is arranged for every 10’, this 
being sufficient for many practical purposes. 


18. To find a Logarithm or Antilogarithm. The method of finding 
the logarithm of a number or the antilogarithm of a logarithm is 
the same as that employed with a five-place table ($§ 21-24). 


TABLE II 


19. Nature of Table II. This table (pages 24 and 25) contains the 
circumferences and areas of circles of given radii, and the diam- 
eters of circles of given circumference or given area. It often saves 
a considerable amount of computation in problems involving circles, 
cylinders, spheres, and cones. 
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TABLE III 


20. Arrangement of Table III. In this table (pages 27-45) the ver- 
tical columns headed N contain the numbers, and the other columns 
the logarithms. On page 27 both the characteristic and the mantissa 
are printed. On pages 28-45 the mantissa only is printed, and the 
decimal point and unnecessary figures are omitted so as to relieve 
the eye from strain. 

The fractional part of a logarithm is only approximate, and in a 
five-place table all figures that follow the fifth are rejected. 

Thus, if the mantissa of a logarithm written to seven places is 5326148 it is 
written in this table (a five-place table) 53261. If it is 5329788 it is written 


~ 53298. If it is 5828461 or 5328499 it is written in this table 538285. If the man- 
tissa is 5825506 it is written 58255 ; and if it is 5824486 it is written 53245. 


21. To find the Logarithm of a Number. If the given number con- 
sists of one or two significant figures, the logarithm is given on 
page 27. If zeros follow the significant figures, or if the number 
is a proper decimal fraction, the characteristic must be determined. 

If the given number has three.significant figures, it will be found 
in the column headed N (pages 28-45) and the mantissa of its loga- 
rithm will be found in the next column to the right. 


For example, on page 28, log 145 = 2.16137, and log 14500 = 4.16137. 


If the given number has four significant figures, the first three 
will be found in the column headed N, and the fourth will be found 
at the top of the page in the line containing the figures 1, 2, 3, etc. 
The mantissa will be found in the column headed by the fourth figure. 


For example, on pages 41 and 44 we find the following : 
log 7682 = 8.88547, log 76.85 = 1.88564; 
log 98280 = 4.96979, log 0.9468 = 9.97626 — 10. 


22. Interpolation for Logarithms. If the given number has five 
or more significant figures, a process called interpolation is required. 


Interpolation is based on the assumption that between two consecutive man- 
tissas of the table the change in the mantissa is directly proportional to the 
change in the number. This assumption is not exact, but the error does not, 
in general, affect the first figure found in this manner. 

For example, required the logarithm of 34237. 

The required mantissa is (§ 11) the same as the mantissa for 3423.7; therefore 
it will be found by adding to the mantissa of 3423 seven tenths of the difference 
between the mantissas for 3423 and 3424. 

The mantissa for 3423 is 53441, and the mantissa for 3424 is 58453. 

The difference between these mantissas (tabular difference) is 12. 

Hence the mantissa for 3423.7 is 53441 + (0.7 of 12) = 53449, 

Therefore the required logarithm of 34237 is 4.53449, 
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23. To find the Antilogarithm. If the given mantissa can be found 
in the table, the first three significant figures of the required number 
will be found in the column headed N in the same line with the 
mantissa, and the fourth figure at the top of the column containing 
the mantissa. The position of the decimal point is determined by 
the characteristic (§ 9). 


1. Find the antilogarithm of 0.92002. 


The number for the mantissa 92002 is 8318. (Page 42.) 
The characteristic is 0; therefore the required number is 8.318. 


2. Find the antilogarithm of 6.09167. 


The number for the mantissa 09167 is 1235. (Page 28.) 
The characteristic is 6 ; therefore the required number is 1,235,000. 


3. Find the antilogarithm of 7.50325 — 10. 


The number for the mantissa 50325 is 3186. (Page 32.) 
The characteristic is — 3; therefore the required number is 0.003186. 


24. Interpolation for Antilogarithms. If the given mantissa cannot 
be found in the table, find in the table the two adjacent mantissas 
between which the given mantissa lies, and the four figures corre- 
sponding to the smaller of these two mantissas will be the first four 
significant figures of the required number. If more than four figures 
are desired, they may be found by interpolation, as in the following 
examples : 


1. Find the antilogarithm of 1.48762. 


Here the two adjacent mantissas of the table, between which the given man- 
tissa 48762 lies, are found to be (page 82) 48756 and 48770. The antilogarithms 
are 8073 and 3074. The smaller of these, 3073, contains the first four significant 
figures of the required number. 

The difference between the two adjacent mantissas is 14, and the difference 
between the corresponding numbers is 1. 

The difference between the smaller of the two adjacent mantissas, 48756, and 
the given mantissa, 48762, is 6. Therefore the number to be annexed to 8073 
is 4s of 1, which is 0.48, and the fifth significant figure of the required anti- 
logarithm is 4. 

Henee the required antilogarithm is 30.784. 


2. Find the antilogarithm of 7.82326 — 10. 


The two adjacent mantissas between which 82326 lies are (page 39) 82321 
and 82328. The antilogarithm having the mantissa 82321 is 6656. 

The difference between the two adjacent mantissas is 7, and the difference 
between the corresponding numbers is 1. 

The difference between the smaller mantissa, 82321, and the given mantissa, 
82326, is 5. Therefore the number to be annexed to 6656 is § of 1, which is 
0.7, and the fifth significant figure of the required antilogarithm is 7. 

Hence the required antilogarithm is 0.0066567. 
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TABLE IV 


25. Proportional Parts. In interpolating (§§ 22, 24) we have to 
find fractional parts of the difference between two numbers or two 
logarithms. 


For example, in finding log 73.5387 we see that 


log 73.54 = 1.86652 

log 73.58 = 1.86646 

Tabular difference = 6 
{5 tabular difference = 4 


Adding 1.86646 and 0.00004, we have 
log 73.537 = 1.86650 


These fractional parts of a tabular difference are called propor- 
tional parts. 


26. Nature of Table IV. In Table IV the proportional parts of all 
differences from 1 to 100 are given, so that by turning to the table 
we can make any ordinary interpolation at a glance. 

For example, if the difference (D) is 6, as in the first case considered in § 24, 
the table shows that as of this difference is 4.2, the last figure being rejected 
because it is less than 5. In such a simple case, however, we would make the 


interpolation mentally, without reference to the table. 


If the difference were 87, and we wished 35 of this difference, the table 


shows at once that this is 78.38, from which we would reject the last figure 
as before. 

In some sets of tables the proportional parts are printed beside the loga- 
rithms themselves, but this necessitates the use of a small type that is trying 
to the eyes. It is usually easier to make the interpolation mentally than to use 
the table of proportional parts, but where a large number of interpolations are 
to be made at the same time the table is helpful. 


27. Table IV for Multiplication. By ignoring the decimal points 
Table IV may be used as a multiplication table, the column marked 
D containing the multiplicands, the multipliers 1-9 appearing at 
the top, and the products being given below. 


For example, 8 x 79 = 682, as is seen by looking to the right of 79 and 
under 8. 


TABLE V 


28. Logarithms of Constants. There are certain constants, such as 
mw, w, 2, V2, and so on, that enter frequently into the computations 
of trigonometry. To save the trouble of looking for the logarithms 
of these numbers in the regular table, or of computing their loga- 
rithms, Table V has been prepared. 
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TABLE VI 


29. Nature of Table VI. This table (pages 49-77) contains the 
logarithms of the trigonometric functions of angles. In order to 
avoid negative characteristics, the characteristic of every logarithm 
is printed 10 too large. Therefore —10 is to be annexed to each 
logarithm. 

On pages 49-55 the characteristic remains the same throughout each column 
and is printed at the top and the bottom of the column ; but on pages 56-77 
when the characteristic changes one unit in value the place of each change is 


marked with a bar. Above each bar the proper characteristic is printed at the — 
top of the column ; below each bar the characteristic is printed at the bottom. 


On pages 56-77 the log sin, log cos, log tan, and log cot are given 
for every minute from 1° to 89°. Conversely, this part of the table 
gives the value of the angle to the nearest minute when log sin, 
log cos, log tan, or log cot is known, provided log sin or log cos lies 
between 8.24186 and 9.99993, and log tan or log cot lies between 
8.24192 and 11.75808. 

If the exact value of the given logarithm of a function is not found in the 


table, the value nearest to it is to be taken unless interpolation is employed 
as explained in § 30. 


If the angle is less than 45° the number of degrees is printed at 
the top of the page, and the number of minutes in the column to 
the left of the columns containing the logarithms. If the angle is 
greater than 45° the number of degrees is printed at the bottom 
of the page, and the number of minutes in the column to the right 
of the columns containing the logarithms. 


If the angle is less than 45° the names of its functions are printed at the 
top of the page ; if greater than 45°, at the bottom of the page. Thus, 


log sin 21°37’ = 9.56631 — 10. Page 66 
log cot 36° 53’ = 10.12473 — 10 = 0.12478. Page 73 
log cos 69° 14’ = 9.54969 — 10. Page 65 
log tan 45° 59’ = 10.01491 — 10 = 0.01491. Page 77 
log tan 75° 12’ = 10.57805 — 10. Page 62 
log cos 82°17’ = 9.12799 — 10. Page 59 
If log cos = 9.87468 — 10, « = 41° 28’. Page 76 
Jf log cot = 9.39353 — 10, « = 76° 6’. Page 62 
If log sin e = 9.99579 — 10, 7 = 82° 2’. Page 59 
If log tanx = 9.02162 = 10, « = 6°. Page 58 


If log sin = 9.47760 — 10, the nearest log sin in the table is 9.47774 —10 
(page 64), and the angle corresponding to this value is 17° 29’. 

If log tan = 0.76520 = 10.76520 — 10, the nearest log tan in the table is 
10.76490 — 10 (page 60), and the angle corresponding to this value is 80° 15’. 

For the method of interpolating, see § 80. 
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30. Interpolation. If it is desired to obtain the logarithm of the 
function of an angle that contains seconds, or tc obtain the value of 
an angle in degrees, minutes, and seconds from a logarithm of a func- 
tion, interpolation must be employed. The theory of interpolation 
has already been given in §§ 22 and 24. 


Here it must be remembered that the difference between two consecutive 
angles in the table is 1’, and that therefore a proportional part of 60” must be 
taken. It must also be remembered that log sin and log tan increase as the 
angle increases, but log cos and log cot diminish as the angle increases. 


1. Find log tan 70° 46' 8". 


Log tan 70° 46’ = 0.45731. (Page 65.) 

The thereues between the mantissas of log tan 70° 46’ and log tan 70° 47’ 
is 41, and > of 41 =5. 

os the Shageend is increasing, the 5 must be added to the figure in the fifth 
place of the mantissa 45731 ; therefore log tan 70° 46’ 8” = 0.45736. 


2. Find log cos 47° 35! 4". 

Log cos 47° 35’ = 9.82899 — 10. (Page 76.) 

The difference between this mantissa and the mantissa of log cos 47° 36’ 
is 14, and 4 of 14=1. 

As the function is decreasing, the 1 must be subtracted from the figure in 
the fifth place of the mantissa 82899 ; therefore log cos 47° 35’ 4” = 9.82898 — 10. 


3. Find « when log sin x = 9.45359 — 10. 


The mantissa of the nearest smaller log sin in the table is 45334. (Page 63.) 

The angle corresponding to this value is 16° 30’. 

The difference between 45334 and the given mantissa, 45359, is 25. 

The difference between 45334 and the next following mantissa, 45377, is 43 
(the tabular difference) and 23 of 60”= 35”. 

As the function is eae the 85” must be added to 16°30’; therefore 
the required angle is 16° 80’ 35”. 


4, Find x when log cot x = 0.73478. 


The mantissa of the nearest smaller log cot in the table is 78415. (Page 60.) 

The angle corresponding to this value is 10° 27’. 

The difference between 73415 and the given mantissa is 68. 

The difference Beeweon 73415 and the next larger mantissa is 71 (the 
tabular difference) and 23 of 60”= 53”. 

As the function is docremsne, the 58” must be subtracted from 10° 27’; 
therefore the required angle is 10° 26’ 7”. 


5. Find x when log cos x = 0.83584. 


The mantissa of the nearest smaller log cos in the table is 83446. (Page 57.) 
The angle corresponding to this value is 86° 5’. 

The difference between 83446 and the given mantissa is 136. 

The tabular difference is 184, and +25 of 60” is 45”. 

As the function is decreasing, 45” must be subtracted from 86°’ ; therefore 


a = 86° 5’ — 45”, or 86° 4’ 15”. 
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31. The Secant and Cosecant. In working with logarithms we very 
rarely use either the secant or the cosecant; for sec « = 1/cos a, and 
log sec « = colog cos x. If, however, log sec or log ese of an angle 
is desired, it may be found from the table by the formulas, 


secA = ae , hence log sec A = colog cos 4; 
cos A 


ese = pas , hence log esc A = colog sin A. 
sin A : 


For example, 


log sec 8°28’ = colog cos 8° 28’ = 0.00476. Page 59 
log esc 18° 86” = colog sin 18° 36’ = 0.49626. Page 64 
log sec 62° 27’ = colog cos 62° 27’ = 0.33487. Page 69 
log esc 59° 36’ 44” = colog sin 59° 36’ 44” = 0.06418. Page 70 


32. Functions of Small Angles. If a given angle is between 0° and 
1°, or between 89° and 90°; or, conversely, if a given log sin or 
log cos does not lie between the limits 8.24186 and 9.99993 in the 
table; or if a given log tan or log cot does not lie between the 
limits 8.24192 and 11.75808 in the table,—then pages 49-55 of 
Table VI must be used. 

On page 49, log sin of angles between 0° and 0° 3’, and log cos of 
the complementary angles between 89°57' and 90°, are given to 
every second; for the angles between 0° and 0° 3’, log tan = log sin, 
and log cos = 0.00000; for the angles between 89°57' and 90°, 
log cot = log cos, and log sin = 0.00000. 

On pages 50-52, log sin, log tan, and log cos of angles between 
0° and 1°, or log cos, log cot, and log sin of the complementary 
angles between 89° and 90°, are given to every 10". 


When log tan and log cot are not given, they may be found by the formulas, 
log tan = colog cot. log cot = colog tan. 
Conversely, if a given log tan or log cot is not contained in the table, then 


the colog must be found ; this will be the log cot or log tan, as the case may be, 
and will be contained in the table. 


On pages 53-55 the logarithms of the functions of angles 
between 1° and 2°, or between 88° and 89°, are given in the manner 
employed on pages 50-52. These pages should be used if the angle 
lies between these limits, and if not only degrees and minutes but 
degrees, minutes, and multiples of 10" are given or required. 

When the angle is between 0° and 2°, or 88° and 90°, and a greater degree 
of accuracy is desired than that given by the table, interpolation may be em- 


ployed with some degree of safety ; but for these angles interpolation does not 
always give true results, and it is better to use Table VII. 
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33. Illustrative Problems. The following problems illustrate the 
use of Table VI for small angles: 


1. Find log tan 0° 2' 47"", and log cos 89° 37! 20". 
log tan 0° 2’ 47” = log sin 0° 2’ 47” = 6.90829 — 10. Page 49 
log cos 89° 87 20” = 7.81911 — 10. Page 51 
2. Find log cot 0° 2'15". 
10 — 10 


log tan 0° 2/15”7= 6.81591 — 10 Page 49 
Therefore log cot 0° 2’15”= 3.18409 


3. Find log tan 89° 38' 30". , 
10 ee 
log cot 89° 38’ 30” = 7.79617 — 10 Page 51 
Therefore log tan 89° 88’ 30” = 2.20383 
'4, Find x when log tan x = 6.92090 — 10. 


The nearest log tan is 6.92110 — 10 (page 49), and the angle corresponding 
to this value of log tan is 0° 2’ 52”. 


5. Find x when log cos x = 7.70240 — 10. : 

The nearest log cos is 7.70261 — 10. : Page 50 
The corresponding angle for this value is 89° 42’ 40”. 

6. Find x when log cot « = 2.37368. 


This log cot is not contained in the table. 

The colog cot = 7.62632 — 10 = log tan. 

The log tan in the table nearest to this is (page 50) 7.62510 — 10, and the 
angle corresponding to this value of log tan is 0° 14’ 30”. 


34. Angles between 90° and 360°. If an angle z is between 90° and 
. 860°, it follows, from formulas established in trigonometry, that, 


Between 90° and 180° Between 180° and 270° 
log sin « = log sin (180° — x) log sin x = log sin (# — 180°), 
log cos x = log cos (180° — x), log cos x = log cos (# —180°), 
log tan « = log tan (180° — x), log tan « = log tan (a — 180°) 
log cot « = log cot (180° — x), log cot x = log cot (a —180°) 


Between 270° and 360° 
log sin « = log sin (360° — 2), 
log cos x = log cos (360° — x) 
log tan z = log tan (360° — 2), 
log cot = log cot (860° — =), 
In these formulas the subscript n means that the function is negative. 
The logarithm of a negative number is imaginary, so we have to take the loga- 


rithm of the number as if it were positive; but when we find the function itself 
we must treat it as negative. 
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TABLE VII 


35. Nature of Table VII. This table (page 78) must be used when 
great accuracy is desired in working with angles between 0° and 2° 
or between 88° and 90°. ’ 

The values of S and 7 are such that when the angle a is 


expressed in seconds : 
P > S=log sina —lega", 


T = log tan a — log a". 
Hence follow the formulas given on page 78. 


The values of S and 7 are printed with the characteristic 10 too 
large, and in using them — 10 must always be annexed. 


36. Illustrative Problems. The following problems illustrate the 
use of Table VII for angles near 0° or 90°: 


1. Find log sin 0° 58'17". 3. Find log tan 0° 52! 47.5". 
0° 58’ 17” = 3497” 0° 52’ 47.5” = 3167.5” 
log 3497 — 3.54370 log 3167.5 = 3.50072 
S = 4.68555 — 10 T = 4.68561 — 10 
log sin 0° 58’ 17” = 8.22925 — 10 log tan 0° 52’ 47.5” = 8.18633 — 10 
2. Find log cos 88° 26! 41.2". 4. Find log tan 89° 54! 37.362". 
90° — 88° 26’ 41.2” = 1° 83’ 18.8” 90° — 89° 54’ 37.3862” = 0° 5’ 22.638” 
= 5598.8” = 322.638” 
log 5598.8 = 8.74809 log 322.638 = 2.50871 
S = 4.68552 — 10 T = 4.68558 10 
log cos 88° 26’ 41.2” = 8.43361 — 10 log cot 89° 54’ 37.362” = 7.19429 — 10 
This is nearer than by page 54. log tan 89° 54’ 37.362” = 2.80571 
5. Find x when log sin x = 6.72306 — 10. 
6.72306 — 10 
S = 4.68557 — 10 
Subtracting, 2.03749 = log 109.015 
and 109.015” = 0° 1’ 49.015” 


6. Find « when log cot « = 1.67604. 


colog cot x = 8.32396 — 10 
T = 4.68564 — 10 
Subtracting, 3.63832 = log 4348.3 
and 4348.3” adie L2G2 80a 4 


7. Find « when log tan « =1.55407. 


colog tan x = 8.44593— 10 
T = 4.68569 — 10 


Subtracting, 3.76024. = log 5757.6 
5757.6” = 1°35’ 57.6” 
and 90° — 1° 85’ 57.6” = 88° 24’ 2.4” 


Therefore the angle required is 88° 24’ 2.4”. 
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TABLE VIII 


37. Nature of Table VIII. This table (pages 79-101) contains the 
natural sines, cosines, tangents, and cotangents of angles from 0° to 
90°, at intervals of 1'. If greater accuracy is desired, interpolation 
may be employed. 

The table is arranged on a plan similar to that used in Table VI. 


Angles from 0° to 44° are listed at the top of the pages, the minutes being 
read downwards in the left-hand column. Angles from 45° to 89° are listed at 
the bottom, the minutes being read upwards in the right-hand column. 

The names of the functions at the top of the columns are to be used in read- 
ing downwards, and those at the bottom are to be used in reading upwards. 


38. Illustrative Problems. The following problems illustrate the 
use of Table VIII: 
1. Find sin 5° 29'. 
' We find directly from the table (page 82) that 
: sin 5° 29’ = 0.0956 
2. Find cot 78° 18’. ; 


We find directly from the table (page 85) that 


; cot 78° 18’ = 0.2071 
3. Find cos 42° 7! 30". 


From the table (page 100), cos 42° 7’ = 0.7418 
Tabular difference = 0.0002. 
iy of this difference = 0.0001 





Since the cosine is decreasing, we subtract. 
.. cos 42° 7’ 80” = 0.7417 
4, Find tan 75° 35! 25". 


From the table (page 86), tan 75° 35’ = 3.8900 
Tabular difference = 0.0047. 
23 of this difference = 0.00196 = 0.0020 





Since the tangent is increasing, we add. 
.. tan 75° 35’ 25” = 3.8920 


TABLE IX 


39. Nature of Table IX. This table converts degrees to radians, 
and also degrees and parts of a degree indicated by 10!, 20', 30’, 40’, 
and 50’. 

40. Illustrative Problems. The following problems illustrate the 
use of Table IX: 

1. Express 62° as radians. 


From the table, 62° = 1.0821 radians. 


2. Express 82° 40! as radians. 
From the table, 82° 40’ = 1.4428 radians, 
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TABLE X 


41. Nature of Table X. This table converts minutes to thousandths 
of a degree, and seconds to ten-thousandths of a degree, this being 
accurate enough for all the purposes of elementary trigonometry. 
It also converts thousandths of a degree, from 0.001° to 0.009°, to 
seconds; and hundredths of a degree to minutes and seconds, so 
that a computer who has the decimal divisions of an angle given can 
easily find the sexagesimal equivalent. 

Table X thus provides for using the decimal divisions of the 
degree instead of the ancient sexagesimal division into minutes 
and seconds. 


There seems to be little doubt that the cumbersome division of the degree 
into 60 minutes, and the minute into 60 seconds, will disappear in due time, by the 
introduction either of the grade (0.01 of a right angle) divided decimally or of 
decimal divisions of the degree.’ At present, however, it must be remembered 
that our instruments for the measure of angles are generally arranged upon 
the sexagesimal scale, and that we can serve the new system best by making 
the change gradually. It is of first importance that the student shall learn how 
to use the common sexagesimal system. 


42. Illustrative Problems. The following problems illustrate the 
use of the table: 


1. Find sin 21.34°. 


By Table X, 0.84° = 20’ 24” 
Hence we have to find sin 21° 20’ 24”. 
By Table VIII, sin 21° 20’ 24” = 0.36890 
2. Find log tan 15.963°. 
By Table X, 0.96°= 57°36” 
and 0.008° = nie 
sl Os960 4— al be Oni 4-1 
By Table V, log tan 15° 57’ 47” = 9.45644 — 10 
3. Find cos 63.72°. 
By Table X, 0.72° = 48’ 12” 
Hence we have to find cos 638° 43’ 12”. 
By Table VIII, cos 68° 43’ 12” = 0.4427 
4. Find tan 68.651°. 
By Table X, 0.651° = 39 4” 
Hence we have to find tan 68° 39’ 4”, 
By Table VIII, tan 68° 89’ 4” = 2.5588 
5. Find log cot 56.388°. 
By Table X, 0.888° = 23/17” 


Hence we have to find log cot 56° 23’ 17”. 
By Table VIII, log cot 56° 23’ 17” = 9.82262 
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EXERCISE 
Using Table I, find the logarithms of the following : 
emis WEP ONES: 13. 0.725. 19. 8. 25. 140. 
2. 96. 8. 42.6. 14. 7.250. 20. 0.8. 26. 141. 
3. 37. 9. 93.9. 15. 72.50. 21. 0.08. Qe lA. 
Aa 3: 10. 4.27. 16. 24.3. 22. 0.008. 28. 1.48. 
5. 568. 11. 6.42. Mie 2AS: 23. 8.08. 29. 0.144. 
6. 647. OMe Doe 18. 0.243. 24. 8.80. 30. 0.145. 


Using Table I, find the antilogarithms of the following : 


31. 1.4771. 37. 2.5988. 43. 1.9510. 49. 1.9518. 

32. 0.9031. 38. 1.6590. 44. 0.9607. 50. 2.8978. 

33. 1.7076. 39. 4.6749. 45. 3.9753. 51. 0.9335. 

34. 1.9031. 40. 3.9595. - 46, 2.6196. 52. 4.8460. 

35. 1.9345. 41. 0.9581. 47. 0.6360. 53. 1.3714. 

36. 0.8451. 42. 2.8494. 48. 2.6640. 54, 2.4448. 
Using Table I, find the logarithms of the following : 

55. log sin 29°. 61. log sin 6° 10'. 67. log sin 20° 101. 

56. log cos 42°. 62. log cos 7° 20!. 68. log cos 42° 20’. 

57. log tan 51°. 63. log tan 5° 30’. 69. log tan 37° 50’. 

58. log cot 20°. 64. log cot 8° 50’. 70. log cot 82° 40. 

59. log sin 45°. 65. log sin 45° 10’. 71. log sin 22° 30'. 

60. log cos 45°. 66. log cos 44° 80’. 72. log tan 81° 10’. 
Using Table I, find the value of x in the following : 

73. log sin « = 9.7861. 79. log sin w = 9.8058. 

74. log sin x = 9.9116. 80. log cos x = 9.9252. 

75. log tan x = 9.9772. 81. log cos x = 9.9101. 

76. log tan x = 9.8771. 82. log tan x = 8.9118. 

77. log cos x = 9.9089. 83. log tan x = 9.0093. 

78. log cot « = 10.0711. 84. log cot « = 10.1944. 

_ Using Table IIT, find the logarithms of the following : 

85. 1475. 88. 564.8. 91. 29137. 94. 0.4236. 

86. 2836. 89. 392.7. 92. 42.86. 95. 0.09873. 

87. 4293. 90. 586.4. 93. 53.91. 96. 487.48. 


Using Table IT, find the antilogarithms of the following : 
97. 2.02078. 100. 0.82756. 103. 2.95873. 106. 0.70804. 
98. 3.55967. 101. 1.82988. 104. 3.81792. 107. 2.34404. 
99. 1.75686. 102. 2.96052. 105. 1.82725. 108. 3.35054. 
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Using Table VI, find the following logarithms : 


109. log sin 10°. 116. log sin 1' 51". 123. log sin 10! 37°. 
110. log sin 30°. 117. log tan 37'50". 124. log cot 67° 42’. 
111. log sin 60°. 118. log cos 1° 19’. 125. log cos 32° 36' 10". 


112. log sin 79°. 119. log cot 88° 24’. 126. log tan 73° 42' 15". 
113. log cos 87°. 120. log sin 19° 37’. 127. log sin 15° 15'15". 
114. log tan 33°. 121. log cos 72° 43'. 128. log cos 29° 32' 40". 
115. log cot 72°. 122. log cot 88° 18’. 129. log cot 78° 33! 25". 


Using Table VI, find the value of x in the following : 


130. log sin x = 9.52563. 133. log sin x = 9.93386. 
131. log cot x = 9.57658. 134. log cot x = 9.75837. 
132. log cos « = 9.73435. 135. log cos x = 9.99843. 


Using Table IV, find the following : 
136. 0.8 of 37. 137. 0.6 of 79. 138. 0.7 of 68. 139. 0.9 of 29. 


Using Table V, find the following : 
140. log4m. 141. log Var. 142. log 57.2958°. 143. log V5. 


Using Table VII, find the following : 


144. log sin 57". 145. log sin 48". 146. log tan 89° 58’ 10". 
Using Table V, find the following : 

147. 27 - 87. 148. 7 - 75. 149. os 150. one 

20 4a 

Using Table VILL, find the following : 

151. sin 10° 17!. 155. cos 46° 38’. 159. cot 1° 52’. 

152. sin 37° 40’. 156. cos 78° 19’. 160. cot 63° 48". 

153. sin 68° 10’. 157. tan 16° 29’. 161. cot 10° 9'10". 

154. cos 10° 39’. 158. tan 88° 8’. 162. cot 5°17’ 8". 


163. The angles whose sines are 0.5113 and 0.7801. 


Using Table LX, express the following : 
164. 52° 40' as radians. 165. 0.8116 radians as degrees. 


Using Table X, express the following : 


166. 31'as a decimal of a degree. 167. 0.96° as minutes and seconds. 


TABLE I 


FOUR-PLACE MANTISSAS 


OF THE COMMON LOGARITHMS OF 


INTEGERS FROM ‘1 TO 1000 


AND OF THE TRIGONOMETRIC FUNCTIONS 


Qn this page the logarithms of integers from 1 to 100 are given in 
full, with characteristics as well as mantissas. On account of the great 
differences between the successive mantissas, interpolation cannot safely be 
employed on this page. On pages 18 and 19 are given the mantissas of 
numbers from 100 to 1000, and on pages 20-23 the logarithms of trigono- 
metric functions. : 




















18 100—500 


: 

Each mantissa should be preceded by a decimal point, and the proper 
characteristic should be written. 

On account of the great differences between the successive mantissas 
in the first ten rows, interpolation should not be employed in that part of 
the table. Table III should be used in this case. In general, an error of 
one unit may appear in the last figure of any interpolated value. 




















100—500 


500—1000 19 








500—1000 


20 LOGARITHMS OF SINES 








LOGARITHMS OF COSINES 


LOGARITHMS OF COSINES 21 


Or 10! 20! 30! 40! 50! 





10.0000 10.0000 10.0000 10.0000 10.0000 10.0000 
9.9999 9.9999 9.9999 9.9999 9.9998 9.9998 
9997 9997 9996 9996 9995 9995 
9994 9993 9993 9992 9991 9990 
9989 9989 9988 9987 9986 9985 


9.9983 9.9982 9.9981 9.9980 0979 Ook 
9976 9975 9973 9972 9971 9969 
9968 9966 9964 9963 9961 9959 
9958 9956 9954 9952 9950 9948 
9946 9944 9942 9940 9938 9936 


9.9934 9.9931 9.9929 9.9927 9.9924 9.9922 
9919 9917 9914 9912 9909 9907 
9904 9901 9899 9896 9893 9890 
9887 9884 9881 9878 9875 9872 
9869 9866 9863 9859  —- 9856 9853 


9.9849 9.9846 9.9843 9.9839 9.9836 9.9832 
9828 | 9825 9821 9817 9814 9810 
9806 9802 9798 9794 9790 - 9786 
9782 9778 9774 9770 9765 9761 
9757 9752 9748 _ 9743 9739 1B: 


9.9730 9:97.25 9,972) 9.9716 9.9711 9.9706 
9702 9697 9692 9687 9682 9677 
9672 9667 9661 9656 9651 9646 
9640 9635 + 9629 9624 9618 9613 
9607 9602 9596 9590 9584 9579 


9.9573 9.9567 9.9561 9.9555 9.9549 99543 
Ossi) 9530 9524 9518 9512 9505 
9499 9492 9486 9479 9473 9466 
9459 9453 9446 9439 9432 9425 
9418 9411 9404 9397 9390 9383 





9.9375 9.9368 9.9361 9.9353 9.9346 9.9338 
9331 9323 9315 9308 9300 9292 
9284 9276 9268 9260 9252 9244 
9236 9228 9219 9211 9203 9194 
9186 ST 9169 9160 9151 9142 


9.9134 9.9125 9.9116 9.9107 9.9098 9.9089 
9080 9070 9061 9052 9042 9033 
9023 9014 9004 8995 8985 8975 
8965 8955 8945 8935 8925 8915 
8905 8895 8884 8874 8864 8853 


9.8843 9.8832 9.8821 9.8810 9.8800 9.8789 
8778 8767 8756 8745 8733 8722 
8711 8699 8688 8676 8665 8653 
8641 8629 8618 8606 8594 8582 

9.8569 9.8557 9.8545 9.8532 9.8520 9.8507 





6O! 50! 40! 30! 20! 10! 





LOGARITHMS OF SINES 


LOGARITHMS OF TANGENTS 


10! 


7.4637 
8.3089 
5779 
7429 
8624 


8.9563 
9.0336 
0995 
1569 
2078 


9.2536 
2953 
3336 
3691 
4021 


9.4331 
4622 
4898 
5161 
5411 


9.5650 
5879 
6100 
6314 
6520 


9.6720 
6914 
7103 
7287 
7467 


9.7644 
7816 
7986 
8153 
8317 


9.8479 
8639 
8797 
8954 
9110 


9.9264 
9417 
9570 
9722 

9.9874 


' BO! 


20! 


7.7648 
8.3669 
6101 
7652 
8795 


8.9701 
9.0453 
1096 
1658 
2158 


9.2609 
3020 
3397 
3748 
4074 


9.4381 
4669 
4943 
5203 
5451 


9.5689 
5917 
6136 
6348 
6553 


9.6752 
6946 
7134 
7317 
7497 


9.7673 
7845 
8014 
8180 
8344 


9.8506 
8666 
8824 
8980 
9135 


9.9289 
9443 


O50 Sean 


9747 
9.9899 


40! 


30! 


7.9409 
8.4181 
6401 
7865 
8960 


8.9836 
9.0567 
1194 
1745 
2236 


9.2680 
3085 
3458 
3804 
4127 


9.4430 
4716 
4987 
5245 
5491 


9.5727 
5954 
6172 
6383 
6587 


9.6785 
6977 
7165 
7348 
7526 


9.7701 
7873 
8042 
8208 
8371 


9.8533 
8692 
8850 
9006 


9161 : 


9.9315 
9468 
9621 
9772 

9.9924 


30! 


. 40! 


8.0658 
4638 
6682 
8067 
9118 


8.9966 
9.0678 
1291 
1831 
2313 


9.2750 
3149 
Sod 
3859 
4178 


9.4479 
4762 
5031 
5287 
5531 


9.5766 
5991 
6208 
6417 
6620 


9.6817 
7009 
7196 
7378 
7556 


9.7730 
7902 
8070 
8235 
8398 


9.8559 
8718 
8876 
9032 
9187 


9.9341 
9494 
9646 
9798 

9.9949 


20! 


50! 


8.1627 
5053 
6945 
8261 

8.9272 


9.0093 
0786 
1385 
1915 
2389 


9.2819 
3212 
3576 
3914 
4230 


9.4527 
4808 
5075 
5329 
5571 


9.5804 
6028 
6243 
6452 
6654 


9.6850 
7040 
7226 
7408 
7585 


9.7759 
7930 
8097 
8263 
8425 


9.8586 
8745 
8902 
9058 
9212 


9.9366 
9519 
9671 
9823 

9.9975 


10! 


LOGARITHMS OF COTANGENTS 


60! 


8.2419 
5431 
7194 
8446 

8.9420 


9.0216 
0891 
1478 
1997 
2463 


9.2887 
3275 
3634 
3968 
4281 


9.4575 
4853 
5118 
5370 


~ 5611 


9.5842 
6064 
6279 
6486 
6687 


9.6882 
7072 
7257 
7438 
7614 


9.7788 
7958 
8125 
8290 
8452 


9.8613 
8771 
8928 
9084 
9238 


9.9392 
9544... 
9697 

9.9848 


or 





° 


OI AMW PWNH So 


11.7581 
4569 
2806 
1554 


11.0580 
10.9784 
9109 
8522 
8003 


10.7537 
7113 
6725 
6366 
6032 


10.5719 
5425 


SAT 


4882 
4630 


10.4389 
4158 


3936. 


3721 
3514 


10.3313 
3118 
2928 
2743 
2562 


10.2386 
2212 
2042 
1875 
1710 


10.1548 
1387 
1229 
1072 
0916 


10.0762 
0608 
“0456 
0303 
10.0152 


60! 


LOGARITHMS OF COTANGENTS 


10! 


12.5363 
11.6911 
4221 
2541 
1376 


11.0437 


- 10.9664 


9005 
8431 
7922 


10.7464 
7047 
6664 
6309 
5979 


10.5669 
5378 
5102 
4839 
4589 


10.4350 
4121 
3900 
3686 
3480 


10.3280 
3086 
2897 
2713 
2533 


10.2356 
2184 
2014 
1847 
1683 


10.1521 
1361 
1203 
1046 
0890 


10.0736 
0583 
0430 
0278 

10.0126 


50! 


20! 


12.2352 
11.6331 
3899 
2348 
1205 


11.0299 
10.9547 
8904 
8342 
7842 


10.7391 
6980 
6603 
6252 
5926 


10.5619 
5331 
5057 
4797 
4549 


10.4311 
4083 
3864 
3652 
3447 


10.3248 
3054 
2866 
2683 
2503 


10.2327 
2155 
1986 
1820 
1656 


10.1494 
1334; 
1176 
1020 
0865 


10.0711 
0557 
0405 
0253 

10.0101 


40! 


30! 


12.0591 
11.5819 
3599 
2135 
1040 


11.0164 
10.9433 
8806 
8255 
7764 


10.7320 
6915 - 


6542 
6196 
5873 


10.5570 
5284 
5013 
4755 
4509 


10.4273 
4046 
3828 
3617 
3413 


10.3215 
3023 
2835 
2652 
2474 


10.2299 
2127 
1958 
1792 
1629 


10.1467 
1308 
1150 
0994 


0839 


10.0685 
0532 
0379 
0228 ~~ 


10.0076 


30! 


# 


40! 


11.9342 
5362 
3318 
1933 
0882 


11.0034 
10.9322 
8709 
8169 
7687 


10.7250 
6851 
6483 
6141 
5822 


10.5521 
5238 
4969 
4713 
4469 


10.4234 
4009 
3792 
3583 
3380 


10.3183 
2991 
2804 
2622 
2444 


10.2270 
2098 
1930 
1765 
1602 


10.1441 
1282 
1124 
0968 
0813 


10.0659 
0506 
0354 
0202 
10.0051 


20! 


50! 


11.8373 
4947 
3055 
1739 

11.0728 


10.9907 
9214 
8615 
8085 
7611 


10.7181 
6788 
$424 
6086 
5770 


10.5473 
5192 
4925 
4671 
4429 


10.4196 
3972 
3757 
3548 
3346 


10.3150 
2960 
2774 
2592 
2415 


10.2241 
2070 
1903 


Bie 


1575 


10.1414 
1255 
1098 
0942 
0788 


10.0634 
0481 
0329 
0177 

10.0025 


10! 


LOGARITHMS OF TANGENTS 


60! 


11.7581 
4569 
2806 
554, 

11.0580 


10.9784 
9109 
8522 
8003 
MS Si 


10.7113 
6725 
6366 
6032 
S719 


10.5425 
5147 
4882 
4630 
4389 


10.4158 
3936 
3721 
3514 
3313 


10.3118 
2928 
2743 
2562 
2386 


10.2212 
2042 
1875 
1710 
1548 


10.1387 
1229 
1072 
0916 
0762 


10.0608 
0456 
0303 
0152 

10.0000 


or 
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TABLE II 


1 
7a a Tra? 


0.0000 0.0000 

3.1416 0.7854 

6.2832 3.1416 

9.4248 7.0686 27 
12.5664 12.5664 64+ 


15.7080 19.6350 125 
18.8496 28.2743 216 
21.9911 38.4845 343 
25.1327 50.2655 512 
28.2743 63.6173 729 


Bile S 9 78.5398 1,000 
34.5575 95.0332 1331 
37.6991 113.0973 1,728 
40.8407 132.7323 2,197 
43.9823 153.9380 2,744 


47.1239 176.7146 3315 
50.2655 201.0619 4,096 
53.4071 226.9801 4,913 
56.5487 254.4690 5,832 
59.6903 283.5287 6,859 


62.8319 314.1593 8,000 
65.9734 346.3606 9,261 


OONIATM BwoNwrge] & 


69.1150 380.1327 10,648 
72.2566 415.4756 12,167 
75.3982 452.3893 13,824 


78.5398 490.8739 15,625 
81.6814 530.9292 17,576 
84.8230 572.5553 19,683 
87.9646 615.7522 21,952 
91.1062 660.5199 24,389 


94.2478. 706.8583 27,000 
97.3894 754.7676 22191 
100.5310 804.2477 32,768 
103.6726 855.2986 35,937 
106.8142 907.9203 39,304 


109.9557 962.1128 : 42,875 
113.0973 1017.8760 46,656 
116.2389 1075.2101 50,653 
119.3805 1134.1149 54,872 
122.5221 1194.5906 59,319 


125.6637 1256.6371 64,000 
128.8053 1320.2543 68,921 
131.9469 1385.4424 ; 74,088 
135.0885 1452.2012 79,507 
138.2301 1520.5308 85,184 


Teal ald, 1590.4313 91,125 
144.5133 1661.9025 97,336 
147.6549 U734:944.5 103,823 
150.7964 1809.5574 110,592 
153.9380 1885.7410 117,649 


157.0796 1963.4954 125,000 


CIRCLES, POWERS, AND ROOTS 25 


CIRCUMFERENCES AND AREAS OF CIRCLES 
SQUARES, CUBES, SQUARE ROOTS, CUBE ROOTS 


md za? as 


157.0796 1963.4954 125,000 
160.2212 2042.8206 132,651 
163.3628 2123.7166 140,608 
166.5044 2206.1834 148,877 
169.6460 2290.2210 157,464 


172.7876 2375 .8294 166,375 
L7.9292 2463.0086 « 175,616 
179.0708 2551.7586 185,193 
182.2124 2642.0794 ee LOD LZ, 
185.3540 2733.9710 205,379 


188.4956 2827.4334 216,000 
191.6372 2922.4666 226,981 
194.7787 3019.0705 238,328 
197.9203 3117.2453 250,047 
201.0619 3216.9909 262,144 


204.2035 3318.3072 274,625. 

207.3451 3421.1944 287,496 1240 
210.4867 3525.6524 300,763 1854 
213.6283 3631.6811 314,432 2462 
216.7699 3739.2807 328,509 3066 


219.9115 3848.4510 343,000 8.3666 
223.0531 3959.1921 357,911 4261 
226.1947 4071.5041 373,248 4853 
229.3363 4185.3868 389,017 5440 
232.4779 4300.8403 405,224 6023 


235.6194 4417.8647 421,875 8.6603 
238.7610 4536.4598 438,976 7178 
241.9026 4656.6257 456,533 7750 
245.0442 4778.3624 474,552 8318 
248.1858 4901.6699 493,039 8882 


251.3274 5026.5482 512,000 8.9443 
254.4690 DAS 2007: 531,441 9.0000 
257.6106 5281.0173 551,368 0554 
260.7522 5410.6079 571,787 1104 
263.8938 5541.7694 592,704 1652 


267.0354 5674.5017 614,125 9.2195 
270.1770 5808.8048 636,056 2736 
273.3186 5944.6787 658,503 3274 
276.4602 6082.1234 681,472 3808 
279.6017 6221.1389 704,969 4340 


282.7433 6361.7251 729,000 9.4868 
285.8849 6503.8822 753,571 5394 
289.0265 6647.6101 778,688 5917 
292.1681 6792.9087 804,357 6437 
295.3097 6939.7782 830,584 6954 


298.4513 7088.2184 857,375 9.7468 
301.5929 7238.2295 884,736 7980 
304.7345 7389.8113 912,673 8489 
307.8761 7542.9640 941,192 8995 
311.0177 7697.6874 970,299 9.9499 


314.1593 7853.9816 1,000,000 10.0000 
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If x = the radius of the circle, the circumference = 2an. 
If n = the radius of the circle, the area nan 


If n = the circumference of the circle, the radius = Pau 
7 


If n = the circumference of the circle, the area = x n2, 
T 
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TABLE II 


FIVE-PLACE MANTISSAS 


OF THE COMMON LOGARITHMS OF 


INTEGERS FROM 1 TO 10,000 


On this page the logarithms of integers from 1 to 100 are given in full, 
with characteristics as well as mantissas. On account of the great dif- 
ferences between the successive mantissas, interpolation cannot safely’ be 
employed on this page. 

In the remainder of the table only the mantissas are given. 

In general, an error of one unit may appear in the last figure of any 
interpolated value. 

Table III is to be used when accuracy is required to more than four 
figures in the results. In general, the results will be accurate to five figures. 


1—100 
10s 
. 00 000 
0. 30 108 
dalle, 
. 60 206 
. 69 897 


77815 


oo/jo © 


s 
35424 


10°"1. 00 000 


© cons & RLS eee 
3S 
Oo 
S 


coor, © 
co 
aS 
On 
KH 
o 
beat eis eae ce 


_ 
pay 
oo 
XO 

ee 


| 


pale ee a ie se 


a 
Nee HEH 





Bei ee 2 100—150 
Nil 36a Gee Ss ore 62 Tas 28 


100 %,00000 00043 00087 00130 00173 00 260 00303 00346 00389 
101 432 475 518 561 604 689 732 775 817 
102 860 903 945 988 01 030 01115 01157 01199 01 242 
103 01 284 01326 01368 01410 es [94 536 578 620 662 
104 703 745 787 828 ~870 953 995 02036 02078 


105 | 02119 02160 02202 02243 02 284 02 366 02407 02449 02490 
106 53) wba) oles ess Oud 5 776)" (816 "857. eos 
107 938 979 03019 03060 03 100 03 181 03 222 03 262 03 302 
108 | 03342 03383 423 463 503 583 623 663 703 
109 743 782 f 822 862 902 981 04021 04060 04 100 


110 | 04139 04179 04218 04258 04 297 04 376 04415 04454 04493 
111 532 571 610 650 689 766 ~—- 805 844 883 
112 922 961 999 05038 05 077 05 154 05192 05 231 05 269 
113 05308 05 346 05 385 423) 461 3 538 576 614 = 652 
114 | 5 5690 729 767 805 843 918 956 994 06032 


115 | 06070 06108 06145 06183 06 221 06 296 06333 06371 06408 
116 446 403 521 DD On OOS 670 LO 1 781 
117 819) 856) | 893 S30 67 07041 07078 07115 07151 
118 07188 07 225 07 262 07 298 07 335 : 408 = 445 482 518 
119 DOD SOL O2S 664 700 773 809 846 882 


120 | 07918 07954 07990 08027 08063 08135 08171 08 207 08 243 
121 | 08279 08314 08350 386 422 493 529 565 600 
122 636 672 707-—Ss 743778 849 884 920 955 
123 991 09026 09061 09096 09132 09 202 09237 09272 09307 
124 | 09342 377 412 447° 482 352 S87 621. 1656 


125 | 09691 09726 09760 09795 09830 09.899 09934 09968 10003 
126 | 10037 10072 10106 10140 10175 10 243 10278 10312 346 
127 380 415 449 «483517 —385 619 653 687 
128 Gl VBS 789. 823 Sar 924 958 992 11025 
129 | 11059 11093 11126 11160 11193 11261 11294 11327 361 


1380 11 394 11428 -11 461 11494 11528 11594 11628 11661 11694 
131 720. 760 ~ 793 826 860 926 O59 9922 O24 
132 12'057. 12:090 12123 12156 12189 12,254 12.287 12320 352 
133 385 418 FO 400 516 581 613 646 3=6 678 
134 710 743 775 808 840 905 937 969 13001 


135 | 13033 13066 13098 13130 13162 13 226 13258 13290 13322 
136 354 386 418 450 481 545 577 609 £640 
137 672, 704) 7359 767 799 862 893 925 956 
138 988 14019 14051 14082 14114 14176 14208 14239 14270 
139 149301) | 339 SOL Sou L426 489 520 551 582 


~~ 
140 14613 14644 14675 14706 14 737 14799 14829 14860 14891 
} 141 922 953 983 15014 15045 15106 15137 15168 15 198 





142 LS 229815259 15:290 320) 351 412 442 473 503 
143 Dot 564 594 625 655 715 746 776 806 
144 836 866 897 927 957 16017 16047 16077 16107 





145 |) 16137 16167 16197, 16227 16 256 16316 16346 1637616 406 
146 435 465 495 524 554 613. 643 673 702 
147 732 761 791 820 850 909 =. 938 26/7 
148 17026 17056 17085 17114 17143 17 202 17 231 17260 17 289 
e?. 3199) 345 eS ile) 400 mmmn4 oD 493 522 551 580 


150 | 17609 17638 17667 17696 17725 17782 17811 17840 17869 


Os Po) By By 6 9) 6an8 
100—150 











150 
151 
152 
153 
154 


155 


156 
157 
158 
159 


160 
161 
162 
163 
164 


165 
166 
167 
168 
169 


170 
val 
172 
173 
ie 


175 


176 
177 
178 


17 638 
926 
18 213 
498 
780 


19 061 
340 
618 
893 

20 167 


20 439 
710 
978 

21 245 
511 


21775 
22 037 
298 
So 
814 


23 045 23 070 
300 325 
553 2.1578 


0s 830)" 


24055 24080 


24 304 24 329 
551 576 
797 822 

25 042 25 066 


179 32285 - | 310 


180 
181 
182 
183 
184 


Ss 








25 527) 25 501 
768 792 
26007 26031 
245 269 
482 505 


26717 26741 
951 975 
27 184 27 207 
COM soo 
646 669 


27875. 27 898 
28103 28 126 
330. 353 
556 578 


780 803 


29003 29026 
226 248 
447 469 
667 = 688 
885 907 


30103 30125 


150—200 


17 667 17696 
955 984 
18 241 18270 
526) 554; 
808 837 


19089 19117 

368 396 
_645, 673 
“921 ~ 948 
20194 20 222 


20 466 20 493 
737 763 
21005 21032 
272 299 
537 564 


21801 21827 
22063 22 089 
32h > 1350 
583 608 
840 866 


23 096 23121 
350 376 


603-629. 


855 880 
24105 24130 


24 353 24 378 
601 625 
846 871 

25091 25115 
304008 


25 575 25 600 
816 840 
26055 26079 
293 316 
529' 593 


26 764 26788 
998 27021 
2i2od 254 
462 485 
692 715 


27921 27944 
28 149 28171 
375 398 
601 623 
825 847 


29 048 29070 
270 292 
491 513 
710 432 
929 951 


30146 30168 


17 725 
18 013 
298 
583 
865 


19 145 
424 
700 
976 

20 249 


20 520 


490 | 


21 059 


SYA) 


590 


21 854 
22 115 
376 
634 
891 


23 147 
401 


526542 


905 
24 155 


24 403 
650 
895 

25 139 
382 


25 624 
864 
26 102 
340 
576 


26 811 
27 045 
277 
508 
738 


27 967 
28 194 
421 
646 
870 


29 092 
314 
535 
754 
973 


30 190 


(22141 


5 6 


7 8 


9 





17 754 17782 
18041 18070 
327 355 
611 639 
893 921 


19173 19 201 
451 479 
728 756 

20003 20030 
276 303 


20 548 20575 
817 844 
21085 21112 
352. 378 
617 643 


21880 21906 
22 167 
427 
686 
943 


23 198 
452 


‘401 
660 
917 


23 172 
426 
= 6/9> = 
930 
24 180 


24 428 
674 
920 

25 164 
406 


25 648 
888 
26 126 
364 
600 


26 834 26 858 
27 068 27091 
300. 323 
531 Dok 
761 784 


27 989) 28 012 
28217 7 240 
443 466 


668 691 
892 ON 


29115 29137 
SSOMEOSO 
SSO 
416 198 
994 30016 


30 211 30233 


255 
24 204 


24 452 
699 
944 

25 188 
431 


25 672 
912 
26 150 
387 
623 


pee) 


704— 


17811 17840 
18 099 18 127 
384 412 
667 696 
977 


19 229 19257 
507 535 
783 811 

20058 20085 
330 =. 358 


17 869 
18 156 
441 
724 
19 005 


19 285 
562 
8358 

20 112 
385 


20 602 20629 20656 


871 ~~ 898° 


21139 21165 
405 431 
669 696 


21.932 21.958 
22.194 22 220 
453 479 
712 737 
968 Oe 


23 223 23 249 
477-5502 
Ee a 
980 24 005 
24 229 254 


24477 24 502 
724 748 
969993 

25 212 25237 
455 479 


25 696 25 720 
935 959 
26174 26198 
411 435 
647 670 


26 881 26905 
27114 27138 
346 370 
577 600 
807 830 


28035 28058 
262 285 
488 511 
713 W359) 
937 ooo 


29 1159 29/181 
380 403 
601 623 
820 842 


30038 30.060 


30 255 30276 


O75 
21 192 
458 
722 


21 985 
22 246 
505 
763 
23 019 


23 274 
528 
779 

24 030 
219 


Dae 
173 
25 018 
261 
503 


25 744 
983 
26 221 
458 
oa 


26 928 
27 161 
393 
623 
852 


28 081 
307 
533 
758 
981 


29 203 
425 
645 
863 

30 081 


30 298 








5 


150—200 


6 


7 8 


9 


29 





30 200—250 


30125 30146 30168 30190 30 233 30255 30276 30298 
341 363 384 406 Oo eed 492 514 
557 578 600 621 664, 685 707 728 
771 792 814 = 835 878 | 899 920 942 
984 31006 31027 31048 SLOGINS ITZ SI IS3 eS IS4 


31197 31218 31239 31 260 31302 31323 31345 31366 
408 429° «4500 471 513 PS mOOD 576 

618 639 660 681 723 744 765 785 

827 1848, 869) | 890 931 952 tien — 994 

§ 32035 32056 32077 32098 32139 32160 32181 32201 


32 243 32263 32 284 32305 32 346 32366 32387 32408 
449) 469 490 ~~ S10 552 572 593 613 
654, 1675 695 715 756 777 797 818 
S5Sa Gio meoos | o19 960 980 33001 33021 

33 062 33082 33102 33 122 33 163 33 183 203 224 


33 264 33 284 33304 33 325 33 365 33 385 33 425 
465 486 506 526 566 586 626 
666 686 706 726 766 786 826 
866 885 905 925 965 985 5 34025 

34 064 34084 34104 34 124 34163 34183 223 


34 262 34282 34301 34321 34 361 34 380 34 420 
459 Oe 498) 51S Sore ate 616 
O55 6745 Oot 7S 753 772 811 
850° 869 8389)»: 908 947 =—-967 35 005 

35 044 35064 35083 35 102 35 141 35160 35180 ~ 199 


35 238 35.257 35276 35 295 5 35334 35353 35372 35392 
430 449 468 ~ 488 526 545 564 583 
622 641 660 679 11 2 136 ISS ee 
813 $832 851) 870 908 927 946 965 

36003 36021 36040 36059 36097 36116 36135 36154 


36192 36211 36229 36248 36 286 36305 36324 36342 
380772399” 418 — 436 474 = 493 511 530 
568 586 605 624 661 680 698 717 
ac 773 791 810 847 = 866 884 (903 
Ot O52 een noo 37033 37051 37070 37088 


37125 37144 37162 37181 37218 37236 37254 37273 
SIO moze ae ot0 8 05 401 420, (9438 5 457 
493 511 530 = 548 585 603 621 639 
616,— *69t ast 731 767 785 803 822 
S53 = (S/ Opn a O12 949°" (967 7 985=38'003 


38039 38057 38075 38093 38130 38148 38166 38 184 
220) *238°) 256 = 274 310 7232856346) 364 
399 A Lee aoo 453 489 507 525 543 
578 596 Olt os2 668 686 703 721 
757 775 422. 830. |, 846 863 881 899 


38 934 38952 38970 38987 39023 39041 39058 39076 
39 111 39129 39146 39164 OO ee 235 252 
287 = 305 322 340 OT 393 410 428 
463 480 498 515 550 568 585 602 
637° 655 672 690 724 742 URE} 777 


39811 39829 39846 39863 39'893139 91I5'939'933-7391950 





200—250 


269_| 


270 
271 
272, 
273 
274 


275 
276 
277 
278 

79 


280 
281 
282 


283... 


284 
285 
286 
287 


288 
289 


290 


291 
292 ~ 
293 
294 


295 
296 
297 
298 
299 


300 


250—3800 


39811 39829 39846 39863 
985__ 40 002--40.019 


40157 175 
e370 346 
~~ 50 518 


40671 40688 
seo 858 
41010 41027 
179 196 
SOS 


TIS EA 
681 697 
847 863 

42012 42029 
177 193 


5 42341 42357 
50¢ 521 
667 684 
830 846 
991 43 008 


43152 43 169 
313.65 309 
473-489 
616 632 648 
715 791 807 


43 933 43949 43 965 
44091 44107 44122 
248 26+ 219 
404 420 436 
560 576 592 


44716 44731 44747 
871 886 902 
45025 45040 45 056 


paeeelQe 194 209 


352 ee ok 362 


45 484 45 500 45 515 
637 652 667 
788 803 818 

St 969 
46105 46120 


46 240 46255 46270 
Soo mee te ELD 
T5358" 2-553 568 
687 702 716 
835 850 864 


46982 46997 47012 
47129 47144 159 
276 290 305 
422 436 451 
567 582 596 


47712 47727 47741 


~ 192 
364 
535 


40 705 
875 
41 044 
212 
380 


41 547 
714 
880 

42 045 

enabalg) 


42 374 
Dov 
700 
862 

43 024 


43 185 
345 


0s: 


664 
$23 


43 981 
44 138 
295 
451 
607 


44 762 
917 
45 071 
225 
378 


45 530 
682 
834 
984 

46 135 


46 285 
434 
583 
(ou 
879 


47 026 
173 
319 
465 
611 


47 756 


250—300 


40 037 
209 
381 
552 


40 722 
892 
41 061 
229 
397 


41 564 
731 
896 

42 062 
226 


42 390 
553 
716 
878 

43 040 


43 201 
361. 

521 
680 
838 


43 996 
44 154 
311 
467 
623 


44 778 
932 

45 086 
240 
393 


45 545 
697 
849 

46 000 
150 


46 300 
449 
598 
746 
894 


47 041 
188 
334 
480 
625 


47770 


39 898 39915 
40071 40088 
243 261 
415 432 
586 = 603 


40756 40773 
926 943 
41095 41111 
263 280 
430 447 


41597 41614 
764 780 
O29 246 

42095 42111 
L539 2S 


42423 42439 
_ 586 602, 


AQ 765 
911 927 
43072 43 088 


43 233 43 249 
393 409 
569 

712 727 
870 886 


44.028 44 044 
‘185 on, 
372 338 
~~“498-——514 


654 669 


44 809 44 824 
963 979 
45117 45133 
271 286 
423 439 


45 576 45 591 
3 743 
879 894 


5 46030 46.045 


180 195 


5 46330 46345 


419 OF 
627. 642 
776 790 
923 938 


47070 47085 
217 232 
363 378 
509 524 
654 669 


47799 47813 


39 933 39950 
40106 40123 
218 29. 
_ 449 "466 
620,——«637 
40790 40807~ 
960 976 
41128 41145 
296 313 
464 481 


41631 41 647 
797 814 
963 979 

42127 42144 
292 308 


42.455 42472 
619 635 
m1 797 
943 959 

43 104 43 120 


43 265 43 281 
425 441 
584 600 
743 759 
902°) 917 


44.059 44075 
ZT eZ, 
373 = 389 
329) 4S 
685 700 


44 840 44.855 
994 45010 

5 163_| 
“SOL Oly 
454 469 
45 606 45 621 
158 . 778 
909 924 
46060 46075 
210° 295 


46 359 46374 
S09 23 
657 = 672 
805 820 
953 967 


47100 47 114 
246 =. 261 
392) 407 
SSonn doo 
683 698 


47 828 47 842 





32 800—350 


47727 47741 47756 47770 47799 47813 47828 47842 
871 885 900 914 943 958 972 986 
48015 48029 48044 48058 48087 48101 48116 48130 
159 173 187 202 230 244 259 273 
302 316 50 mets: 373 387 401 416 


48444 48458 48473 48487 48515 48530 48544 48558 
586 601 615 629 657 671 686 700 
ROS (Mae 2 TSG" a0 799 \ 813 (0827 +. S48 
g69 883 897 911 940 954 968 982 

49010 49024 49038 49052 49 080 49094 49108 49122 


49 150 49164 49178 49192 49 220 49 234 49248 49 262 
290) (304 318) 332 360) 374 5388) 402 
429 eats See 499 513 527 541 
568 582 596 ~=— 610 638 51 665 679 
707 i2M 734 748 776 90 ~=—- 803 817 


49 845 49859 49872 49886 49914 49927 49941 49955 
982 996 50010 50024 50051 50065 50079 50092 
50120 50133 147 161 188 202 215 ey, 
256 270 284 297 325 338 352 365 
393 406 420 433 461 Ai oS 501 





5 50529 50542 50556 50569 50596 50610 50623 50637 
664+ 678557 691 705 732 745 759 772 
799 813 826 840 866 880 893 907 
934 OF ool 974 51001 51014 51028 51041 
§ 51068 51081 51095 51108 135 148 162 175 


51202 51215 51228 51 242 51 268 51282 51295 51308 
335 348 362 375 402 415 428 441 
468 481 495 508 Sot 548 561 574 
601 614 627 640 667 680 693 706 

33 746 759 772 799 812 825 838 


51865 51878 51891 51904 51/930) SE943 Sil 957 e 51970 
996 52009 52022 52035 52061 52075 52088 52101 
52 127 140 153 166 192 205 218 231 
257 270 284297, 323 S30 mgr eo OL 
388 401 414 427 453 460719 492 


52 S17 525380) 52,543 52,556 52582 52595 52608 52621 
647 660 673 686 711 724 737 750 
776 789 = 802 815 840 853 866 879 
905 OT 930 943 969 982 994 53007 

53 033 53046 53058 53071 53.097 53110 53122 135 


53161 53173 53186 53199 53224 53237 53250 53263 
288. 9301 | alt: © 126 382 364 277 8 
415 428 441 453 472 491 504. 517 
542 555 567 580 605 618 «631643 
668 681 69% 706 732 744 «9757 769 


53 794 53807 53820 53 832 5 53857 53870 53882 53895 
Bye kn 8 958 983 995 .54.008 54020 

54.045 54058 54070 54083 54108 54120 133 145 - 
170 183 195 208 239 245 258 270 
295 307 320 5) 7382 357 5/10 es O2e ood: 


54419 54432 54444 54456 54481 54494 54506 54518 
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923 
970 

97 016 
063 


97 109 
155 
202 
248 
294 


97 340 
387 
433 
479 
525 


Dork 
617 
663 


708 _ 


754 
97 800 


95 458 
506 
554 
602 
650 


95 698 
746 
794 
842 
890 


95 938 
985 
96 033 
080 
128 


96 175 
223 
270 
317 
365 


96 412 


459 
506 
553 
600 


96 647 
694 
741 
788 
834 


96 881 
928 
974 

97 021 
067 


OTA: 
160 
206 
253 
299 


97 345 
391 
437 
483 
529 


97 575 
621 
667 
713 
759 


97 804 


95 463 
511 
559 
607 
655 


95 703 
751 
799 
847 
895 


95 942 
990 
96 038 
085 
133 


96 180 
227 
275 
322 
369 


96 417 
464 
511 
558 
605 


96 652 
699 
745 
792 
839 


96 886 
932 
979 

97 025 
072 


97 118 
165 
211 
257 
304 


97 350 
396 
442 
488 
534 


97 580 
626 
672 
717 
763 


97 809 


95 468 
516 
564 
612 
660 


95 708 
756 
804 
852 
899 


95 947 
995 
96 042 
090 
137 


96 185 
232 
280 
327 
374 


96 421 
468 
515 
562 
609 


96 656 
703 
750 
797 
844 


96 890 
937 
984 

97 030 
077 


97 123 
169 
216 
262 
308 


97 354 
400 
447 
493 
539 


97 585 
630 
676 
722 
768 


97 813 
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97 777 
823 
868 
914 
959 


98 005 
050 
096 
er 
186 


98 232 
277 
322 
367 
412 


98 457 
502 
547 
592 
637 


98 682 
726 
ide 
816 
860 


98 905 
949) 
994 

99 038 
083 


99 127 
171 
216 
260 
304 

99 348 
392 
436 
480 
524 


99 568 
612 
656 
699 
743 


99 787 
830 
874 
917 
961 


00 004 


2 


97 782 
827 
873 
918 
964 


98 009 
055 
100 
146 
191 


98 236 
281 
327 
372 
417 


98 462 
507 
502 
597 
641 


98 686 
731 
776 
820 
865 


98 909 
954 
998 

99 043 
087 


OONaL 
176 
220 
264 
308 


99 352 
396 
441 
484 
528 


99 572 
616 
660 
704 
747 


99 791 
835 
878 
922 
965 


00 009 


950—1000 
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3 


97 786 
832 
877 
923 
968 


98 014 
059 
105 
150 
195 


98 241 
286 
331 
376 
421 


98 466 
511 
556 
601 
646 


98 691 
735 
780 
825 
869 


98 914 
958 
99 003 
047 
092 


99 136 
180 
224 
269 
313 


99 357 
401 
445 
489 
533 


995 Tih 
621 
664 
708 
752 


99 795 
839 
883 
926 
970 


00 013 
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6 


7 


8 
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LM 
836 
882 
928 
973 


98 019 
06+ 
109 
155 
200 


98 245 
290 
336 
381 
426 


98 471 
516 
561 
605 
650 


98 695 
740 

» 784 
829 
874 


98 918 
963 
99 007 
052 
096 


COMO) 
185 
229 
273 


317 


99 361 
405 
a2) 
493 
537 


99 581 
625 
669 
712 


756 


99 800 
843 
887 
930 
974 


00 017 


97 800 
845 
891 
937 
982 


98 028 
073 
118 
164 
209 


98 254 
299 
345 
390, 
435° 


98 480 
525 
570 
614 
659 


98 704 
749 
793 
838 
883 


98 927 
972 
99 016 
061 
105 


99 149 
193 
238 
282 
326 


99 370 
414 
458 
502 
546 


99 590 
634 
677 
721 
765 


99 808 
852 
896 
939 
983 


97 804 
850 
896 
941 
987 


98 032 
078 
123 
168 
214 


98 259 
304 
349 
394 
439 


98 484 
529 
574 
619 
664+ 


98 709 
753 
798 
843 
887 


98 932 
976 
99 021 
065 
109 


99154 
198 
242 
286 
330 


99.374 
ao) 
463 
506 
550 


99 594 
638 
682 
726 
769 


99 813 
856 
900 
944 


987 


97 809 
855 
900 
946 
991 


98 037 
082 
127 
173 
218 


98 263 
308 
354 
399 
444 


98 489 
SOF 
579 
623 
668 


98 713 
158 
802 
847 
892 


98 936 
981 
99 025 
069 
114 


99 158 
202 
247 
291 
335 


99 379 
423 
467 
511 
555 


OS 9 
642 
686 
730 
ie 


99 817 
861 
904 
948 
991 
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97 813 
859 
905 
950 
996 


98 041 
087 
132 
177 
223 


98 268 
313 
358 
403 
448 


98 493 
538 
583 
628 
673 


98 717 
762 
807 
851 
896 


98 941 
985 
99 029 
074 
118 


99 162 
207 
251 
295 
339 


99 383 
427 
471 
515 
559 


99 603 
647 
691 
734 
778 


99 822 
865 
909 
952 
996 


00 039 


9 
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TABLE IV 
PROPORTIONAL PARTS OF DIFFERENCES 











D 1 2 3 4. 5 6 7 
1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
2 0.2 0.4 0.6 0.8 1.0 1.2 Heh 
3 0.3 0.6 0.9 1.2 125 1.8 2.1 
% 0.4 0.8 2 1.6 2.0 24 2.8 
5 0.5 1.0 I) 2.0 2 3.0 335 
6 0.6 WZ 1.8 a 3.0 3.6 4.2 
7 0.7 et 2.1 2.8 3.5 ae a) 
8 0.8 1.6 Zk Oe 4.0 4.8 5.6 
9 0.9 1.8 Zelk 3.6 4.5 Sat 6.3 
10 1.0 2.0 3.0 4.0 5.0 6.0 7.0 
ll Deal 2:2 3.3 oo Bio 6.6 7.7 
12 1.2 2A: 3.6 4.8 6.0 dae 8.4 
13 3 2.6 3 Dees 6.5 7.8 Om: 
JIA 1.4 2.8 4.2 5.6 7.0 8.4 9.8 
15 LS 3.0 4.5 6.0 7.5 9.0 10.5 
16 1.6 3.2 4.8 6.4 8.0 9.6 12 
17 ef Sek Sal 6.8 8.5 10.2 Lg 
18 1.8 3.6 a V2 9.0 10.8 12.6 
a) 1.9 3.8 5.7 7.6 9.5 11.4 133 
20 2.0 4.0 6.0 8.0 10.0 12.0 14.0 
21 Zell 4.2 6.3 8.4 10.5 12.6 Vad 
22 Dae, 4.4 6.6 8.8 11.0 13.2 15.4 
23 258) 4.6 6.9 9.2 IES 13.8 16.1 
24 2.4 4.8 Cw 9.6 12.0 14.4 16.8 
25 2:0 5.0 iD 10.0 125 15.0 US 
26 2.6 Ee 7.8 10.4 13.0 15.6 18.2 
27 Quit 54 8.1 10.8 13.5 16.2 18.9 
28 2.8 5.6 8.4 11.2 14.0 16.8 19.6 
29 Zo 5.8 8.7 11.6 as eas 20.3 
30 3.0 6.0 9.0 12.0 15.0 18.0 21.0 
31 Sell 6.2 oO) 124 USE 18.6 Zed 
32 ey 6.4 9.6 12.8 16.0 192 224 
33 oD 6.6 Oe) 13.2 16.5 19.8 23.0 
34 34: 6.8 10.2 13.6 17.0 20.4 23.8 
35 on) 7.0 10.5 14.0 TS 21.0 24.5 
36 3.6 7.2 10.8 Ne ee 18.0 21.6 25.2 
37 Oli 7.4 ate 14.8 18.5 22:2 25.9 
38 3.8 7.6 aes 15.2 19.0 22.8 26.6 
4 39 3.9 7.8 ez 15.6 LOIS 23:4 27.3 
} 40 4.0 8.0 12.0 16.0 20.0 24.0 28.0 
a4 ara 8.2 12:3 16.4 20.5 24.6 28.7 
42 4.2 8.4 12.6 16.8 21.0 25.2 29.4 
43 4.3 8.6 12.9 W7E2 21.5 25.8 30.1 
44 ot 8.8 ISe2 17.6 22.0 26.4 30.8 
45 0) 9.0 1S 18.0 22S) 27:0 31.5 
46 4.6 92 13.8 18.4 23.0 27.6 32.2 
47 soe 9.4 ll 18.8 23.5 28.2 32.9 
48 4.8 9.6 et 19.2 24.0 28.8 33.6 
49 ae 9.8 ed 19.6 CS LO 34.3 
50 5.0 10.0 15.0 20.0 25.0 30.0 35.0 
1 2 3 4 5 6 7 
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12.8 
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14.4 
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25.6 
26.4 
20:2 
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28.8 
29.6 
30.4 
Sle2, 
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32.8 
33.6 
34.4 
35.2 
36.0 
36.8 
37.6 
38.4 
39.2 
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17.1 
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18.9 
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20.7 
21.6 


22:5 
234: 
24.3 
25.2 
26.1 


27.0 
27.9 
28.8 
2987. 
30.6 


31.5 
324 
Soro 
S42 
35.1 


36.0 
36.9 
37.8 
38.7 
39.6 


40.5 
41.4 
42.3 
43.2 
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PROPORTIONAL PARTS OF DIFFERENCES AT 





This table contains the proportional parts of differences from 1 to 100. § 
For example, if the difference between two numbers is 73, 0.7 of this | 
difference is 51.1. 
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NUMBER 


Circle = 360° 
=i, 6008 
= 1,296,000” 
aw = 3.14159 
2m = 6.28319 
4m = 12.56637 
47 _ 4.18879 
3 
= 0.78540 
= 0.52360 


=10:3183i 


ae 
4 Ale aly BIA 


= 0.15915 


V2 ='1.41421 
V3 = 1.73205 
V5 = 2.23606 
V6 = 2.44948 


eo) 
1 radian = mt 
= 57.2958° 
=13437.15. 
= 206,264.81” 


Base of natural logs., e 
e = 2.71828 


1m. = 39.3708 in. 

= 1.0936 yd. 
= 3.2809 ft. 

1km. = 0.6214 mi. 

1 mi. = 1.6093 km. 
loz. Av. = 28.3495 g. 

1lb. Av. = 453.5927 g. 
1 kg. = 2.2046 lb. 


21 3= 1.0567 liq. at. 


1lig. qt. = 0.9463 1. 





2.55630 
BOO O 
6.11261 
0.49715 
0.79818 
1.09921 


0.62209 


9.89509 — 10 


9.71900 — 10 


9.50285 — 10 


9.20182 — 10 


0.15052 
0.23856 
0.34949 
0.38908 


1.75812 
3.53627 
Sno) 443: 


0.43429 


1.59517 
0.03886 
0.51599 
9.79336 — 10 
0.20664 
1.45254 
2.65666 
0.34333 
0.02396 
9.97603 — 10 


TABLE V. LOGARITHMS OF CONSTANTS 


. NUMBER 


a? = 9.86960 
1 _ 910132 


7 
Va = 1.77245 


ASO s6H9 


T 


i= 1.12838 
7 


W/ 3 = 1.46459 


oe = 0.68278 
Var 


4 |= — 0.62035 
4 


3 


= 0.80600 
6 


V2 = 1.25992 
V8 = 1.44225 
V5 = 1.70997 
V6 = 1.81712 


1°= iE radians 
180 


1° = 0.01745 radians 
1’ = 0.00029 radians 
1” = 0.000005 radians 


log) € = logy, 2.71828 
1: logy) ¢ = 2.302585 


1 knot = 6080.27 ft. 
== 11516 mi: 
1 lb. Av. = 7000 gr. 
, £ bus = 215042 cuin. 
1 U.S. gal) = 23 eusin, 
1 Brit. gal. = 277.463 cu. in. 
Earth’s radii 
= 3963 mi. 
and 3950 mi. 
1 ft./lb. = 0.1383 kg./m. 





0.99430 
9.00570 — 10 


0.24857 
9.75143 — 10 


0.05246 


0.16572 
9.83428 — 10 


9.79264 — 10 


- 9.90633 — 10 


0.10034 
0.15904 
0.23299 
0.25938 


8.24188 — 10 
6.46373 — 10 
4.68557 — 10 


0.43429 
0.36222 


3.78392 
0.06130 
3.84510 
Sr33252 
2.36361 
2.44320 


3.59802 
3.59660 
9.14082 — 10 





TABLE VI 


THE LOGARITHMS 
OF THE TRIGONOMETRIC FUNCTIONS 


From 0° to 0° 3’, and from 89° 57' to 90°, for every second 
From 0° to 2°, and from 88° to 90°, for every ten seconds 
From 1° to 89°, for every minute 


To each logarithm — 10 is to be appended 


log tan=log sin 


° o 
log sin 0 log cos = 10.00 000 
1’ or oO” 1’ or 


— 6.46 373 6.76476 6.16270 .6.63 982 6.86 167 
4.68557 6.47090 6.76836 6.17 694 6.64462 6.86455 
FOSi600 Ohi ol TON 9S 6.19072 6.64936 6.86742 

15270 6.48492 6.77548 6.20409 6.65406 6.87027 
220/163 (6.49 175 26577900 6.21705 6.65870 6.87310 


. 38454 6.49 849 78 248 6. 22 964 6.66330 6.87 591 
- 46373 6.50512 78 595 6.24188 6.66785 6.87870 
.53 067 6.51165 78 938 6.25 378 6.67235 6.88147 
. 58866 6.51808 79 278 6. 26536 6.67680 6.88 423 
63.982 6.52 442 79 616 6.27 664 6.68121 6.88697 


5 
5 
5 
5 
5 
5 
5 
5.68557 6.53 067 19.952 6.28 763 6.68557 6.88969 
5.72697 6.53 683 80 285 6. 29 836 6.68990 6.89 240 
5 
5 
5 
5 
5 
5 
5 
5 
5 


NNN AAN 


16476 6.54 291 80 615 6.30882 6.69418 6.89509 
-19952 6.54890 80 943 6.31904 6.69841 6.89776 
.83170 6.55481 81 268 6.32903 6.70261 6.90042 


. 86167 6.56064 81 591 6.33 879 6.70676 6.90306 
. 88969 6.56639 81911 6. 34 833 6.71088 6.90 568 
.91602 6.57 207 82 230 6.35 767 6.71496 6.90829 
.94085 6.57 767 82 545 6. 36 682 6.71900 6.91088 
.96 433 6.58 320 82 859 6.37577 6.72300 6.91 346 


.98 660 6.58 866 83 170 6.38454 6.72697 6.91602 
6.00779 6.59406 83 479 6.39 315)\_6..73.090 6. 91357, 
6.02 800 6.59939 83 786 6. 40. 158673479 6.92 110 
6.04 730 6. 60 465 84 091 6.40985 6.73865 6.92362 
6.06579 6.60985 


84 394 641797 (6.74248) 6. 92/612 
6.08351 6.61499 


84 694 6.42594 6.74627 6.92861 
6.10055 6. 62 007 84 993 6.43376 6.75003 6.93 109 
6.11694 6.62509 6.85 289 6.44145 6.75376 6.93 355 
6.13273 6.63006 6.85 584 6.44900 6.75746 6.93 599 
6.14797 6.63496 6.85 876 6.45 643 6.76112 6.93 843 


6.16270 6.63982 6.86167 6.46373 6.76476 6.94 085 
59! 58! 57! 59! 58’ 57! 


log cot=log cos ° 
log sin= 10.00 000 89 log cos 
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log cos 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 10.00000 


10.00000 6. : 10.00000 
10.00000 6, . 10.00000 
10.00000 6. : 10.00000 
10.00000 6, ; 10.00000 
10.00000 6. ; 10.00000 
10.00000 6, : 10.00000 


10.00000 6. . 10.00000 
10.00000 6, : 10.00000 
10.00000 6. : 10.00000 
10.00000 6. é 10.00000 
10.00000 6. ; 10.00000 
10.00000 6. 2 5 10.00000 


10.00000 6. 5 : 10.00000 
10.00000 6. : 10.00000 
10.00000 6. : 10.00000 
10.00000 7, : 10.00000 
10.00000 7. : 10.00000 
10.00000 7. ; 10.00000 


10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 


10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 


10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
10.00000 10.00000 
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10.00000 9.99999 


7.30882 10.00000 9991999 
7.31904 10.00000 EOI S9) 
7.32903 10.00000 9.99\999 
7.33 879 10.00000 9199999 
7.34 833 10.00000 9.99999 
7.35 767 10.00000 O599099 
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99954 


991953 
99 952 
99 952 
99195L 
O9IOS 


99 950 
99 949 
99 949 
99 948, 
99 948 
99 947 
99 946 
99 946 
99 945 
991044. 
es 
O9OTS 
99 942 
99 942, 
99 941 
99 940 
9 


log sin 


log tan log cot 
11 
54 308 45 692 
54669 45 331 
55027 44973 


55 382 

DS aE Ee 
56083 43917 
56429 43571 
56773 43 227 


57114 42 886 
57452 42 548 


57788 42212 
58121 41879 
58451 41549 
58779 41221 
59105 40895 


59428 40572 
52749840258 
60068 39932 
60 384 39616 
60698 39 302 


61009 38991 
61319 38681 
61626 38374 
61931 38 069 
62 234 37 766 


62 535 37465 
62 834 37166 
63131 36869 
63426 36574 
63718 36282 


64.009 35991 
64298 35 702 
645851935 409 
64870 35 130 
65 154 34846 


65435 34565 
65715 34285 
65 993, 34.007 
66 269 33 731 
66543 33457 


66816 33 184 
67087 32913 
67356 32 644 
67 624 32376 
67 890 32110 


68 154 31846 
68417 31583 
68 678 31 322 
68 938 31062 
69196 30804 


69 453m OUT 
69708 30 292 
69 962 30038 
70 214 29786 
70465 29535 


70714 29 286 
70962 29038 
71 208 28 792 
71453 28547 
71697 28303 


71940 28060 
8 11 


log cot ; log tan 


87° 
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log cos log cot | log sin logcos log tan 
9 

99 940 
940 
939 
938 
938 

99 937 
936 
936 


8 9 8 
84 358 99894 84 464 

539 893 646 

718 892 84826 
$4 897 891 85 006 
85 075 891 185 


85 252 99890 85 363 
429 889 540 
605 888 717 

935 780 887 85 893 

93th 25 937 85 955 886 86 069 


99 934 25 708 86128 99885 86 243 
935; 479 301 884 417 
932 252 474 883 So 
932 25 026 , es ©4002 763 
931 24 801 881 86935 


99 930 24 577. 86987 99880 87 106 
929 355 87 156 879 277 
929 24 133 B25 879 447 
928 23 913 494 878 616 
927 694 661 877 785 


99 926 Dy 2040 87829 99876 87953 
226 258 87 995 875 88120 
925 23 042 88 161 874 287 
924 22 827 326 873 453 
923 613 } 24 490 872 618 


99 923 22 400 A 88 654 99871 88783 

922 22 189 817 870 88948 

921 21978 88 980 869 89111 

920 768 89 142 868 274 

360 920 441 309 304 867 437 


78 5 197864921 351 | 30 89 464 99866 89598 
ae 78855 21145 865 760 


78 979 917 79061 20939 864 89920 
79 183 917 266 734 863 90 080 
386 916 470 530 240 


79588 99915 79673 20327 90 399 
789 914 79875 20125 ALT 557 
79 990 913 80076 19924 715 
80 189 913 277 723 90 872 
388 912 476 524 91 029 


99911 80674 19326 91 185 
910 80872 19128 
909 81068 
909 264 
908 459 


99907 81653 18347 
906 81846 18154 
905 82038 
904 230 
904 420 

99903 82610 

799 
82 987 
83 175 
361 


83 547 

732 

83 916 

84 100 

5 282 
99 894 84464 15536 
22) 8 11 
log sin logcot log tan log sin log cot 


WOMIAM PHONWrS 
WOMIAM RONHS 














94 049 
99 834 94195 
9 8 








SHrnwmwaAQd auwvo 
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logcos log tan log cot in logcos logtan log cot 


S. at 9 9 
94195 05 80S 99761 02 162 
340 760 283 
485 759 404 
630 157 S595 
773 756 645 


94 917 99755 02 766 
95 060 753 02 885 
202 752 03 005 
Oita 751 124 
486 : 749 242 


95 627 99748 03 361 
767 aT 
95 908 745 597 
96 047 744 Ts 
187 742 832 


96 325 5 99741 03 948 
816 464 740 04065 
815 602 7383, 181 
$14 739 | 737 297 
813 736 413 


99 812 99 734 04528 
810 733 643 
809 731 758 
808 730 873 
807 | 728 04 987 


99 806 99727 05 101 
804 726 2147 
803 5 De Tno28 
802 723 441 
801 5 S even esse 


99720 05 666 
718 778 
717 05 890 
716 06002 
714 113 


99713 06 224 
711 335 
710 445 
708 556 
707 666 


99705 06775 
704 885 
702 06994 
701 07 103 
699 211 


99 698 07320 
696 428 
695 536 
693 «643 

5 692 F< 752 

5 00930 99 690 07858 
01055 689 07 964 

179 687 08071 
303 686 177 
427 684 —- 283 


01550 99 683 08 389 

673 681 495 

796 680 600 

01918 678 705 

763 02040 97960 677 $10 

99761 02162 97 838 99675 08914 91 086 
2. 9 10 9 9 10 

log sin logoot log tan log sin logoot log tan 


84° 83° 
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log cos log tan 
9 
08 914 
09 019 
123 
227 
330 
09 434 


9 
99 675 


747 

~ 845 
11 943 
12 040 
138 
235 
332 
12 428 
525 
621 
717 
813 


608 
607 
605 
603 
99 601 
600 
598 
596 
595 
99 593 
591 
589 
588 
586 


99 584 
582 
581 
579 
577 


99575 14780 
9 9 


log sin log cot 


82° 


log cot 


90 566 
463 
360 
258 
155 


90 053 
89 951 
850 
748 
647 


89 546 


89 044 
88 944 
845 
746 
647 
88 548 
449 
351 
253 
155 
88 057 
87 960 
862 
765 
668 
87 572 
475 
379 
283 
187 


87 091 


86 616 
522 
427 
333 
239 

86 146 

86 052 

85 959 
866 
773 


85 680 


log tan 
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353 
19 433 
9 


log cos 


log cos log tan 


9 9 
99575 14780 
cane 872 


74 
bie 9635 
570 15 054 
568 145 


99 566 15 236 
565 327 
563 417 
561 508 
559 598 


99557 15688 
5564 777 
554 
552, 
550 


99 548 
546 
545 
543 
541 

99 539 
537 
535 
“533 
532 

99 530 
528 
526 
524 
522 


99 520 
518 
517 
515 
513 

99 511 
509 
507 
505 
503 


99 501 
"499 
497 
495 
494 


99 492 
490 
488 
486 
484 


99 482 
480 
478 
476 
474 

99 472 
470 
468 
466 
464 


99 462 19971 
9 9 


15 956 
16 046 


16 135 
224 


log sin log cot 


81° 


log cot 


— 867 © 


80 029 
10 


log tan 
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60 


= 
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344 
342 
340 
337 


99 335 
9 


log sin 


log tan 
9 

19 971 

20 053 
134 
216 
297 


20 378 
459 
540 
621 
701 


20 782 
862 
20 942 
21 022 
102 


21 182 
261 
341 
420 


657 
736 
814 


206 
283 
S52 


586 
661 
TM 
812 


23 887 
23 962 
24 037 
112 
186 
24 261 
335 
410 
484 
558 


24 632 
9 
log cot 


80° 


log cot 


188 
76 113 
76 038 
75 963 

888 

814 
75 739 

665 

590 

516 

442 
75 368 

10 


log tan 





~ 
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10° 


log cos 


9 
99 335 
333 
331 
328 


log tan 


9 
24 632 
706 
779 
853 
24 926 


25 000 
073 
146 
219 
292 


3 25365 


99 195 
9 


log sin 


437 
510 
582 
655 
25 720 
799 
871 
25 943 
26 015 
26 086 
158 


773 
27 842 
Oat 
27 980 
28 049 
117 
28 186 
254 
323 
391 
459 
28 527 
595 
662 
730 
798 


28 865 
9 
log cot 


log cot 
10 
75 368 
294 
221 
147 
074 
75 000 
74 927 
854 
781 
708 
74 635 
563 





202 


71135 
10 
log tan 
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430 
31 490 


728 
31 788 
9 


log cos 


11° 


- log cos 


9 
99 195 
192 
190 
187 
185 
99 182 
180 
177 
175 
172 


99170 


167 
165 
162 
160 


99 157 
155 
152 
150 
147 


mona 


142 
140 
137 
135 
99 132 
130 
127 
124 
122 
99119 
NEG 
114 
12, 
109 


5 99106 


104 
101 
099 
096 


99 093 
091 
088 
086 
083 

99 080 
078 
075 
072 
Op 

99 067 
064+ 
062 
059 
056 

99 054 
051 
048 
046 
043 


99 040 
9 


log sin 


log tan 


9 
28 865 
28 933 
29 000 

067 
134 
29 201 
268 
335 
402 
468 
29 535 
601 
668 
734 
800 
29 866 

932 
29 998 
30 064 

130 
30 195 
261 
326 


32 747 
9 
log cot 


18° 


log cot 


10 
71135 
. 067 
71 000 
70.933 
866 


70 799 
732 
665 
598 
532 


70 465 
399 
332 
266 
200 

70 134 
068 

70 002 

69 936 
870 


67 253 
10 


log tan 
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12° 
log cos log tan 
9 9 
99 040 32747 
038 810 
035 872 
O52 Peo oS 
030 32995 
99027 33057 
024 119 
022 180 
019 242 
016 303 
99013 33 365 
011 426 
008 487 
005 548 
002 609 
99000 33670 
98 997 731 
994 792 
991 853 
989 913 
98 986 33 974 
983 34034 
980 095 
- 978 155 
975 215 
98972 34276 
969 336 
967 396 
964 456 
961 516 
98958 34576 
955 635 
953 695 
950 755 
947 814 
98 944 34874 
941 3.933 
938 34992 
936 35051 
933 lll 
98930 35170 
927 229 
924 288 
921 347 
919 405 
98916 35 464 
913 523 
910 581 
907 640 
904 698 
98901 35 757 
898 815 
896 873 
893 931 
890 35989 
98 887 36047 
884 105 
881 163 
878 22M 
875 279 
98 872 36336 
9 9 
log sin log cot 
GC 


log cot 


10 
67 253 
190 
128 
067 
67 005 


64 243 
185 
127 
069 

64 011 


63 953 
895 
837 
779 
721 


63 664 
10 
log tan 


61 
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log cot log coos logtan log cot 
9 


9 9 
98 690 39677 

687 731 

684 

681 

678 


98 675 
671 
668 


665 
662 


98 659 
656 
652 
649 


WoOsIATM AwWNDES 











508 
505 
501 
498 


98494 42805 57195 
9 9 {oO 


694 


98 690 39677 60323 
9. 10 
log sin logecot log tan log sin logoot log tan 


76° 15° 


SHPrwwsad anrow 
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15° 
log cos log tan 


9 9 
98 494 42805 

491 

488 

484 

481 


5 98477 
474 

471 

467 

464 

98 460 
457 

453 

450 

447 


440 


42 461 
507 


log cot 


898 
849 
799 
750 
55 701 
652 
603 
DOr 
505 


4 55456 


288 


98 284 
9 
log sin log cot 


45 750 
9 


408 
359 
310 
262 


55213 
164 
116 
067 

55 019 


54971 
922 
874 
826 
778 

54729 
681 
633 
585 
537 

54 489 
441 
394 
346 
298 

54 250 

10 


log tan 


~ 


log sin 


9 
44 034 
078 
122 
166 
210 
44 253 
297 
341 
385 
428 
44 472 
516 
559 
602 
646 


44 689 


OMIAM PwOWNWeS 


776 
819 
862 
44 905 
948 
44.992 
45 035 
077 


45 120 
163 
206 
249 
292 

45 334 
377 
419 
462 


SHenwsaQl anov 


~ 


16° 

log cos log tan 

9 9 
98 284 45 750 
281 797 
PHT, en) 
Zien OO? 
270 940 
98 266 45 987 
46 035 
082 
130 
177 
46 224 
271 


319 
366 


_98 229 
733~ 


226 _ 
222 
218 
215 

98 211 
207 


126 
ily 
217 
262 


48 307 
353 
398 
443 
489 


48 534 
9 


063 
98 060 
9 


log sin log cot 


43° 


log cot 


10 
54 250 


53 776 
129 


874 
829 
783 
738 
51 693 
647 
602 
Sod 
511 
51466 
10 


log tan 








OS enmwad anwo 


~ 








17° 


log cos 


9 
98 060 
056 
052 
048 
044 


log tan 


9 
48 534 
579 
624 
669 
714 


48 759 
804 
849 
894 
939 


1 48984 


97 821 
9 


log sin 


49 029 
073 
118 
163 


49 207 
252 


D9) 


50 962 
51005 


048 
092 
135 
51178 
9 
log cot 


log cot 


864 
820 
didi 
733 


49 689 
645 
602 
558 
515 

49 471 
428 
384 
341 
297 

49 254 
211 
167 
124 
0S1 


49 038 
48 995 
952 
908 
865 


48 822 








log cos 


9 
97 821 


log tan 
9 

51178 
221 


306 
349 


51 392 
435 
478 
520 
563 


51 606 
648 
691 
734 
776 

51819 
861 
903 
946 

51 988 

52031 
073 
115 


533 
574 
615 
656 


53 697 
9 


log cot 





log cot 


46 303 
10 
log tan 
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’ log sin 
9 

O | 51264 
i 301 
2 338 
3 374 
4) 411 
5 | 51447 
6 484 
Uf 520 

1 8 557 
9 593 
10 | 51629 
11 666 
1p 702 
13 738 
14 774 
15 | 51811 
16 847 
7, 883 
18 919 
19 955 
20 | 51991 
len eS 21027. 
















































19° 


log cos 


9 
97 567 
563 


453 


P27 | 242 «448 
28 278 444 
29 314 439 

30 | 52350 97435 
31 385 430 
32 421 426 
33 456 421 
34 492 417 

35 | 52527 97412 
36 563 408 
37 598 403 
38 634 399 
oo 669 394 

40 | 52705 97390 
41 740 385 
42 775 381 
43 811 376 
44 846 372 

45 | 52881 97367 
46 916 363 
47 951 358 
48 | 52986 353 

1 49 | 53.021 349 

5O | 53.056 97 344 

{Sul 092 340 
52 126 BOS 
53 161 331 
54 196 326 

be |53 231 97 322 
56 266 Ole 
Bi 301 312 

A 58 336 308 
59 370 303 

60 | 53405 97 299 

——_| 9 9 

! | log cos 


log sin log cot. 


log tan 


9 
53 697 
738 
779 
820 
861 


53 902 

943 
53 984 
54 025 


56.107 
9. 


70° 





log cot 
10 
46 303 
262 
22), 
180 
139 


46 098 

057 
46 016 
45 975 


130 


44 090 
051 
44011 
43 972 
933 


43 893 
10 
log tan 
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log sin 


9 
53 405 
440 
475 
509 
544 


53 578 


716 
53 751 


235 
55 268 


400 
55 433 
9 


log cos 


20° 


log cos log tan 





9 9 
97 299 56107 
46 


ZO atl 
289 185 
285 224 
280 264 
97 276 56 303 
271 342 
266 381 
262 420 
257 459 
97 252 56498 
248 537 
243 576 
238 615 
234 654 
97 229 56693 
224 732 
220 771 
215 810 
210 849 
97 206 56887 
201 926 
56 965 


173 158 
168 197 
163 235 
OT sO ouacdg 
See 312 
149 351 
145 389 
140 428 
97135 57466 
130 504 
126 543 
121 581 
116 619 
97111 57658 
107 696 
102 734 
097 772 
092 810 
97087 57849 
083 887 
078 925 
073 57 963 
068 58001 
97063 58039 
059 077 
054 115 
049 153 
044 191 
97039 58229 
035 267 
030 304 
025 342 
020 380 
97015 58418 
9 9 


log sin log cot 





log cot 








620 


41 582 
10 
log tan 
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21° 


log cos log tan 


9 
97015 58 
010 
005 
97 001 
96 996 


96991 58 
58 


58 
59 


59 


oo 


59 


29 
60 
798 


96793 60 
788 
783). 
778 
772 
96767 60 
762 
757 
Toe 
747 


9 
418 
455 


493 
531 
569 


606 
644 
681 
719 
757 


794 
832 
869 
907 
944 
981 
019 
056 
094 
131 


168 
205 
243 
280 


391 
429 
466 


577 
614 
651 
688 
125 
762 
799 
835 
872 


909 
946 
983 
019 
056 
093 
130 
166 


20S ae 


240 


276 
313 
349 
386 
422 


96 742 60459 


737 
732 
727 
722 


495 
532 
568 
605 


96717 60641 
9 9 


log sin log cot 


68° 


log cot 
10 
41 582 |60 
545 | 59 
507 | 58 
469 | 57 
431 | 56 


41 394 | 55 
390) 04: 
51971153 
281 | 52 
243 | 51 


41 206 | 50 
168 | 49 
131 | 48 
0935) 47 
056 | 46 


41019 | 45 

AOSD tar 
9441) 43 
906 | 42 
869 | 41 


40 832 |40 
195, | 39 
757 | 38 
720 37 


683 | 36 § 


40 646 | 35 
609 | 34 
SVS lE33 
534 | 32 
407 noe 


40 460 | 30 


395 
39 359 
10 





log tan 


log sin 


9 
57 358 
389 
420 

451 
482 


57 514 
545 
576 
607 
638 


10| 57669 


é i 

62 

793 

57 824 
855 
885 
916 
947 


57 978 
58 008 
039 
070 
101 
58 131 
162 
192 
223 
250 
58 284 
314 
345 
375 
406 


58 436 
467 
aT 
527 
557 


58 588 
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58 739 
769 





22° 
log cos log tan 


9 9 
96717 60 641 
cat 677 
706 
701 
696 


96 691 
686 
681 
676 
670 


96 665 
660 
655 
650 
645 

96 640 
634 
629 
624 
619 

96 614 
608 
603 
598 
593 


96 588 


96403 62 785 
9 9 


log sin log cot 
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log cos log tan 
9 9 
96 403 62785 
397 820 
392 855 
eo / 890 
381 926 
96376 62961 
370 62996 
365 63031 
360 066 
354 101 
96 349 63135 
343 170 
338 205 
333 240 
S20 275 
96 322 63310 
316 345 
Srl 379 
305 414 
300 449 
96 294 63 484 
289 519 
284 55S 
278 588 
ao) 623 
96 267 63657 
262 692 
256 726 
251 761 
245 796 
96 240 63 830 
234 ~ 865 
229 899 
223 934 
218 63968 
§ 96212 64003 
207 037 
201 072 
196 106 
190 140 
96185 64175 
179 209 
174 243 
168 278 
162 uz 
96157 64346 
151 381 
146 415 
140 449 
135 483 
96129 64517 
123 552 
118 586 
112 620 
107 654 
96101 64688 
095 722 
090 756 
084 790 
079 824 


96073 64 858 
9 9 


log sin log cot 


66° 









log cot 


10 
SieZ15) 
180 
145 
110 
074 
37 039 
37 004 
36 969 
934 
899 
36 865 
830 
798 
760 
725 
36 690 
655 
621 
586 
551 
36 516 
481 
447 
412 
377 


36 343 
308 
274 
239 
204 


36 170 
135 
101 
066 

36 032 


35 997 
963 
928 
894 
860 
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log cos log tan 
9 9 9 
60931 96073 64858 
960 067 892 
60 988 062 926 
61016 056 960 
045 050 64994 
61073 96045 65028 
101 039 062 
129 034 096 
158 028 130 
186 022 164 
61214 96017 65197 
242 011 Don. 
270 005 265 
298 96000 299 
326 95 994 333 
61354 95988 65 366 
382 982 400 
411 977 434 
438 971 467 
466 965 501 
61494 95960 65 535 
Hee 954 568 
550 948 602 
578 942 636 
606 937 669 
61 634 95931 65 703 
662 925 736 
689 920 770 
asi 914 803 
745 908 837 
61773 95902 65870 
800 897 904 
828 891 937 
856 885 65971 
883 879 66004 
61911 95873 66038 
939 868 071 
.966 862 104 
61 994 856 _138= 
62 021 850 171 
62 049 95 844 66 204 
076 839 238 
104 833 271 
131 827 304 
159 821 337 
62186 95815 66371 
214 810 404 
241 804 437 
268 798 470 
296 792 503 
62 323 95 786 66537 
350 780 570 
Sud ES 603 
405 769 636 
432 763 669 
62459 95757 66702 
486 751 735 
513 745 768 
541 739 801 
568 733 834 


62595 95728 66867 
9 9 9 


log sin log cot 


65° 


log cos 





log cot 


10 
35) 142 


33 796 
762 
729 


696 
663 
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158 
6+ 184 
9 


log cos 


25° 

log cos log tan 

9 9 
5 95728 66867 
722 900 
716 933 
710 966 
704 66999 
95 698 67032 
692 065 
686 098 
680 tt 
674 163 
5 95668 67196 
663 229 
657 262 
651 295 
645 SLU 
95 639 67 360 
633 393 
627 426 
621 458 
615 491 
95 609 67 524 
603 556 
597 589 
591 622 
585 654 
95579 67687 
573 719 
567 752 
561 785 
555 817 
95 549 67850 
543 882 
537 915 
531 947 
525 67980 
95519 68012 
513 044 
507 077 
500 109 
494 142 
95488 68174 
482 206 
476 239 
470 271 
464 303 
95458 68 336 
452 368 
446 400 
440 432 
434 465 
95427 68497 
421 529 
415 561 
409 593 
403 626 
95 397 68658 
391 690 
384+ We, 
378 754 
O72 786 
95 366 68818 

9 9 
log sin log cot 

64° 


log cot 


10 
33 133 
100 
067 
034 
33 001 


32 968 
935 
902 
869 
837 


32 804 
ue 
738 
705 
673 


32 640 
607 
574 
542 
509 


32 476 
444 
411 
378 
346 


32313 
281 
248 
215 
183 


32 150 
118 
085 
053 

32 020 


31 988 
956 
923 
891 
858 

31 826 
794 
761 
729 
697 

31 664 
632 
600 
568 
339 


31 503 
471 
439. 
407 
Ge 

hl Spe 
310 
278 
246 
214 

31 182 

10 


log tan 
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26° 


log cos 


046 
039 
033 
027 
95 020 
014 
007 
95 001 
O99: 


I Wh Oss) 
9 


log sin 


log tan 
9 
68 818 


685 
70 717 
9 


log cot 


63° 


log cot 


10 
31 182 
150 
118 
086 
054 


31 022 
30 990 
958 
926 
894 


30 862 
$30 
798 
766 
iO 


30 702 
671 
639 
607 
575 

30 543 
512 
480 
448 
416 


30 385 
353 


321 
290 
258 


30 226 
195 
163 
132 


100 


30 068 
037 
30 005 
29 974 
942 


29 911 
879 
848 
816 
785 

2DIIS 
722 
691 
659 
628 

29 596 
565 
534 
502 
471 

29 440 
408 
377 
346 
OLS 

29 283 

10 
log tan 
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log tan 


9 
70 717 


852 
845 
839 
832 


94 826 
819 
813 
806 
799 


94 793 
786 
780 
773 
767 


94 760 
753 
747 
740 
doa 


94 727 
720 
714 
707 
700 


94 694 
687 
680 
674 
667 

94 660 
654 
647 
640 
634 


94 627 
620 
614 
607 
600 


94593 72 567 
9 9 


log gin log cot 


62° 


log cot 
“10 
29 283 
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log cos 


9 
94 593 


224 
94 217 
210 
203 
196 
189 


94 182 
9 


log sin 


log tan 
9 
72 567 
598 
628 
659 
689 


72 720 
750 
780 
811 
841 


72 872 
902 
932 
963 

72.993 

73 023 
O54 
084 
114 
144 

73 175 
205 
235 
265 


196 
74 226 
256 
286 
316 
345 


74 375 
9 
log cot 


61° 


log cot 
10 
27 433 


655 
25 625 
10 


log tan 








70 






























’ log sin logcos log tan 
9 9 9 
© | 68557 94182 74 a 
1 580 175 405 
2 603 168 435 
3 625 161 465 
4. 648 154 494 
5 | 68671 94147 74524 
6 694 140 554 
7 716 133 583 
8 739 126 613 
9 762 119 643 
10 | 68784 94112 74673 
11 807 105 702 
12 829 098 732 
13 852 090 762 
14 875 083 791 
15 | 68897 94076 74821 
16 920 069 851 
7 942, 062 880 
18 965 055 910 
19 | 68 987 048 939 
20 | 69010 94041 74969 
21 032 034 74998 
Pe 055 027 75028 
23 077 020 058 
24 100 012 087 
25 | 69122 94005 75117 
26 144 93 998 146 
27 167 991 176 
28 189 984 205 
29 LD, 977 235 
30} 69 234 93970 75 264 
31 256 963 294 
32 279 955 323 
33 301 948 353 
34 323 941 382 
35 | 69345 93934 75411 
36 368 927 441 
oy, 390 920 470 
38 412 912 500 
39 434 905 529 
40 | 69456 93898 75558 
41 479 891 588 
42 501 884 617 
43 523 876 647 
44 545 869 676 
4.5 | 69567 93862 75705 
46 589 855 735 
47 éll 847 764 
48 633 840 793 
49 655 833 822 
50} 69677 93826 75 852 
51 699 819 881 
52 721 811 910 
53 743 804 939 
54 765 797 969 
55 | 69787 93789 75998 
56 809 782 76027 
Sie 831 775 056 
58 853 768 086 
59 875 760 115 
93 753 \ 76 144 
9 9 
log sin log cot 











log cot 
10 
25 625 
595 
565 
BSS 
506 


25 476 
446 
417 
387 
357 

25 327 
298 
268 
238 
209 

25179 
149 
120 
090 
061 

25 031 

25 002 

24 972 
942 
913 


24 883 


061 
031 
24 002 
23 973 
044 
914 
885 
23 856 
10 


log tan 











, 





60 
59 
58 
57 
56 

55 
54 
53 
52 
51 

50 
49 
48 
47 
46 

45 
44 
43 
42 
41 

40 
39 
38 
37 
36 

35 
34 
33 
32 
31 

30 
29 
28 
27 
26 

25 
24 
23 
22 
21 

20 
19 
18 
17 
16 

15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 
0 
V4 
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30° 





log cos logtan log cot 


9 9 9 10 
69 897 93753 76144 23 856 


log sin 
919 746 
941 738 
963 731 
69 984 724 
70006 93 717 
028 709 
050 702 
072 695 
093 687 
70115 93 680 
137 5 2673 
159 665 
180 658 
202 650 
70 224 93 643 
245 636 
267 628 
288 621 
sal 614 
70 332 ee 
378 Pet 
396 584 
418 577 
70 439 93 569 
461 562 
482 554 
504 Sell 
525 539 
70547 93532 
568 525 
590 517 
611 510 
633 502 
70 654 93495 
675 487 
697 480 
718 472 
739 465 
70761 93457 
782 450 
803 442 
824 435 
846 Aad 
70 867 93 420 
888 412 
909 405 
O31 S97 
952 390 
70973 93 382 
70 994 375 
71015 367 
036 360 
058 352 
71079 93 344 
100 337 
2 329 
142 322 
163 314 
71 184 93 307 
9 9 
log cos log sin 





173 
202 
231 
261 
76 290 
319 


77 877 
9 
log cot 


59° 





"798 
769 
739 


151 


22,023 
10 
log tan 
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31° 


log cos 


9 
93 307 
299 
291 
284 
276 
93 269 
261 
253 
246 
238 
93 230 
223 
215 
207 
200 


93 192 
184 


046 


93 038 
030 
ae 


014 
93 007 
92 999 


S51 


983 
976 
968 


92 960 
952 
944 
936 
929 

92.921 
913 
905 
897 
889 

92 881 
874 
866 
858 
850 

92 842 
9 


log sin 


a tan log cot 


10 
“78 877 22123 
906 094 
935 065 
963 037 
77992 22008 


78020 21980 
049 951 
077 923 
106 894+ 
135 865 


78163 21837 


192 808 
220 780 
249 751 
277 723 


78306 21694 
334 666 
363 637 
391 609 
419 581 


78448 21552 
476 524 
505 495 
533 467 
562 438 


78 590 21410 
618 382 
647 353 
675 325 
704 296 


78732 21268 
760 240 
789 211 
817 183 
845 155 


78 874 21126 
902 098 
930 070 
959 041 

78 987 21013 


7901520985 
043. «(957 
072 928 
100 900 
128) +872 


79156 20844 
185 815 
213 787 
241 139 
ZOO ow 

79.297 20703 
326 674 
oor 646 
382 618 
410 590 

79 438 20 562 
466 534 
495 505 
523 477 
SoU 449 


72579; 20421 
9 10 


log cot log tan 


58° 
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32° 
log cos log tan 


9 9 
92.342 79 2 . 
834 
826 638 
818 663 
810 691 


635 
627 
619 
611 


92 603 
595 
587 
579 
Sd 


92 563 
555 
546 
538 
530 

92 522 
514 
506 
498 
490 


92 482 
473 
465 
457 
449 


92 441 
433 
425 030 
416 058 
408 086 


92400 81113 
392 141 
384 169 
376 196 
367 224: 


921359 3 S8V252 
9 9 
log sin log cot 


log cot 


776 


18 748 
10 
log tan 





oe 





72 


WOONIAM RWNHES 








33° 


log cos 


9 
92 359 
Bol 
343 
335 
326 
92 318 
310 
302 
293 
285 


5 92277 


269 
260 
252 


035 


92 027 
018 
010 

92 002 


5) 91995 


91 985 
976 
968 
959 

Soar 


91 942 
Don 
925 
917 
908 

91 900 
891 
883 
874 
866 


91 857 
9 


log sin 


log tan 


9 
81 252 
279 

307 

395) 

362 
81 390 

418 

445 

473 

500 


81 528 
556 
583 
611 


82 899 
3 


log cot 


log cot 
10 
18 748 
fen 
693 


665 
638 
18 610 
582 
555 
527 
500 
18 472 
444 


17101 
10 


log tan 








34° 
log cos log tan 


9 9 
91857 82899 
849 926 
840 953 
82 980 
83 008 
83 035 
062 
089 
na, 
ae 
83 171 
198 
225 
252 
280 
83 307 
334 
361 
388 
pls 


83 442 

470 

497 

S24; 

651 551 


91643 83578 


634 605 
625 632 
617 659 
608 686 


—83.713 16 


740 
768 
795 
822 
83 849 
876 
903 
930 
957 


83 984 


84 254 
280 

307 

334 

361 

84 388 

415 

442 

469 

496 

91336 84523 

9. 


log sin log cot 


504 
15.477 
10 
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log tan 





* : 35° 


log cos 


























54 817 851 967 
55 | 76835 90842 85 993 
56 852 832 86020 
Sh 870 823 046 
58 887 814 073 
59 904 805 100 
76922 90796 86126 
9 9 9 
logeos logsin log cot 


54 


log tan 


9 9 
0 91336 84523 
1 877 328 550 
2 895 319 576 
3 913 310 603 
4 931 301 630 
5 | 75949 91292 84657 
6 967 283 684 
NETS 985 274 711 
3 76 003 266 738 





log cot 





13 874 
10 


log tan 
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36° 73 


log cos log tan log cot 

















9 9 9 1K) 
76922 90796 86126 13874] 60 
939 787 153 847 | 59 
957 Wate 179 821] 58 
974 768 206 794 | 57 
76 991 759 232 768 | 56 
86 259 





273 

























57 896 263 633 367 
58 913 254 659 341 
59 930 244 685 SiS 
90 235 87711 12289 

9 9 10 
log sin logcot log tan 





53° 


14 37° 38° 


log sin log cos log tan log cot | ? 










log cos logtan log cot , 


oe 
oie; 





9 9 9 10 
78 934 89653 89281 10719 |}60 
950 643 307 693 G59 
967 633 333 667 | 58 
983 624 359 O41) 57 
78 999 614 385 61S | 56 


79015 89604 89411 10589 | 55 
031 594 ao 563 | 54 
047 584+ 463 537 | 53 
063 574 489 SLL SZ 
079 56+ 515 485 | 51 


79095 89554 89541 10459 | 50 
Ill 544 567 4337) 049 
128 534 593 407 | 48 
as: 524 619 381 | 47 


& 
=e 9 9 10 aa 
77946 90235 87711 12289 |6O 7 

2 
3 
4 
5 
6 
7 
8 
7) 
10 
i 
12 
13 
14 160 = 514 645 S5Sg Eto 
15 
16 
17 
18 
19 
20 
oe 
22 
23 
24 


963 225 738 262 

980 216 764 236 
77997 206 790 210 
78 013 197 817 183 
87 843 12157 
047 178 869 131 
063 168 895 105 
080 159 922 078 
097 149 948 052 


10) 78113 90139 87974 12026 
Ly 130 130 88000 12000 
12 147 120 027 11973 
13 163 lil 053 947 
14 180 101 079 921 


15 | 78197 90091 88105 11895 
16 213 082 131 869 
17 230 072 153 842 
18 246 063 184 816 
19 263 053 210 790 


20 | 78280 90043 88236 11 764 
21 296 034 262 738 
22 313 024 289 711 
23 329 014 31S 685 
24 346 90005 S41 65 


25 | 78362 89995 88367 11633 
26 379 985 393 607 
27 395 976 420 580 
28 412 966 446 554 
29 428 956 472 528 


30) 78445 89947 88498 11502 
31 461 937 524+ 476 
32 478 927 550 450 
33 494 918 577 423 
34 510 908 603 O27, 


35 | 78527 89898 88629 11371 
36 543 888 655 345 
37 560 879 681 319 
38 576 869 707 293 
39 592 859 733 267 


40] 78609 89849 88759 11241 
41 625 840 786 214 
42 642 830 812 188 
43 658 820 838 162 
44 674 810 86+ 136 


45 | 78691 89801 88890 11110 
46 |: 707 791 916 084 
ae |. Oe hel a 3040 one 
48 | 780) TT) Oe 968. a8 
49 | 756 761 88994 11006 
50| 78772 89752 89020 10980 
BL\. 788. 742 046. 19548 
Baa. BOS Lp 782 psOyS 0 OO 
ml, 821. See aer, (099) 2001 
Pal. 837 Lyte a tas ers 
55 | 78853 89702 89151 10849 
Beil 869. 693. 177 873 
bya. 886 683, = 203 \ 707 
Baler 902-673. e200 a Vi 
Sow 918 663 2550 84S 


60 | 78934 89653 89281 10719 
9 9 9 10 
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79176 89504 89671 10329 | 45 
192 495 697 303 | 44 
208 485 723 277 | 43 
224 475 749 25a a 
240 465 775 225 ead! 

79 256 89455 89801 10199 | 40 
272 445 821 SG ES 











288 435 853 ao 38 
304 425 879 Le 37 
319 415 905 095 | 36 
25 | 79335 89405 89931 10069 | 35 
26 351 395 957 043 | 34; 
| 27 367 385 89983 10017 | 33 
5 90009 09991 | 32 
29 399 364+ 035 965 | 31 


30 | 79415 89354 90061 09939 | 30 
31 aTOlb 344 086 914 | 29 
R32 447 334 112 888 | 28 
33 463 324 138 862 | 27 
on; 473) ole 164 836 | 26 


35 | 79494 89304 90190 09810 | 25 
36 510 294 216 784 | 24 
eA 526 284 242 758 | 23 
38 542 274 268 732 | 22 
39 959 264 294 706 | 21 


40 | 79573 8925490320 09680 | 20 
41 589-244 346 ot ak 
42 605 23 ik 629 | 18 
43 621 223 397 603 | 17 
44 636 =. 213 423 577 | 16 


45 | 79652 89203 90449 09551 | 15 
46 668 193 475 525 | 24 
| 47 684 183 501 499 | 13 
48 699 173 527 473 | 12 
49 715 162 DoS 447 


50 | 79731 89152 90578 09422 | 10 
51 746 142 604 396 
| 52 762 132 630 370 
53 778 122 656 Sa 
A 54+ 793 112 682 318 


55 | 79809 89101 90708 09292 
56 825 091 734 266 
57 840 081 759 241 
58 856 071 785 215 
59 872 060 811 189 


60 | 79887 89050 90837 09163 
9 10 
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log cos logsin logcot log tan logsin logcot log tan 
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52° 51° 


39° 40° 15 


logsin logoos logtan log-cot 


~ 


log cos logtan log cot 
9 9 9 9 9 10 

79 887, 89050 90837 88425 92381 07619 

903 040 863 415 7 593 

918 030 889 404 . 567 

934 020 914 394 542 
950 89009 940 383 
79 965 90 966 88 372 
981 90 992 362 
_|-79.996—-978- 9-018 Sol 
80 012 043 340 
027 958 069 330 

91 095 5 88 319 

7 308 

074 298 

089 287 

105 276 

80 120 88 266 

136 255 

151 244 

166 234 

182 223 

80 197 “81° 88 212 

213) < 201 

191 

180 
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80351 
366 
382 
397 
412 

80 428 
443 
458 
473 
489 

80 504 
519 
534 
550 
565 

80 580 
595 
610 





641 
80 656 
671 
686 
701 
716 


80 731 


356 789 891 109 
92 381 87778 93916 06084 
9 9 9 10 


SrPnwrAAaswvo 
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9 
log sin logcot log tan 


50° 49° 


log cos logsin log cot 


~ 


log tan log cot log cos log cot 


# 


9 
87 107 
096 
085 
073 


9 
93 916 
942 
967 
93 993 
94 018 
94 044 
069 
095 
120 


WONIAM PWNS} 


ri cats OMIA sowne| ~ 








42] 

396 

370 

ao 

05 319 

706 294 
732 1268 
TA 243 
ee | O17 
94 808 05 192 
834 166 
859141 
884 116 
910 090 


94935 05065 
961 039 
94986 05 014 
95012 04988 
037 963 
95 062 04938 
088 912 
113 887 
139 861 
836 

0+ 810 

785 

760 

734 

709 

04 683 

658 








2 060 
86413 96966 03 034 
9 10 
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87 107 04 556 
9 9 10 
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9 
log sin logeot log tan 


~ 


log sin log tan |’ 
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85 815 
803 
791 
779 
766 

85 754 
742 
730 
718 
706 


85 693 
9 


log sin 


log tan 


9 
96 966 


97 092 
118 
143 
168 
193 


97 219 
244 
269 
295 
320 

97 345 
371 
396 
421 
447 


97 472 
497 
523 
548 
573 

97 598 
624 
649 
674 
700 


97-725 


97 851 
877 
902 
927 
953 

97 978 

98 003 


98 484 
9 


log cot 


46° 


log cot 


log cos 


9 
85 693 
681 


399 


85 386 
374 
361 
349 
337 


) | 84566-85324 


579 
592 
605 
618 
84 630 
643 
656 
669 
682 


84 694 
707 
720 
133 
745 


312 
299 
287 
274 


85 262 
250 
237 
225 
212 

85 200 
187 
175 
162 
150 


84 758 85.137 
125 


771 
784 
796 
809 


84 822 
835 
847 
860 
873 


84 885 
898 
911 
923 
936 


01 516 
10 


log tan log cos 


112 
100 
087 


85 074 


log sin 


log tan 
9 
98 484 
509 
534 
560 
585 
98 610 
635 
661 
686 
711 


98 737 
762 
187 
812 


520 
545 
570 
596 


99 621 
646 
672 
697 
722 


99 747 
773 
798 
823 
848 

99 874 
899 
924 
949 
975 


84.949 84949 00000 
9° 9 10 


log cot 


log cot 


10 
01516 
491 
466 
440 
415 
01 390 
365 
339 
314 
289 


238 


00 000 
10 
log tan 








TABLE VIL 


FOR DETERMINING THE FOLLOWING WITH GREATER 
ACCURACY THAN CAN BE DONE BY MEANS OF TABLE VI 


| 1. log sin, log tan, and log cot, when the angle is between 0° and 2°; 

2. log cos, log tan, and log cot, when the angle is between 88° and 90°; 

3. The value of the angle when the logarithm of the function does not 
lie between the limits 8.54 684 and 11. 45 316. 


FORMULAS FOR THE USE OF THE NUMBERS S AND T 


I. When the angle @ is between 0° and 2°: 


log sina = loga’” +58. log a” = log sina—S8S 
log tana =loga” +T. ~ =logtana—T 
log cot a = colog tan a. =~ colog cot a — T. 


II. When the angle a is between 88° and 90°: 


log cosa = log (90° — a)” + S. log (90° — a)” = log cosa—S 

log cot a = log (90° — a)” + T. = log cota —T 

log tan a = colog cot a. = colog tana— T; 
a = 90° — (90°— a). 


VALUES oF S AND T 


log sna aa log tan a Tr log tana 
— — 8. 39 713 

4.68 557 4. 68 557 4. 68 567 

8. 06 740 10 6. 98 660 8. 41 999 
4. 68 556 4. 68 558 4. 68 568 

8. 21 920 7. 92 263 8. 44.072 
4.68 555 4.68 559 4. 68 569 ; 

8. 26 795 8.07 156 1 8. 45 955 
4. 68 555 4. 68 560 4. 68 570 

8. 30 776 8.15 924 8. 47 697 
4. 68 554 4. 68 561 4. 68 571 

8. 37 038 8. 22.142) | 7 8. 49 305 
4. 68 553 4. 68 562 4. 68 572 

8. 41 904 8 8. 26 973 8. 50 802 
4. 68 552 4. 68 563 4. 68 573 

8.45 872 8. 30 930 9 8. 52 200 
4.68 551 4. 68 564 4. 68 574 

8. 49 223 8. 34 270 0 8.53 516 
4. 68 550 4. 68 565 : 4. 68 575 

8. 50721 9 8. 35 766 8. 54 145 
4. 68 550 4. 68 565 4. 68 575 

8.52125 } 8. 37 167 8. 54 753 
4. 68 549 4. 68 566 

8. 54 684 8239 713 


log sina log tan a log tana 





TABLE VIII 


NATURAL FUNCTIONS 


Owing to the rapid change in the functions, interpolation is not 
accurate for the cotangents from 0° to 3°, nor for the tangents from 87° 
to 90°. For the same functions interpolation is not accurate, in general, 
in the last figure from 3° to 6° and from 84° to 87°, respectively. 


O° - a O° 


sin cos cot sin cos 


~ & 





0.0000 1.0000 0. Infinite 0.0087 1.0000 0. 114.589 
03 Stoel 9 110.892 
06 1718.87 ; 107.426 
09 1145.92 104.171 
12 859.436 : 101.107 


0.0015 1. y 687.549 ; i 98.2179 
572.957 95.4895 
491.106 92.9085 
429.718 5 90.4633 
381.971 88.1436 


0 
1 
2 
3 
4 
5 
6 
7 
8 
2 


SA OeAle : 4 85.9398 
312.521 83.8435 
286.478 81.8470 
264.441 79.9434 
245.552 78.1263 


229.182 ‘ : 76.3900 
214.858 74.7292 
202.219 73.1390 
190.984 71.6151 
180.932 70.1533 








0.0058 1. 171.885 9999: 0.0145 68.7501 
61 00 163.700 67.4019 
64 156.259 66.1055 
67 149.465 64.8580 
70 143.237 63.6567 


0.0073 1. H 137.507 : : 62.4992 
76 00 132.219 63 61.3829 
79 WARY a 60.3058 
81 122.774 59.2659 
84 118.540 58.2612 


6.0087 1.0000 0.0087 114.589 | 30] 0.0175 0.9998 0.0175 57.2900 





ran 
>) OQ PrHKaAgq ANDWS 











cos sin cos sin 





sin cos tan cot sin cos tan cot 





0.0349 0.9994 0.0349 28.6363 
5 94 52 28.3994 
55 28.1664 
27.9372 
Zit 
27.4899 
27.2715 
27.0566 
26.8450 
26.6367 
26.4316 
26.2296 
26.0307 
25.8348 
25.6418 
25.4517 
25.2644 
25.0798 
24.8978 
24.7185 
24.5418 
24.3675 
PANO 
24.0263 
23.8593 
23.6945 
23.5321 
23.3718 
Zoe LOM 
23.0577 
22.9038 
22.7519 
22.6020 

5 2244 
22.3081 
22.1640 
22.0217 
21.8813 
21.7426 
21.6056 
21.4704 
21.3369 
21.2049 
21.0747 
20.9460 
20.8188 
20.6932 
20.5691 
20.4465 
20.3253 

5 20.2056 
20.0872 
19.9702 
19.8546 
19.7403 
19.6273 
19.5156 

15 19.4051 
18 19.2959 
21 19.1879 
0.0523 0.9986 0.0524 19.0811 


0.0175 0.9998 0.0175 57.2900 
7 98 77 56.3506 
55.4415 
54.5613 
53.7086 
52.8821 
52.0807 
51.3032 
50.5485 
49.8157 
49.1039 
48.4121 
A OOd 
47.0853 
46.4489 
45.8294 
45.2261 
44.6386 
44.0661 
43.5081 
42.9641 
42.4335 
41.9158 
41.4106 
40.9174 
40.4358 
39.9655 
39.5059 
39.0568 
38.6177 
38.1885 
37.7686 
Sioone 
36.9560 
36.5627 
36.1776 
35.8006 
35.4313 
35.0695 
Stato 
34.3678 
34.0273 
33.6935 
33.3662 
33.0452 
32.7303 
32.4213 
32.1181 
31.8205 
31.5284 
31.2416 
30.9599 
30.6833 
30.4116 
30.1446 
29.8823 
29.6245 
29.3711 
29.1220 
28.8771 
0.0349 0.9994 0.0349 28.6363 


OMDIADGY AWN OS 
OMONIAGTAONES ae 








SEN waQLANWO 





~ | OrnvwsQr~anoa 


cos sin cot tan 


88° 











cos sin cot tan 











sin cos 





0.0523 0.9986 
26 86 
29 86 
32 86 
Son) 86 
0.0538 0.9986 
41 85 


0.0596 
0599 


19.0811 
18.9755 
18.8711 
18.7678 
18.6656 
18.5645 
18.4645 
18.3655 
18.2677 
18.1708 
18.0750 
17.9802 
17.8863 
(934; 
17.7015 
17.6106 
17.5205 
17.4314 
poo, 
17.2558 
17.1693 
17.0837 
16.9990 
16.9150 
16.8319 
16.7496 
16.6681 
16.5874 
16.5075 
16.4283 
16.3499 
16.2722 
16.1952 
16.1190 
16.0435 
15.9687 
15.8945 
15.8211 
15.7483 
15.6762 
15.6048 
15.5340 
15.4638 
15.3943 
15.3254 
15.2571 
15.1893 
15.1222 
15.0557 
14.9898 
14.9244 
14.8596 
14.7954 
14.7317 
14.6685 
14.6059 
14.5438 
14.4823 
14.4212 
14.3607 
14.3007 





SENWAQANMO 


© CONT ager = 








sin cos tan 


cot 





0.0698 0.9976 0.0699 
0700 
03 
06 
09 
0.0712 


14.3007 
2411 
1821 
1235 
0655 

14.0079 

13.9507 
8940 
8378 
7821 

13.7267 
6719 
6174 
5634 
5098 

13.4566 
4039 
3515 
2996 
2480 

13.1969 
1461 
0958 

13.0458 

12.9962 

12.9469 
8981 
8496 
8014 
7536 

12.7062 
6591 
6124 
5660 
5199 

12.4742 
4288 
3838 
3390 
2946 

12.2505 
2067 
1632 


25 1201 


28 
0.0831 
34 
37 
40 
43 


0.0875 


0772 
12.0346 
11.9923 

9504 

9087 

8673 
11.8262 

7853 

7448 

7045 

6645 
11.6248 

5853 

5461 

2072 

4685 
11.4301 





OPNWOAYAAIWOO 








~ 


cot 


tan 





~ 


sin cos 


tan cot 








0.0872 0.9962 
6 


0.0958 0.9954 
61 54 

64 53 

67 D3 

70 53 
0.0973 0.9953 
52 


0.1016 0.9948 
19 48 
22 48 
O5" ray 
28 («47 
0.1031 0.9947 
34 46 
3746 
39 46 
42 46 
0.1045 0.9945 


11.4301 
3919 
3540 
3163 
2789 

11.2417 
2048 
1681 
1316 
0954 

11.0594 

11.0237 

10.9882 
9529 
9178 

10.8829 
$483 
8139 
7797 
7457 

10.7119 
6783 
6450 
6118 
5789 

10.5462 
5136 

4813 
4491 
4172 

10.3854 
3538 
3224 
2913 
2602 

10.2294 
1988 
1683 
1381 
1080 

10.0780 

5 0483 

10.0187 

9.9893 
9601 
9.9310 


0.0875 


9021 * 


8734 
8448 
8164 
9.7882 
7601 
7322 
7044 
6768 
9.6493 
6220 
5949 
5679 
5411 


0.1051 9.5144 


SHEN WAQMAIMO 


sin cos 


tan cot 





WHOFYAQAYNHS 


+ 


0.1045 0.9945 
4801-45 

51 45 
5444 
5744 
0.1060 0.9944 
BOS BAAS 


66 1 raSe 


68 43 

71 a2 
0.1074 0.9942 
77 42 

80 42 

83 a 

86 41 
0.1089 0.9941 
92 40 

94 40 
1097 40 
1100 39 
0.1103 0.9939 
06 39 

09 38 

12 38 

US: 38 
0.1118 0.9937 
ZOE easy: 

23 37 

26 36 

29 36 
0.1132 0.9936 
35 35 


A RR OS 


doi A335 

44. 34 
0.1146 0.9934 
49-34 

Bo Uae 

Buy cags 

BB.) msg 
0.1161 0.9932 
64.) 32 
67: 32 

90. SSL 
oa 
0.1175 0.9931 
78." <30 

8t 30 

84. 30 

87. 929 
0.1190 0.9929 
93 29 

96 —-28 
11985 S28 
1201 728 
0.1204 0.9927 
Cy pit 

10. 2027 

1S ee 

16-4 96 
0.1219 0.9925 





cos sin 


cot tan 


84° 








cos sin 


0.1051 9.5144 
54 4878 

57 4614 

60 4352 

63 - 4090 
0.1066 9.3831 
69 3572 
Say oer oss 
75 3060 
78 2806 
0.1080 9.2553 
83 2302 

86 2052 

89 1803 

92 1555 
0.1095 9.1309 
1098 - 1065 
1101 0821 
04 0579 

07 0338 
0.1110 9.0098 
13 8.9860 

16 9623 

19 9387 

22 9152 
0.1125 8.8919 
28 8686 

31 8455 

33 8225 

36 7996 
0.1139 8.7769 
42 7542 
“457317 
48 7093 

51 6870 
0.1154 8.6648 
57 6427 

60 6208 

63 5989 

66. “5792 
0.1169 8.5555 
72 5340 

75 5126 

78 4913 

81 4701 
0.1184 8.4490 
87 4280 

89 4071 

92 3863 

95 3656 
0.1198 8.3450 
1201 3245 
04 3041 

07 2838 
-10 © 2636 
0.1213 8.2434 
16 2234 

19 2035 

22° 183% 

25 1640 
0.1228 8.1443 


cot tan 


83° 








SHEN WAQMAIHO 





' sin cos 


tan 





WWOIAMAWNHS 





0.1219 0.9925 
22 
24 
27 
30 


36 


0.1228 


0.1405 


1304 
7.1154 





SEPNWAGIDAWHO 


OOWIAMAWNKS 





sin cos 


0.1392 0.9903 
02 


0.1464 
67 
69 
72 
75 


tan 


0.1405 


0.1584 


cot 


7.1154 
1004 
0855 
0706 
0558 

7.0410 
0264 

7.0117 

6.9972 
9827 

6.9682 
9538 
9395 
9252 
9110 

6.8969 
8828 
8687 
8548 
8408 

6.8269 
8131 
noon 
7856 
7720 

6.7584 
7448 
7313 
7179 
7045 

6.6912 
6779 
6646 
6514 
6383 

6.6252 
6122 
5992 
5863 
Si Oan 

6.5606 
5478 
5350 
5223 
5097 

6.4971 
4846 
4721 
4596 
4472 

6.4348 
4225 
4103 
3980 
3859 

6.3737 
3617 
3496 
3376 
3257 

6.3138 


Ornette OI COO 








cot 


tan 





~ 


cot 


tan 





~ 





sin cos 
0.1564 0.9877 
67 76 


70 

73 

76 
0.1579 
82 

84 

87 

90 
0.1593 
96 
1599 
1602 
05 
0.1607 


6.3138 
6.3019 
6.2901 
783 
666 
6.2549 
432 
316 


200, 


6.2085 
6.1970 
856 
742 
628 
515 
6.1402 
290 
178 


5.6713 





9 
8 
7 
6 
5 
4 
3 
2 
i 
0 


WOONIAGTAWNEOS as 


10° 


sin cos 


0.1736 0.9848 
3 48 


0.1894 0.9819 
1897 
1900 
02 
05 





~ 








tan cot 


0.1763 5.6713 
66 617 


ON9t4 5.1446 


cot tan 








SEN WAG A~THOO 


~ 





0.9816 


867 
798 
eee 
659 
591 
522 
453 
4.7385 
SI 7 
249 
181 
114 
0.9781 0.2126 4.7046 


cot tan 





SPVYA KAN MO 








4.7046 
4.6979 
912 
845 
779 


838 
779 
721 
662 
4.3604 
546 
488 
430 
372 


0.9744 0. 4.3315 








86 13° 


sin cos tan cot 


0.2250 0.9744 0.2309 4.3315 
52 43 12 257 
200 

143 

086 

4.3029 

4.2972 

916 

859 

803 


WOIAQAWNHES 


691 
635 
580 
524 


413 
358 
303 
248 


139 
084 


0.2419 0.9703 0.2493 4.0108 


cos cot 








0.9703 0.2493 


02 
02 
01 
9700 


96 
2499 
2503 


3.7321 


tan 


9 
8 
7 
6 
5 
4 
3 
2 
iL 
0 


~ 





15° 16° 87 
sin cos tan cot ‘ sin cos tan cot 


0.2756 0.9613 0.2867 3.4874 
59 12 71 836 
798 

760 

722 


0.2588 0.9659 0.2679 3.7321 
91 59 83 217 


86 

89 

92 
0.2695 
2698 
2701 


WOWOIAG ALONE S 
OONIAGTAWNES 








0.2896 
2899 
2901 





0.2852 
55 





SEW WAQAWHO 


0.2867 3.4874 | 0.2924 0.9563 0.3057 3.2709 


cot tan cos sin cot tan 








17° 


sin cos tan 


cot 


0.2924 0.9563 0.3057 3.2709 
60 675 


62 
64 
67 
70 
0.3073 
76 


641 


0.3090 0.9511 0.3249 3.0777 


cos sin cot 


tan 








9 
8 
7 
6 
5 
4 
3 
2 
i 
0 





= 
a 


OWIAMAWONES 





sin 


cos 


18° 


tan cot 





0.3090 0.9511 0.3249 3.0777 
2 10 2 746 


0.3242 
45 
47 
50 
53 


cos 


0.9502 0.3281 3.0475 
01 85 445 
9500 88 415 
9499 ol "8 385 
98 94 356 
0.9497 0.3298 3.0326 
96 3301 296 
95. 04 267 


0.9469 0.3395: 2.9459 
68 3398 431 
67 ~=—- 3401 403 
66 04+ 375 
66 08 347 
0.9465 0.3411 2.9319 
64+ 14 291 
63 17 263 
62 21 235 
61 24 208 
0.9460 0.3427 2.9180 
59 30 152 
58 34 125 
57 37 097 
56 40 070 
0.3256 0.9455 0.3443 2.9042 


sin 


cot tan 


“7 


HEN WAGED WOO 


~ 


19° 1 20° 89 
cos tan cot sin cos tan cot 


0.9455 0.3443 2.9042 
54 47 2.9015 

50 2.8987 

960 

933 

2.8905 

878 


0.3420 0.9397 0.3640 2.7475 
eZ 96 4 


WOMNIAMAWNHOS 
WDIAMARONES 











2 
8 
a 
6 
5 
4 
3 
2 
1 
0 


0.3640 2.7475 0.3584 0.9336 0.3839 2.6051 


cot cos sin cot tan 





90 Q1° 


sin cos tan cot 
0.3584 0.9336 0.3839 2.6051 
35 4 028 

2.6006 

2.5983 

961 

2.5938 

916 


893 
871 


939 
918 
897 
876 
2.4855 
834 
813 
792 
772 
0.3746 0.9272 0.4040 2.4751 





cos) sin cot tan 








OHNWAQAAWHO 











sin cos tan 


65 

68 

70 
ae 
6 

1S 
81 

84 
0.3786 


0.3840 
43 
46 
48 
51 


0.3746 0.9272 0.4040 
a ao Gee TE 44 
51 
54 
57 


0.3760 
62 


0.4245 


cot 


2.4751 
730 
709 
689 
668 

2.4648 
627 
606 
586 
566 

2.4545 
525 
504 
484 
464 

2.4443 
423 
403 
383 
362 

2.4342 
322 
302 
282 
262 

2.4242 
222 
202 
182 
162 

2.4142 
122 
102 
083 
063 

2.4043 
023 

2.4004 

2.3984 
964 

2.3945 
925 
906 
886 
867 

2.3847 
828 
808 


789 | 


770 
2.3750 


731 |, 


712 
693 
673 
2.3654 
635 
616 
597 
578 
2.3559 


tan 


SENLAQMATHOO 





ODIAMYAWNHS 





cos tan 


0.9205 0.4245 
0 


0.4452 


cot 


2.3599 
539 
520 
501 
483 

2.3464 
445 
426 
407 
388 

2.3369 
351 
332 
ols 
294 

2.3276 
291 
238 


478 
2.2460 





SEN WAQIAN MO 


WODNIAURWONHS 





0.9135 





cot 


tan 





~ 


2.2460 
443 
425 
408 
390 

2.2373 
355 
338 
320 
303 

2.2286 
268 
Zell 
234 
216 

ZLNOD 
182 
165 
148 


2.1445 








SEK KWAQANTHO 





92 25° 


tan cot 


“~n 


sin cos tan cot . 





0.4663 2.1445 
429 


0.4699 
4702 


56 
0.4859 
63 
67 
70 
ws 
0.4877 


8 
0.4384 0.8988 


413 
396 
380 
2.1364 
348 
332 
315 
299 
2.1283 
267 
Z51 
235 
ZAQ. 
2.1203 
187 
V7 
155 
139 
2.1123 
107 
092 
076 
060 
2.1044 
028 
2.1013 
2.0997 
981 
2.0965 
950 
934 
918 
903 
2.0887 
872 
856 
840 
825 


671 
2.0655 
640 
625 
609 
594 
2.0579 
564 
S49 
533 
518 
2.0503 





SrnwsQantwvo 


OWNING ASN S 


0.4384 0.8988 0.4877 2.0503 
8 81 488 


0.4397 
AOoD 
4402 


85 

88 

92 
0.4895 
4899 
4903 
06 

10 
0.4913 
17 

21 

24 

28 
0.4931 
35 

39 

42, 

46 
0.4950 
53 

57 

60 

64 


473 
458 
443 
2.0428 
413 
398 
383 
368 
2.0353 
338 
323 
308 
293 
2.0278 
263 
248 
233 
219 
2.0204 
189 
174 
160 
145 
2.0130 
115 
101 
086 


0.4540 0.8910 0.5095 1.9626 





cos sin cot 





tan 


~ 








cos 


sin 


cot 


tan 








SPNHA QM AIHO 





~ 


sin 


~ 


sin cos tan cot 





OHOIAGAWNHS 








0.4540 0.8910 
4 09 
07 

06 

05 

0.8903 

02 

8901 

8899 


1.9626 
612 
598 
584 
570 

1.9556 
542 
528 
514 
500 

1.9486 
472 
458 
444 
430 

1.9416 
402 
388 
375 
361 

1.9347 
333 
319 
306 
292 

1.9278 
265 
251 
237 
223 

1.9210 
196 
183 
169 
155 

1.9142 
128 
115 
101 
088 

1.9074 
061 
047 
034 
020 

1.9007 

1.8993 
980 
967 
953 

1.8940 
927 
913 
900 
887 

1.8873 
860 
847 
834 
820 

1.8807 





QPL WAGMAIHO 


WODIAGYARWONKS 


0.4695 0.8829 0.5317 1.8807 
4697 2 794 
781 

768 

755 

1.8741 

728 

715 


0.4848 0.8746 0. 1.8040 








~ 





cos sin 








2 Sse ees 





o4 29° 30° 


sin cos tan cot 


~ 


tan cot 


7 


0.8746 0.5543 1.8040 
45 47 028 
43 51 016 
42 55 1.8003 
41 58 1.7991 

0.8739 0.5562 1.7979 
38 66 966 
36 70 954 
35 74 942 
33 77 930 

1.7917 
905 
893 
881 
868 
1.7856 
844 


0.5000 0.8660 0.5774 1.7321 
03 59 7 309 
297 

286 

274 


0.5793 
5797 














0.5930 
34 


QPKWAQKATHO 
SEN WAQMAIHOO 


OS 7T4e Te 732k 





0.5150 0.8572 0.6009 1.6643 





~ 


cot tan cos sin cot tan 











31° 


sin cos tan cot 


tan 


0.8480 0.6249 1.6003 
79993 
983 
972 
962 
E5952, 
oa 
931 
92) 
911 
1.5900 
890 
880 
869 
859 
1.5849 
839 
829 
818 
808 
1.5798 


0.5150 0.8572 0.6009 1.6643 
53 70 1 632 
55 17 621 


WHNIAYAYNES 














0.5287 
89 
92 


94 
97 


OPN WAQGANMWO 


9 
8 

7 
6 
Bi 
4 
3 
2 

1 
0 


0.6249 1.6003 0.6494 1.5399 








~ 





cot tan eot tan 





cos tan cot 


~ 
# 


cos tan cot 





0.8387 0.6494 1.5399 
85 649 389 
84 379 

369 
359 
1.5350 
340 
330 
320 
ou 
1.5301 
291 
282 


81 
85 
90 
94 
0.6598 


0.6745 1.4826 





SENWAQANTHOO 


OOIAMAWWHS 





cot tan 





0.5592 0.8290 
9 


0.6745 1.4826 
94 4 


9 816 


97 54 807 
5599 58 798 
5602 62 788 

0.5604 

06 


0.6766 1.4779 

71 770 

761 

ey 

742 

14733 

724 

715 

705 

696 

0.8266 1.4687 
6+ 678 
63 669 


pa er. 659 


38 650 
0.5640 1.4641 
632 
623 
614 
605 
1.4596 
6 586] 
577 
568 
559 
1.4550 
541 
532 
523 
514 
1.4505 
496 
487 
478 
469 
1.4460 
451 
442 
433 
424 
1.4415 
406 
397 
388 
379 
1.4370 
361 
352 
344 
335 
1.4326 
317 
308 
299 
290 
0.5736 0.8192 0.7002 1.4281 


cos sin cot tan 











35° 


sin cos tan cot 


~ 
~ 


cos tan cot 








0.5736 0.8192 0.7002 1.4281 
38 (90 273 

41 264 

43 255 
ae 45 246 
0.5748 0. 1.4237 
50.8 229 

52 220 
55 211 
57 202 
0.5760 0. 1.4193 
62 185 
64 176 
67 167 
69 158 
1.4150 

141 

132 

124 

115 

1.4106 

097 

089 

080 

071 


0.8090 0.7265 1.3764 
88 70 755 
87 747 
85 739 
83 730 

0.8082 0. 1.3722 
380 713 
78 705 
76 697 
75 688 

0.8073 0. 1.3680 

672 
663 
655 
647 
1.3638 
630 
622 
613 
605 
1.3597 
588 
580 
572 
564 
1.3555 
547 
Oo 
Syl 
522 
1.3514 
506 
498 
490 
481 
1.3473 
465 


OWDNIAG FwWNE S 
ODIATAWNRS 


0.5795 
5798 


968 

959 

951 

942. 

‘0.7177 1.3934 
925 

916 

908 

899 

0.7199 1.3891 
7203 882 
08 874 
12 865 
ily 857 
0.7221 1.3848 
840 

831 

823 

814 

1.3806 

798 

789 

781 

772 

0.7265 1.3764 


0.5972 0.802] 
ds 


we ‘18 

"9 16 

81 14 

0.5983 0.8013 

eo ii 

88 09 

90 07 

93 06 

0.5995 0.8004 

5997 «02 

6000 8000 

02 7999 

04 297 

0.6007 0.7995 

go) 7. 93 

PL e309 

14 1 90 

16 88 
0.6018 0.7986 0.7536 1.3270 


SrvwvwsQranov 
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cos sin cot tan 


53° 


cot tan 





tan cot 


~ 


sin cos tan cot 





0.7880 0.7813 1.2799 
192 
784 
776 
769 


0.6018 0.7986 0.7536 1.3270 
262 


254 

246 

238 

0.7978 0. 1.3230 
76 222 
74 214 
72 206 
7a 198 
0.7969 0. 1.3190 
182 

175 

167 

159 

HSI 

aS 

135 

127 

IK) 

1.3111 

103 

095 

087 

079 

1.3072 

064 

056 

048 

040 

1.3032 

024 

Sa SOL 

eS 009 

92 1.3001 

0.7696 1.2993 
985 

977 

970 

962 

E2954; 

946 

938 

931 

923 

1.2915 

907 

900 

892 

884 

1.2876 

869 

861 

853 

mm, 946 

1.2838 

830 

822 

815 

807 

0.6157 0.7880 0.7813 1.2799 


WOIAGARYNKOS 





0.6248 0.7808 
50 06 

04 

02 

7801 

0.7799 


0.6282 0.7781 
St 19 
86 77 
89 75 
ol 73 
O6293 20770 a0. 12349 
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_cos sin cot tan 


52° 


cos sin 











cos tan 


cot 


~ 


40° 


sin tan cot 








0.7771 0.8098 
70 
68 


0.8268 


0.8292 
8297 
8302 


0.6428 0.7660 0.8391 


12349 
342 
334 
327 
320 

1.2312 
305 
298 
290 
283 

1.2276 
268 
261 
254 
247 

1.2239 
232 
225 
218 
210 

1.2203 
196 
189 
181 
174 

1.2167 
160 
153 
145 
138 

VAST 
124 
117 
109 
102 

1.2095 
088 


981 
ie 
967 
960 
W953 
946 
939 
932 
925 
1.1918 











cot 


tan 


~ 
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WOBIAGYARWNKOS 





0.6428 0.7660 0.8391 1.1918 
30 8396 910 
32 8401 903 
35 896 
37 11 889 

0.8416 1.1882 
875 

868 

861 

854 

1.1847 

840 

833 

826 

819 

1.1812 

806 

799 

792 

785 

0.8491 1.1778 
8496 771 
764 

757 

750 

1.1743 

736 

729 

722 

715 

1.1708 

= 702 

695 

688 

681 

1.1674 

667 

660 

653 

647 

0.8591 1.1640 
8596 633 
8601 626 
619 

612 

1.1606 

599 

592 

585 

_ 578 

1.1571 

565 

558 

551 

- 544 
0.8667 1.1538 
ie 531 
78 524 
83 517 
88 510 
0.6561 0.7547 0.8693 ~ 1.1504 





cos sin cot tan 


49° 


>) OPN WAWIAID LO, 








100 41° 


sin cos tan cot cot 


~ 








0.6561 0.7547 0.8693 1.1504 
45 8698 497 
43 8703 490 
41 08 483 
39 13 477 
0.7538 0.8718 1.1470 
4 36 24 463 
34 29 456 
32 34 450 
30 39 443 
0.7528 0.8744 1.1436 
5 26 49 430 
24 54 
pa 59 
20 65 
0.7518 0.8770 
1g__ 45 
1 0 
13 85 
1 90 
0.8796 


1.1106 
9 100 
093 
087 
080 
1.1074 
067 
061 
054 
048 | 
1.1041 
035 
028 
022 
016 
1.1009 
1.1003 


OWOIAGAWNHES 





0.8847 
52 
58 
63 
68 
0.8873 
78 
84 
89 
Oe 
0.8899 














0.8952 
a 
62 
67 
72 
0.8978 
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0.6691 0.7431 0.9004 1.1106 0.7314 0.9325 
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cos sin cot tan cot 


48° 47° 











WODIAGAWNRS 


43° 


tan cot 


cos tan 


cot 











0.7314 0.9325 1.0724 
12 31 ny 
711 
705 
699 
1.0692 
686 
680 
674 
668 
1.0661 
655 
649 
643 
637 
1.0630 
624 
618 
612 
606 
1.0599 
593 
587 
581 
575 
1.0569 
562 
556 
550 
544 
1.0538 
532 
526 
519 
513 
1.0507 
501 
495 
489 
483 
1.0477 
470 
464 


0.9657 1.0355 





cot tan 














OHOIAMAWNHS 








0.7193 0.9657 
6. 


1.0000 


1.0355 
349 
343 
337 
331 

1.0325 
Le 
313 
307 
301 

1.0295 
289 
283 
277 
271 

1.0265 
259 
253 
247 
241 

1.0235 
230 
224 
218 
212 

1.0206 
200 
194 
188 
182 

1.0176 
170 
164 
158 
152 

1.0147 
141 
135 
129 
123 

1.0117 
111 
105 
099 
094 

1.0088 
082 
076 
070 

- 064 

1.0058 
052 
047 
041 
035 

1.0029 
023 
017 
012 
006 

1.0000 
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TABLE IX 











CONVERSION TABLE—DEGREES TO RADIANS 





1° = —"_ radians 1 radian = oe degrees 
180 T 





0°—45° 
20) 30° 40! Bor 
0.0000 0.0029 0.0058 0.0087 0.0116 0.0145 





° 
S 
j= 
S 











































0 
1 0175 0204 0233 0262 0291 0320 
2 0349 0378 0407 0436 0465 0495 
3 0524 0553 0582 0611 0640 0669 
4 0698 0727 0756 0785 0814 0844 
5 | 0.0873 0.0902 0.0931 0.0960 0.0989 0.1018 
6 1047 1076 1105 1134 1164 1193 
7 1222 1251 1280 1309 1338 1367 
8 1396 1425 1454 1484 1513 1542 
| 9 1571 1600 1629 1658 1687 1716 
1 10 | 0.1745 0.1774 0.1804 0.1833 0.1862 0.1891 
ul 1920 1949 1978 2007 2036 2065 
12 2094 2123 2153 2182 2211 2240 
13 2269 2298 2327 2356 2385 2414 
14 2443 2473 2502 2531 2560 2589 
| 15 | 02618 0.2647 0.2676 0.2705 0.2734 0.2763 
16 2793 2822 2851 2880 2909 2938 
iy 2967 2996 3025 3054 3083 3113 
18 3142 3171 3200 3229 3258 3287 
19 3316 3345 3374 3403 3432 3462 
20 | 03491 0.3520 0.3549 0.3578 0.3607 0.3636 
21 3665 3694 3723 3752 3782 3811 
22 3840 3869 3898 3927 3956 3985 
23 4014 4043 4072 4102 4131 4160 
24 4189 4218 4247 4276 4305 4334 
25 | 0.4363 0.4392 0.4422 0.4451 0.4480 0.4508 
26 4538 4567 4596 4625 4654 4683 
27 4712 4741 4771 4800 4829 4858 
28 4887 4916 4945 4974 5003 5032 
29 5061 5091 5120 5149 5178 5207 
30 | 0.5236 0.5265 . 0.5294 0.5323 0.5352 0.5381 
31 5411 5440 5469 5498 5527 5556 
32 5585 5614 5643 5672 5701 5730 
33 5760 5789 5818 5847 5876 5905 
34 5934 5963 5992 6021 6050 6080 
35 | 0.6109 0.6138 0.6167 0.6196 0.6225 0.6254 
36 6283 6312 6341 6370 6400 6429 
37 6458 6487 6516 6545 6574 6603 
38 6632 6661 6690.» 6720 6749 6778 
39 6807 6836 6865 6894 «6923 6952 
40 | 0.6981 0.7010  - 0.7039 0.7069 0.7098 0.7127 
41 7156 7185 7214 7243 7272 7301 
42 7330 7359 7389 7418 7447 7476 
43 7505 7534 7563 7592 7621 7650 
44 7679 7709 7738 7767 7796 7825 










45 0.7854 0.7883 0.7912 0.7941 0.7970 “0.7999 
or 101 
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In using this table, interpolations may be made as with other tables. } 
Thus to find the number of radians corresponding to 49° 15’, we have: 


49° 10’ = 0.8581 radians 
Tabular diff. = 0.0029 
qin of 0.0029 = 0.0015 

Adding, 49° 15’ = 0.8596 radians 


45°—90° 





8901 8930 
9076 9105 
9250 —S—-9279 
9425 9454 


0.9599 0.9628 
9774 9803 
9948 9977 

1.0123 1.0152 
0297 0326 


1.0472 1.0501 
0647 0676 
0821 0850 
0996 1025 
1170 1199 1286 
1.1345 1.1374 1.1461 
1519 1548 1636 
1694 1723 1810 
- 1868 1897 1985 
2043 2072 2159 
1.2217 1.2246 ete 34 
2392 2421 2450 2508 
2566 2595 2625 2683 
2741 2770 2799 2857 
2915 2945 2974 3032 
1.3090 1.3119 1.3148 1.3206 
3265 3294 3323 3381 
3439 3468 3497 3555 
3614 3643 3672 3730 
3788 3817 3846 3904 


1.3963 1.3992 1.4021 1.4079 
4137 4166 4195 4254 
4312 4341 4370 4428 
4486 4515 4544 4603 
4661 4690 4719 4777 

1.4835 1.4864 1.4893 1.4952 
5010 5039 5068 5126 5155 
5184 5213 5243 5301 5330 
5359 5388 5417 Sons) 5504 
5533 5563 5592 5650 

1.5708 LS 137 1.5766 1.5824 

iit i noi eo ene Pe ee 


Ol 10! 40! 
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TABLE X. CONVERSION 





















































































! ° " ° 

0 | — 0.0000 © | 0.00000 

1 0167 1 028 

2 0333 2 056 

3 0500 3 083 

4 0667 4 111 

5 0.0833 5 | 0.00139 

6 1000 6 167 
a 1167 7 194 | 

8 1333 8 222 

9 1500 9 250 

10 | 0.00278 

11 306 

12 333 

13 361 

14 389 

15 0.00417 

16 444 

17 472 

18 500 

19 528 

20 | 0.00556 

21 583 

22 61l 

23 639 

24 667 

25 | 0.00694 

26 722 

27 750 

28} 778 

29 806 

30 | 0.00833 

31 861 

32 889 

33 917 

34 944 

35 | 0.00972 

36 01000 

37 028 

38 056 

39 083 

40 | 0.01111 

41 139 

49 167 

43 194 

44 222 

45 | 0.01250 

46 278 

47 306 

48 333 

361 

417 

0.01667 

Qa 






































































0’ QO” 
0’ Gu 
: 0’ 1 
ear 
14” 
04 Le 
0’ pipe 
25” 
29” 
0’ 327 
0’ 0” 
’ 36” 
12” 
1’ 48” 
2 24” 
3’ OK 
260 
4’ 12” 
4’ 48” 
5’ 24” 
6 ‘O 
6 36” 
a4 
7 48” 
8 24” 
y O” 
Y 36” 
10’ 12% 
10’ 48” 
11’ 24” 
12" 0” 
12" 367 
13’ 127 
13’ 48” 
14’ 24” 
15’ ‘O” 
15’ 36” 
161 
16’ 48” 
17’ 24” 
18’ 0” 
18’ 36” 
19 12” 
19’ 48” 
20’ 24” 
Pe sO ee 
Die 36” 
ae 
22’ 48” 
23/ 24” 
24 0” 
24° 36” 
ge 
25/ 48” 
26’ 24” 
a7 0G 
aT Be: 
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aU Oy 











OF MINUTES AND SECONDS 
DECIMALS OF A DEGREE, AND OF DECIMALS OF A DEGREE 
TO MINUTES AND SECONDS 


'and/! 











TO 









land /!l 


SOMO 


30’ 36” 
31/197 
31’ 48” 
32’ 24” 
330 Oo”; 
33’ 36” 
34 12” 
34’ 48” 
35’ 24” 
36’ 0” 
36’ 36” 
37° 127 
37’ 48” 
38" 24” 
39’ iO” 
39’ 36” 
40’ 12” 
40’ 48” 
41/ 24” 
49/0 
4 De 3 6” 
43’ 12” 
43/ 487 
44 24” 
45’ 0” 
45/ 36” 
46’ 12” 
46’ 48” 
47’ 24” 
48’ 0” 
48’ 36” 
49 12” 
49’ 48” 
50’ 24” 
5 ie 0” 
51’ 36” 
Boro 
52’ 48” 
53’ 24” 
54’ 4 
54’ 367 
Bales 
55’ 48” 
56 24” 
Sie 
57’ 36” 
S8197 
58/48” 
59 24” 
60" 0” 
66’ OQ” 
VD 0” 
Se 0” 
84’ 0” 
90” O@ 
96’ 0” 
102 0” 
108” “07 
1147 (07 
120’ 0” 
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